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Measurements of Dissociative Recombination and Diffusion in 
Nitrogen at Low Pressures 


A. C. Farre anp K. S. W. CHAmpion* 
Geophysics Research Directorate, Air Force Cambridge’ Research Center, Laurence G. Hanscom Field, Bedford, Massachusetts 
(Received January 2, 1958; revised manuscript received June 23, 1958) 


The measurements of recombination in nitrogen and nitrogen-helium mixtures by Faire, Fundingsland, 
Aden, and Champion have been extended using, in addition to the basic microwave techniques, a mono 
chromator and photomultiplier to study the spectra emitted. Electron production in the afterglow due tu 
helium metastable atoms has been investigated and the results have made it possible to correct, where neces- 
sary, the apparent value of the recombination coefficient of nitrogen ions in nitrogen-helium mixtures. In 
addition, the ambipolar diffusion coefficient in nitrogen has been determined. This has been used to correct 
for losses due to fundamental mode diffusion. The magnitude of higher mode diffusion losses is discussed 


and shown to be small in this experiment. 


The average values of the recombination and diffusion coefficients determined by this experiment are, 
respectively, a= (4.0+0.3) X 10-7 cm? sec, Dap =220+30 cm? sec"! mm Hg, with an electron temperature 
of approximately 400°K. For pressures below 4 mm Hg it was found that the value of a was independent 


of pressure. 


INTRODUCTION 


HE values of the recombination and diffusion 

coefficients in nitrogen have both an intrinsic 
scientific interest and a particular interest since nitrogen 
is a major constituent of the ionosphere and these 
coefficients contribute to the magnitude of the time 
rate of change of electron density and other properties 
of the ionosphere. 

Since the development of new techniques of measure- 
ment of these coefiucients during the past decade, a 
number of independent measurements have been made 
of the coefficient of dissociative recombination’ in 
nitrogen. Despite the refined techniques used, there 
exists a considerable amount of scatter in the published 
data. The aim of the present investigation is to resolve 
these discrepancies as far as possible. 


*Physics Department, Tufts University, Medford, Massa- 
chusetts. 

1 Faire, Fundingsland, Aden, and Champion, J. Appl. Phys. 
29, 928 (1958). 

2M. A. Biondi and S. C. Brown, Phys. Rev. 76, 1697 (1949). 

3 Bryan, Holt, and Oldenberg, Phys. Rev. 106, 83 (1957). 

4 J. Sayers, Solar Eclipses and the Ionosphere (Pergamon Press, 
Inc., New York, 1956), p. 212. 


1 


EXPERIMENTAL PROCEDURE 


Faire et al.! extended their measurements of the 
recombination coefficient of nitrogen ions to lower 
nitrogen pressures by using an inert gas to reduce the 
diffusion losses. Helium was assumed to be the most 
satisfactory recoil gas since the first excited level is 
19.8 ev above the ground state, whereas only 15.6 ev 
is required to ionize N». The present work includes an 
investigation of the limitation of helium as a passive 
recoil agent. The study has been made analytically 
using the electron density decay data, and also experi- 
mentally by means of a monochromator and photo- 
multiplier. A functional block diagram of the experi- 
mental arrangement is shown in Fig. 1. A cylindrical 
microwave cavity was excited in the 7Mo,o mode by 
pulses from a magnetron and the resulting field pro- 
duced a discharge in a quartz bottle enclosed by the 
cavity. A klystron was used to measure the electron 
density in the afterglow in terms of the shift in resonant 
frequency of the 7£,:, mode of the cavity. In addition, 
a quartz monochromator and photomultiplier were 
used so that the time variation of intensity of individual 
spectral lines and bands could be studied. Measure- 


Copyright © 1959 by the American Physical Society. 
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Fic. 1. Functional block diagram of experimental apparatus. 


ments were made after the system had been carefully 
baked and evacuated to about 10-* mm Hg, and then 
filled with spectroscopically pure nitrogen and also 
with mixtures of helium and nitrogen. 


RESULTS 
Nitrogen Only 


Measurements were obtained with pressures of 0.9 
mm Hg and higher. A typical electron density decay 
curve is shown in Fig. 2. It was found most satisfactory 
to plot the electron density on a logarithmic scale. On 
this plot, simple diffusion produces a straight line. 
With the experimental data it was found that the 
electron density decay curves tended to a straight line 
at sufficiently late times in the afterglow. This was 
taken to correspond to normal-mode diffusion loss. 

The density decay curves were analyzed numerically, 
assuming that the decay could be represented by the 
sum of a linear and a square law term. That is, 


bn/5t= — An?— Bn. (1) 


If it is assumed that recombination and fundamental 
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Fic. 2. Afterglow data in pure nitrogen. 
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mode diffusion are the predominant processes, then 
B= D/A’, (2) 


where a is the recombination coefficient, D, is the 
diffusion coefficient, and A is the diffusion length of 
the quartz bottle. Table I shows the details of a typical 
calculation to obtain the values of a and D,p from meas- 
ured values of electron density as a function of time in 
an afterglow. The electron losses due to recombination 
and diffusion were computed separately and added for 
comparison with the measured loss. The amount of 
agreement seen in this table is typical and appears to 
have reached the limit of the accuracy of the experi- 
mental data. A 10% change in the assumed value of 
either a or D.p gives a significant difference between 
the calculated and observed losses. If the change was 
made in the value of a the discrepancy would appear 
in the losses during the early intervals, and if the change 
was made in the value of D,p the discrepancy would 
appear in the losses during the later intervals of the 
afterglow. 

In Fig. 2 are plotted the measured electron density 
decay curve, the calculated diffusion curve, and the 
calculated values of the recombination coefficient for 
successive 0.2-millisecond intervals. The relatively 
constant value of a as a function of time can be seen. 

Table II shows typical measured values of a and Dap 
for afterglows in pure nitrogen, with various pressures 
and initial electron densities. If an appreciable portion 
of the electron loss attributed to recombination were 
due to a non-square-law process, such as higher mode 
diffusion,® then the apparent value of a would be a 
function of both electron density and pressure. How- 
ever, the measured values of a are constant within the 
experimental error. 

It might be pointed out that if diffusion effects are 
neglected in the calculation of the recombination 
coefficient, an apparent value for a is obtained which is 
approximately the same as the higher value (1.4 10-6 
cm® sec~') reported in earlier work. The corrected 
value of a reported in this paper is nearer the approxi- 
mate theoretical value of 10-7 cm*/sec estimated by 
Bates.® 


A=a, 


Nitrogen and Helium 


To extend the measurements to lower pressures of 
nitrogen, helium was introduced as a recoil gas. Since 
the lowest excited level in He from which radiation can 
be emitted (2p*P) is 5.3 ev above the ionization po- 
tential of Ne, it might be expected that no helium 
spectral lines would be emitted. However, in almost all 
discharges in nitrogen-helium mixtures, strong helium 
lines were observed. Figure 3 shows typical photographs 
of oscillograph traces of the intensity of six lines and 
bands as a function of time during the pulse discharge 
and ensuing afterglow. 


a” K. B. Persson and S. C. Brown, Phys. Rev. 100, 729 (1955). 
*D. R. Bates, Phys. Rev. 78, 492 (1950). 
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TaBLE I. Electron density decay in a nitrogen afterglow analyzed into recombination and fundamental-mode diffusion components. 
Nitrogen pressure= 1.2 mm Hg. The unit in all columns is 10° cm~, except where indicated. 5nz was calculated assuming a=3.8X 10-7 
cmé sec”. 6np was calculated assuming Dap = 230 cm? sec“! mm Hg. 6 =0.1 msec for the first 20 entries, and 0.5 msec for the remainder. 
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The nitrogen bands shown constitute three of the 
strongest bands in the Ne second positive system. The 
second positive system is readily excited and corre- 
sponds to the transition C *II,— B*I,. Incidentally, 
only N» bands and sometimes also N2+ bands were 
observed. This confirms that nitrogen in the molecular 
form predominated, as required by the assumption of 
dissociative recombination. The excited levels com- 
monly obtained in the atoms resulting from dissociative 
recombination, vz., ?P and *D, are metastable levels. 
The nitrogen bands were observed to decay in the 
afterglow with a 7 of about 50 usec. This time may be 
partly due to instrumental time constants. 

The helium lines shown represent, respectively, the 
singlet and triplet series. The steady increase in the 
intensity of these lines during the active discharge is 
probably associated with the growth of metastable atom 
concentration, since with low average electron energy 
the appropriate upper excited level is most readily 
reached by two steps, the intermediate one being the 
metastable level. In these particular curves the 7 for 
the singlet decay is about 150 usec and for the triplet 
decay 7 is about 200 usec, with a significant value for 
nearly 1.0 msec. in the afterglow. The triplet states 
predominate and have a longer decay constant, in 
agreement with the studies of Phelps.’ 


Afterglow Processes in Nitrogen-Helium 
Mixtures 


In addition to ambipolar diffusion and dissociative 
recombination in the afterglows, other processes occur 


7A. V. Phelps, Phys. Rev. 99, 1307 (1955). 


due to collisions of metastable helium atoms. A nitrogen 
molecule can be ionized by collision with a metastable 
helium atom. 


He"+ N»2— He+Not+e+K.E. (1) 


The kinetic energy is 4.2 ev for a triplet metastable 
level and 5.0 ev for a singlet metastable level. As a 
result of conservation of momentum, almost all the 
kinetic energy is taken up by the electron. If one of 
these electrons collides with a metastable helium atom, 
it can raise it to an excited state from which it can 
radiate, 
He”+-e+K.E. — He*+e, 


2 
He* — He”+ hv. (2) 


For example, the upper level for the 3889 A line is 
3p *P, which is 3.2 ev above the triplet metastable level 
to which it returns after emission of this radiation. 
Similarly, the upper level for the 5876 A line is 3d *D, 


TABLE IT. Typical measured values of a and Dap for afterglows in 
nitrogen, with various pressures and initial electron densities. 


Measured Measured 
value of a value of Dap 
(1077 cm* sec™) (cm? sec™! mm Hg) 


Initial* 
electron density 
(10% cm~4) 


1.58 3.8 230 
0.85 1.60 3. 240 
0.85 3.75 , 230 
0.85 4. . 213 
2. ‘ 
3. 


Nitrogen 
pressure 
(mm Hg) 


0.85 


1.2 230 
2.0 233 
230» 


*0.1 millisecond after the end of the discharge pulse. 
> Average values. 
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Fic. 3. Intensity as a function of time of some of the bands and lines observed in the spectra from discharges in 
helium-nitrogen mixtures. The length of the active discharge is approximately 1.0 msec. 


which is 3.3 ev above the triplet metastable level. The 
5876 A line is emitted as a result of a transition to the 
2p*P level. The energy required to excite these lines 
in the afterglow is thus well within that acquired by 
electrons liberated by collisions of metastable atoms. 
An approximate calculation shows that, during the 
interval 0.1 to 0.3 millisecond after the end of the 
ionizing pulse, approximately 10’ to 10° cm~* metastable 
helium atoms will be excited as a result of reaction (2) 
to levels from which they can radiate. Although the 
absolute intensity of the light emitted by excited 
helium atoms was not measured, this estimate is not 
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Fic. 4. Afterglow data in a nitrogen-helium mixture, nitrogen 
pressure 0.9-mm Hg. Coefficient of recombination a=4.0X10~ 
cm! sec"! 


inconsistent with the observed time variation of the 
intensity. Metastable helium atoms are lost in the 
afterglows as a result of diffusion and of reaction (1). 


Analysis of Afterglow Data 


Figure 4 shows afterglow data obtained with a 
mixture of 0.9 mm Hg of nitrogen and 3.9 mm Hg of 
helium. The experimental values of electron density 
are shown as circles. From the spectroscopic data it 
was found that, with these conditions, the metastable 
atom density was negligible after 1.0 millisecond and 
so the electron density curve at later times in the 
afterglow was fitted assuming diffusion and dissociative 
recombination only. The electron densities were calcu- 
lated for early times in the afterglow and where the 
computed values differed from the measured values, 
the former are indicated by crosses. It was assumed 
that the difference was due to electron production as a 
result of collisions with metastable atoms [reaction 
(1) ]. The difference in electron density was plotted 
and the result was an approximately exponential decay. 
This was taken as evidence that the processes given 
above actually occur in the afterglows, and the line 
was assumed to be approximately proportional to the 
metastable atom density. Due to the two principal loss 
mechanisms of metastable helium atoms, the value of 
the time constant related to their decay is a compli- 
cated function of the relative nitrogen and helium 





DIFFUSION IN NN, 
pressures as well as the total gas pressure. Actual 
observed values of 7 were in the range 50 usec to 300 
usec. 

It should be noted that with a nitrogen partial pres- 
sure of 0.9 mm Hg the effect on electron density of 
metastable helium atoms is small. In other words, with 
this pressure helium is a satisfactory recoil agent. 
Figure 5 shows data obtained with a nitrogen partial 
pressure of 0.085 mm Hg. At this pressure the density 
of metastable atoms is larger and their effect on the 
afterglow electron density is quite appreciable. Meas- 
urements were made with lower partial pressures, down 
to 1 micron of nitrogen, with increasing afterglow 
effects due to metastable atoms. This is demonstrated 
by the data in Fig. 6, which correspond to a nitrogen 
partial pressure of 0.011 mm Hg. The corrected value 
of the dissociative recombination coefficient was found 
to remain constant, within the experimental accuracy. 

The average values of the coefficients determined by 
this experiment are 


a= (4.0+0.3) X 1077 cm’ sec, 
Dap=220+30 cm? sec"! mm Hg, 


with an electron temperature of approximately 400°K. 
(The corresponding value of Dap at 273°K is 150+30 
cm? sec"! mm Hg.) 

The value of 400°K for the afterglow temperature 
was calculated in the following way. During the one- 
millisecond ionizing pulse approximately 10 watts of 
microwave power was dissipated in the gas. Assuming 
that all this power was converted into heat the tem- 
perature of the gas would rise by approximately 100°K. 
A calculation of the rate of conduction of heat to the 
bottle walls by the gas shows only a 3°K drop in tem- 
perature during the 5-millisecond afterglow measuring 
interval. Thus the afterglow temperature was assumed 
to be 400°K and this gives a positive-ion mobility (at 
normal density) of 2.8 cm*/volt sec, which is in good 
agreement with the experimental value measured by 
Tyndall and Pearce* at 400°K, which (reduced to 
normal density) is 2.9 cm?/volt sec. 
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Fic. 5. Afterglow data in a nitrogen-helium mixture; 
nitrogen pressure 0.085 mm Hg. 


8A. M. Tyndall and A. F. Pearce, Proc. Roy. Soc. (London) 
A149, 434 (1935). 
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. 6. Afterglow data in a nitrogen-helium mixture; 
nitrogen pressure 0.011 mm Hg. 


The present value of @ is consistent with that of 
Sayers‘ (1.1 10~7 cm*/sec with an electron temperature 
of 3200°K) if a varies as 1/7°:*. Now Bates® has de- 
veloped an approximate theory for dissociative recom- 
bination whereby a varies as {(7)/7' and states that 
under favorable conditions /(7)=constXT. In this 
case a would vary as 1/7°-5, in reasonable agreement 
with the above experimental value. 


CONCLUSIONS 


The coefficient of dissociative recombination in 
nitrogen was found to be independent of pressure, at 
least for all pressures below 4 mm Hg. This is in agree- 
ment with theory.* The apparent value of a observed 
by previous experimenters is reduced when corrections 
are made for diffusion losses. The value of the ambipolar 
diffusion coefficient of ions and electrons in nitrogen 
has been reported for the first time and appears to be 
in agreement with mobility measurements. 


APPENDIX 
Higher Diffusion Modes 


When recombination is appreciable in a plasma, the 
distribution of electron density is no longer entirely in 
the fundamental mode, as determined by diffusion. 
Thus, in the decay of such an afterglow, there will be 
some loss of electrons in the form of higher-mode 
diffusion. Of particular interest in this connection is 
the magnitude of the higher-mode losses when compared 
with losses due to other processes active in the afterglow. 

Although the calculation of the amplitude of the 
higher modes in any particular case, when both recom- 
bination and diffusion are present, is a complicated 
mathematical problem requiring the use of an electronic 
computer, it can be assumed that the actual amplitudes 
are less than those obtained with a uniform density 
distribution corresponding to recombination only. Thus 
both the time constants of the higher modes and a good 
estimate of their amplitudes can be obtained from a 
Fourier analysis of a uniform distribution of electron 
density. 
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The Fourier expansion of a one-dimensional square 


wave of maximum value N and zero value at the 
boundaries (—h/2, +/2) is 


4N wt 1 Set 1 Sos 1 fxs 
——{ 688 — 698-——-F-— C08 — Coo +: - 
7 h 5 7 h 


. (3) 


The corresponding expansion for cylindrical geometry, 
when the density is independent of 6 and satisfies the 
additional boundary condition of being equal to zero 
when r=79, is 


4N 
T 


az 1 3ez 1 Ses 1 Ix 
c08e——— Co8s-— TF — cos——— — Cos—+ :-- 
h 3 5 h 7 


X {1.604J o(2.405r/10) — 1.065J0(5.52r/r0) 


+0.851Jo(8.66r/1r0) —0.73J9(11.797/r0)---}. (4) 

Consider the case of a cavity containing a bottle that 
is sufficiently small so that the microwave measuring 
E field is essentially constant over the bottle. Then the 
change in resonant frequency is simply proportional to 
the average value of the electron density in the bottle. 
The effect of the higher modes on the electron density 
decay curves will be proportional to the average value 
of each mode over the bottle. The ratio of the integral 
of the 1.065 cos(#z/h)Jo(5.52r/ro) term over the bottle 
to the integral of the fundamental term is 0.436. The 
ratio for the (1.604/3) cos(3m2/h)Jo(2.405r/ro) term is 
0.111. The magnitudes of the successive higher modes 
fall off steadily. The numerical values of the time 
constants of the higher modes depend on the value of 
the ratio h/ro. In the present experiment, where 
h/ro=2.74, it can be shown that 7;/72=2.49 and 
71/T2’=4.49, where 7, is the decay constant of the 
fundamental mode and 72, 72’ are the respective decay 
constants of the two higher modes considered above. 


i. 


S. W. CHAMPION 

Because of recombination in the afterglow, more 
electrons are fed into the higher modes and they do not 
decay as quickly as if diffusion only were taking place. 
Nevertheless, the relative amplitudes of the higher 
modes must at all times be less than the values calcu- 
lated assuming a uniform density distribution. 

For typical afterglow data such as those plotted in 
Fig. 4, where both diffusion and recombination exist, 
an estimate of the amplitude of the first higher mode® 
is 0.2 of the amplitude of the fundamental mode, 
instead of 0.436 for a square distribution corresponding 
to recombination only. Including the effects of all higher 
modes, the factor would be approximately 0.5, corre- 
sponding to a density of 1.910% cm™ at.0.1 msec in 
the afterglow. The measured density at this time was 
1.010" cm~* and the difference between this value 
and that computed assuming only recombination and 
fundamental mode diffusion is 1.8X10° cm~*. Thus 
higher modes would not contribute more than about 
10% of this difference and it is necessary to assume 
that ionization produced by collisions of metastables 
accounts for the major part of the difference. This 
assumption is also necessary for consistency with the 
observed magnitude and time dependence of the helium 
spectral lines. 
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® The cavity was well matched to the coaxial line, the microwave 
ionizing field was approximately uniform across the bottle, and 
the pulse was sufficiently long (1 msec) for the plasma to reach 
steady-state conditions. Also, since recombination is negligible 
during the active discharge, the electron density during the 
discharge should be mainly in the fundamental mode. The light 
distribution from the discharge appeared to confirm this. As a 
result of recombination during the afterglow, some higher modes 
are introduced into the electron density distribution. 
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Significance of Formative Time Lags in Gaseous Breakdown 


Leonarp B. Lors* 
Department of Physics, University of California, Berkeley, California 
(Received August 27, 1958) 


Delineating formative time lag studies of gaseous breakdown as conventionally carried out, this type of 
investigation is analyzed as it applies to two breakdown types. These are (1) the breakdown thresholds set 
by the generic Townsend relation, in many instances difficult to detect, but for which time scales observed 
delineate the well-established atom physical mechanisms active; (2) the more dramatic transient spark-like 
breakdowns, involving appearance of negative resistance characteristics caused by alterations of the gas, 
the electrodes, or space charge disposition of an unpredictable character. On this basis, the various break- 
down phenomena known are listed and characterized as to their amenability to profitable time lag studies. 
It is further indicated that in contrast to time lag studies, the fast oscilloscopic analysis of breakdowns 
delineating transient current, potential, and luminosity as a function of space and time can prove invaluable 


and areas requiring this type of analysis are indicated. 


1. INTRODUCTION 


ONTEM PORARY with the development of oscillo- 

scopes capable of resolving the temporal sequence 
of electrical breakdown in gases prior to World War IT, 
it was recognized by investigators that much might be 
learned as to basic mechanisms active by this means. 
The first significant study was that of Engstrom and 
Huxford,! delineating the role of metastable atoms in 
the breakdown of argon-filled tubes and the work of 
Schade,? on the buildup of a Townsend discharge at 
low pressures. Subsequent to World War II, many 
investigations have been carried out leading to very 
important conclusions as to secondary processes active 
and quantitative determinations of the coefficients as 
well as to the sequence of mechanisms active. Perhaps 
one of the most significant advances in this connection 
came from the investigations of Fisher* and his associ- 
ates in discovering that the filamentary spark break- 
down in uniform field geometry very near threshold 
consisted of an initial Townsend-like glow discharge 
functioning in most cases by a photoelectric secondary 
emission from the cathode by which a positive-ion 
space charge distortion is built up leading to an ulti- 
mate filamentary streamer spark. This work has later 
been more accurately substantiated quantitatively in 
detail in air by Bandel,‘ in pure A by Menes,® and more 
recently by Kluckow® and Vogel® in air in Raether’s 
laboratory. The underlying theory for the space charge 
influence had initially been proposed by Steenbeck’ 
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and independently by Varney, White, Loeb, and Posin,* 
and has more recently been more completely developed 
by Crowe, Bragg, and Thomas? and by Ward.’ A time 
lag investigation has also been carried out by Menes 
and Fisher" for a positive point-to-plane corona dis- 
charge. 

It is in this direction that attention must be called 
to a current source of confusion and one which can 
become worse owing to a general ignorance of gaseous 
electronic breakdown processes and their significance. 
It is urgent that clarification be made at this time by 
means of definition of terms. 


2. FORMATIVE TIME LAG STUDY DEFINED 


Formative time lag studies have, in principle, con- 
ventionally been carried out as follows. 

First the influence of the statistical fluctuations in 
the appearance of triggering or initiating electrons pro- 
ducing time lags of their own are avoided. This is done 
by providing adequate triggering electrons or by varying 
the number of triggering electrons so that formative 
time lag data may be corrected for them. Then either 
the potential to be used is suddenly applied, its appli- 
cation starting the oscilloscope sweep, or an approach 
potential is applied just below breakdown value and 
an additional step potential is abruptly applied to give 
the desired total potential.24 The step voltage then 
triggers the sweep. On other occasions, the potential is 
applied to a swept gap and the breakdown is initiated 
by a burst of photoelectrons released from the cathode 
by an auxiliary discharge," the latter triggering the 
sweep. The change in potential or current signalizing 
the achievement of breakdown is recorded on the 
oscilloscope and the breakdown time is thus observed. 
In some cases, the oscilloscope may be replaced by a 
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Kerr cell shutter" or other device and observation of 
breakdown may be made optically by photocell and 
shutter. Studies of this nature reveal the time scale of 
a succession of events terminating in a breakdown. 
Only if the conditions causing the breakdown or current 
growth are delineated such that the mechanisms in- 
volved lie within categories of atomic physical phe- 
nomena, the temporal aspects of which are known, can 
such time lag studies prove of interpretive value. That 
is, primarily only if the breakdown mechanism involves 
an equation such as the generic Townsend threshold 
equation, the component parameters of which are 
clearly defined and determinable through other studies, 
is such analysis valid. 


3. GASEOUS BREAKDOWN THRESHOLD 


When with adequate but not excessive electron 
triggering, any system of gaseous conductors has the 
potential difference raised to a point where there is a 
transition from a field-intensified current proportional 
to the triggering electron current, the current becomes 
self-sustaining without the presence of the initiating 
electrons; the transition point is designated as the 
breakdown threshold. The breakdown observed may be 
characterized by some descriptive term such as a 
Townsend breakdown, a Geiger counter pulse break- 
down, a Trichel pulse corona breakdown, etc. Such a 
transition is quantitatively defined by an equation of 
general type originally proposed by Townsend which 
has the form y exp(f‘adx)= 1. Here y is the probability 
that on the average, by some secondary mechanism, 
each electron of the avalanche of exp(fadx) electrons 
produced by electron impact (starting with one elec- 
tron) in the gas will liberate a secondary electron to 
continue a current sequence. The quantity a is the 
number of electrons created per cm path in the direction 
of the field X in the gas. Since generally X, the field, 
varies along the path x, then the integral of adx over 
the extent of field must be used to indicate the avalanche 
size. 

When this product of the average probabilities 
governing avalanche size and secondary liberation in 
principle exceeds unity by a trivial amount, charges 
accumulate in the gap and a self-sustaining current 
builds up. Such a current at threshold may be inter- 
mittent owing to the large statistical fluctuations of 
single values of the product and even of a sequence of 
them.®* In addition, the space charges accumulating 
in the gap may, as in uniform field geometry, favor 
increase in current by augmenting /adx,’~* or as is the 
case in positive point or wire corona'*'* and negative 
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point corona in air, they may inhibit discharge by 
reducing the fields. Thresholds for these low-order 
current breakdowns irrespective of regions of inter- 
mittence, or space charge complications subsequent to 
breakdown, are more or less observationally clearly 
defined though possibly not characterized by any very 
abrupt changes in current for small changes in potential. 
The thresholds appear to be reproducible and reversible 
such that potentials for offset and onset of current 
should not differ significantly except insofar as the 
statistical fluctuations create a zone of indefinite width. 
The breakdown may or may not be accompanied by 
luminous manifestations. Threshold currents may be 
very small and thus, under some conditions, these 
thresholds may be hard to detect. Provided that the 
discharge does not alter the gap or the electrodes 
materially, thresholds are reproducible and significant 
physically through application of the various forms of 
the relation. The basic criterion of threshold where 
doubt exists may be determined by removal of the 
triggering source or reduction in its intensity. If this 
does not affect the current, the threshold has been 
reached. It is also obvious that if threshold currents are 
feeble it is unwise to use too heavy a current of 
initiating electrons, for in that case field intensification 
leads to such heavy currents below threshold that the 
threshold is hard to locate and it often is altered in 
value in an unpredictable fashion by introducing space 
charge distortions.”:!7'8 Normally, natural thresholds 
are not very much altered by their own space charge 
except for the exaggeration of the statistically inter- 
mittent region. 

Since in this type of breakdown the threshold is set 
by the prototype equation, then a true formative time 
lag analysis of its buildup is meaningful and will have 
significance relative to the processes at work with due 
attention to the effect of geometry, drift velocities, etc., 
on the time scale. 


4. CATASTROPHIC OR SPARK-LIKE BREAKDOWNS 


Many years ago, Toepler plotted currents as abscissas 
and potentials as ordinates for various types of gaps, 
and by such means delineated a succession of con- 
ductive states of gases as potentials and currents 
varied. These diagrams have been elaborated by 
Penning and Druyvesteyn”® and by the writer’ in 
later years. In these, starting with different geometrical 
forms, the rise of current with potential as the triggering 
ionization current is more completely swept out by the 
field is followed by a more rapid rise of current as 
field-intensified currents through avalanche formation 
and secondary effects appear. In some geometries, these 
curves will exhibit rather abrupt increase of current as 
potentials pass thresholds for self-sustaining discharges, 
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e.g., changes from 10-” to 10~’ ampere as in positive 
point-to-plane geometry in air. All of these curves have 
positive slopes, i.e., dV/di is positive indicating a 
positive resistance characteristic, even in the worst 
cases, for a small range of current increase above 
threshold. In uniform field geometry with air, the range 
of overvoltage (i.e., the difference between applied 
potential and threshold potential for self-sustaining 
discharge relative to the applied potential) of positive 
resistance is very small and is rapidly replaced by one 
in which dV/di becomes negative. This decline in 
potential with increase in current is an unstable regime 
and can be followed and studied only with the applica- 
tion of external current limiting resistors. In uniform 
field geometry, the cause for this as indicated is the 
favorable influence of positive-ion space charge on the 
J adx for lower ranges in the value of a.7~* As shown by 
Bandel* and Kluckow® as well as surmised by Fisher* 
and his associates, and the writer,” the increased 
avalanche size leads to the formation of an anode 
streamer and to breakdown to the familiar filamentary 
spark as recently shown by Hudson.” Unless limited 
by power supply, or external resistance, the spark 
channel leads to a power arc. Analogous phenomena 
appear in highly asymmetrical fields with positive point- 
to-plane or positive wire-to-outer-cylinder geometry, 
with however a much larger range of overvoltage re- 
quired before the filamentary spark appears.”!*.** This 
statement is valid only provided that the cathode is 
sufficiently remote from the stressed anode so that it 
does not materially contribute secondary mechanisms 
to the discharge. Such large overvoltage plateaus stem 
from the heavy internal space charge resistance in the 
low-field cathode region. A third example is that of the 
glow discharge with nonuniform fields between sym- 
metrical electrodes at lower pressures. This discharge 
at a point where the current or current density reaches 
a sufficiently high value changes its positive value of 
dV /di toa negative one and goes over to a power arc.””® 
The transition phenomena conditioned by the instability 
inherent in a negative characteristic differ from the 
threshold phenomena in that they are transient, irre- 
versible, usually proceed with very high velocities in 
short time intervals and are often accompanied by 
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large changes in current and luminous manifestations. 
These catastrophic transitions belong to a class of 
phenomena which, in analogy to the most frequently 
and earliest observed transition, may be properly 
characterized as sparks or spark-like transitions rela- 
tive to the first class of breakdowns. 

Because of the relatively dramatic character of these 
transitions and their importance in applications, it is 
natural that the thresholds and properties of the 
thresholds, or better, of the current and potential 
values at which transitions take place, should be of 
interest. 

It is also natural that time lag studies should be 
applied to the phenomena. It is, however, at this 
point essential to indicate the cause and nature of this 
class of phenomena in order that the significance of 
the data taken be appreciated. 


5. CHARACTERISTICS AND CONDITIONS LEADING 
TO SPARK-LIKE TRANSITIONS 


It is noted that in the cases of spark-like transitions 
indicated so far, they are all related to the instability 
resulting from a negative resistance characteristic. In 
fact, it can be shown much more generally that inherent 
instabilities in which by changes in gas, cathode con- 
dition, space charge distribution, and secondary emission 
processes, the operating discharge of whatever nature 
has the balance set by the relation + exp(/adx)=1, 
maintaining the discharge, suddenly altered to a condi- 
tion y exp(/adx)>>1, the negative resistance charac- 
teristic then appears. This follows since in general, the 
large proportion of the initial potential drop, which 
went to the carrier creating mechanisms on being partly 
relieved of this function, is thrown across the gas column 
to augment the current. This heavy overvolting of the 
discharge multiplies carriers and augments currents. 
In many cases, it produces asymmetries in charge dis- 
position of such an extreme nature that the regular 
current-balance mechanism of conduction, diffusion, 
ionization, etc., which operate on moderate time scales, 
can no longer function to equalize gradients. Thus 
redistribution of ionization and equalization of poten- 
tial gradients to the more highly conductive states 
possible at higher current densities are achieved by a 
series of ionizing-potential space waves sweeping from 
cathode to anode and/or vice versa at velocities which at 
times approach 10" cm/sec.”:> The nature of these 
phenomena constitute material for another paper. It is 
of importance at this point to note that the more 
dramatic transitions partake of such mechanisms as 
inherent in their appearance. The conditions leading to 
such transitions may now be listed. 

(a) In uniform field geometry, as long as the first 
Townsend coefficient, a/p, increases more rapidly than 
linearly with the ratio of field strength to pressure, X/p, 
positive-ion space charge formation acts in such a 
fashion as to increase fadx across the gap. When at, 
or somewhat above, threshold for the Townsend break- 
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down the current density creates an adequate positive- 
ion space charge density, despite loss factors, so that 
the magnitude of the avalanche exp(_/adx) at the anode 
permits streamer advance through localized positive- 
ion space charge and photoionization in the gas, then 
an ionizing-potential space wave called the primary 
streamer moves at ~10* cm/sec towards the cathode. 
This sets in motion the sequence of such pulses that 
create the highly luminous conducting path of the spark 
that follows.*.!.2.°6 Here instability is a property of the 
variation of field strength across the gap and the 
variation of the Townsend coefficient with field strength. 
The effective overvoltage beyond the Townsend break- 
down threshold yielding a feeble glow discharge in air 
at atmospheric pressure directly to yield a streamer- 
producing avalanche, has been shown by K6hrmann’® 
to be around 6%. Similar conditions apply to other 
gases but the overvoltage for streamer-forming ava- 
lanches is far above the Townsend threshold, e.g., in 
argon by 100%. On the other hand, this peculiar 
property of the uniform field gap insures that the 
Townsend discharge in adequate geometry, once initi- 
ated at very little above its threshold, given sufficient 
time, builds up a space charge and current density 
leading to ultimate spark breakdown. How far above 
the preceding Townsend threshold the potential leading 
to the unstable current lies depends on gap conditions 
such as loss of carriers, the influence of statistical 


fluctuations, and the initiating photoelectric current 


from the cathode. These matters have only recently 
been discussed by Kluckow® experimentally for air and 
by Ward theoretically for argon.® 

The potentials generally lie so close together that 
only through formative time lag studies** was it possible 
to discover that the Townsend discharge threshold 
nearly coincided with the sparking potential threshold, 
the formative time lag of the spark increasing from 
streamer-propagating values ~10~7 sec to 10~ sec and 
in argon even to 10~ sec as the Townsend threshold 
is approached from above. 

In this situation formative time lag studies were 
imperative and revealing since the basic principles and 
theory had long been developed. 

(b) In highly asymmetrical gaps such as point-to- 
plane or coaxial cylindrical gaps with highly stressed 
anode and under conditions where secondary mecha- 
nisms from the cathode are ruled out by long gaps, 
thresholds are of the burst pulse or Geiger-counter 
type'*78 and are caused by photoelectric ionization 
in the gas near the anode. These thresholds are, at 
relatively low potentials, fairly sharply defined and the 
discharge current is interrupted at first and later 
limited by the positive-ion space charge motion in the 
low-field region. The subsequent spark breakdown in- 
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stability requires potentials several times greater than 
those at corona threshold.!* Formative time lag studies 
of corona thresholds here are in order and as indicated 
for air by Menes,” they are characteristically very 
short and consistent with the nature postulated for the 
breakdown. 

The subsequent catastrophic transition to a spark by 
anode streamer depends on avalanche size reaching the 
streamer-propagating proportions for which there is a 
basic theory”? and the removal of the space charge 
field to a degree such as to permit the anode streamers 
to form and cross the gap.'**!.2 The latter condition is 
not readily calculable, even if it were amenable to 
theoretical treatment. As Hudson’s recent studies indi- 
cate, at the point where the first streamer complex can 
cross the cathode, breakdown can occur. However, the 
time lag studies would be capricious in the extreme and 
probably meaningless since, as Hudson observed, minor 
uncontrollable factors in point shape lead to a varying 
succession of many streamers most of which cannot 
yield a spark, and it is only after a number of abortive 
streamers have started and failed that a successful one 
is observed. Since such streamers are subject to large 
statistical fluctuations, the time delay between appli- 
cation of the sparking potential and the occurrence of 
the spark can vary from 10~* second or so up to milli- 
seconds. As potential rises, then the lags rapidly de- 
crease. The statistical study of such lags can at best 
throw some light on the statistical fluctuations of 
streamer vigor but can throw no light on mechanisms. 

(c) In other asymmetrical gaps, such as point-to- 
plane geometry or coaxial cylinders with highly stressed 
anode, under conditions in which secondary cathode 
mechanisms can be of influence (e.g., in short gaps, 
sometimes at low pressures, with single and very pure 
nonreactive gases), so that cathodes can remain reason- 
ably clean, there will be Townsend-type discharges of 
very low order usually starting with a photoelectric 7, 
from the cathode. The point at which such discharges 
initiate may be hard to determine, especially if many 
triggering electrons from the cathode are present. Under 
most conditions, the cathodes are coated with very 
thin layers of oxide or other adsorbed gases. These do 
not greatly alter the low photon y,, but poison cathodes 
for effective ion bombardment liberation y;.28 Thus 
after the very small diffuse Townsend y, conditioned 
self-sustaining discharge sets in, or even before it sets 
in with a commensurate triggering electron field-intensi- 
fied current near threshold, the cathode is bombarded 
by low-energy positive ions. These will in time “clean 
up” the cathode to such an extent that the gap will be 
overvolted since y; can change by factors of 5 or 
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more.**-” Jn many cases, this leads to the contraction 
of a diffuse glow to active localized discharge spots on 
cathode and anode usually accompanied by an increase 
in current.” Once the spot forms on reduction of 
potential, the higher current will persist but will 
gradually decrease in value until the spot goes out and 
the current drops to its initial low value.?® Here the 
offset potential may be a hundred or so volts below the 
onset potential. The investigator studying the break- 
down phenomena in such a system will take the sudden 
current jump and luminosity to represent a discharge 
threshold, usually ignoring the less notable initial break- 
down. He will, however, discover that the threshold 
for the current jump, or the spot formation, is not at 
all fixed and will vary with the rate at which potential 
is raised. Here formative time lags can vary from 
fractions of a second to minutes depending on the 
field-intensified or predischarge current and the poten- 
tial applied. The higher the potential applied, the 
shorter is the formative time lag.?* Offset potentials 
may be fairly uniform but depend on the soiling of the 
gas by the surface cleanup on successive breakdowns. 
Attempts to apply the Townsend-type breakdown 
threshold relation will prove meaningless.*® The forma- 
tive time lags representing a cleanup of a variable and 
uncontrollable film have no significance. Thus time lag 
studies are not warranted in such breakdown investi- 
gations. Breakdowns of this nature have been observed 
with fairly pure N2 and He in coaxial cylinders and 
point-to-plane corona with baked-out chambers and 
clean but not flashed Ni cathodes.” As little as 1% Oz 
added to the Nz at once changes the character of the 
discharge to one functioning by photoionization near 
the anode.”*.”° 

On raising the potential, the localized spot current 
increases to a limited extent and current further in- 
creases by the development of multiple spots. Eventually 
potentials reach values where some other type of in- 
stability occurs at one spot and a power arc materializes 
via a spark-like transition, the nature of which is not 
known. Here again a time lag study would be futile 
since it would depend on the alterations in carrier 
disposition in the gap as well as changes in cathode 
mechanisms needed for the transition. 

(d) In low-pressure glow discharge tubes with oxide 
or otherwise contaminated cathodes such as Al, Cu, 
Ni, W, etc., above threshold for the normal glow dis- 
charge, a sudden increase in potential leading to a five- 
fold or tenfold current increase in the abnormal region 
will cause the oxide film to clean up by ion bombard- 
ment after a variable time.”® As the film cleans up and 
thins, the heavy ionic charge across the thin insulating 
film of oxide appears to cause a fairly complete ioniza- 
tion of the film and liberates a current equivalent to 
amperes of electrons from the cathode in a few milli- 
microseconds. 
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The field distortion so produced propagates ionizing 
potential space waves back and forth through the tube 
leading to a transient power arc of hundreds of amperes 
as recently shown by Westberg.”® Again thresholds of 
this spark-like transition have no significance and 
formative time lags vary over wide ranges depending on 
the previous state of the oxide layer, current distribu- 
tion, and density. 


6. ASYMMETRICAL GAPS WITH HIGHLY 
STRESSED CATHODE ~ 


In asymmetrical gaps with highly stressed cathode, 
discharges in most cases will begin as low-order Town- 
send breakdowns.”*:?° However, as the writer has 
shown, such cathodes are inherently unstable.*! The 
high fields near the cathode reduce back diffusion loss, 
and concentrate the discharge near the cathode so that 
conservation of photons is greater. The rate of ioniza- 
tion, being greatest near to, but somewhat detached 
from the cathode, creates a positive-ion space charge 
cloud near the cathode, further enhancing the cathode 
fields. On the other hand, the sensitive high-field volume 
at the cathode for triggering electrons is very small. 
Thus the predischarge field-intensified currents are 
usually very weak.* Care must be used in not creating 
too many carriers by photoelectric effect from the 
cathode wire.'’:!* The high cathode fields lead to heavy 
bombardment of the cathode by positive ions of high 
energy and thus cause heavy sputtering of the cathode 
surface and rapid cleanup.” Here there are two cases 
to consider. 

(a) The gases used do not attach electrons to form 
negative ions. Thus the electron space charge in the 
low-field region is unable to control the current. 

As the potential is increased, the initial currents will 
be very small. At some point, a low-order Townsend 
discharge will start with a photoelectric y, at the 
cathode owing to the ever-present oxide layer, unless 
the cathode has been flashed in an Alpert vacuum. 
Very quickly the oxide film cleans up and the unstable 
over-volted cathode goes over to a power arc unless a 
limiting resistor of high value is in series.”*° The growth 
of the current from the easily missed low-order break- 
down threshold depends on the initial condition of the 
cathode and its rate of cleanup. The threshold is hard 
to fix accurately and while it could be predicted by the 
threshold equation, y is not known with the variously 
contaminated cathode surfaces. The distances involved 
are small, fields are high, and the changing nature of 
the secondary actions under bombardment yield very 
short formative time lags unless the cathode is badly 
corroded. Time lag studies would depend for their 
interpretation on the particular stage in the rapidly 
developing power arc, at which the breakdown was 


31 L. B. Loeb, Phys. Rev. 76, 250 (1949). 
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taken to be completed. Thus time lag studies would be 
relatively of no significance. 

(b) The discharge occurs in a gas attaching electrons 
to make negative ions.'*~'*.%. Such gases usually are 
also quite active in forming adsorbed layers on the 
cathode surface. Two effects can be looked for. First, 
the oxide layers would initially be heavy and cleanup 
would take notable times. As the film cleans up, the 
oxygen or active gas competes with the cleanup process 
in reforming the films. Thus thresholds or transition 
points in discharges which may be used as breakdown 
criteria in time lag studies depend on current density 
while formative time lags are increased owing to delayed 
clean up. The second influence of the negative-ion- 
forming gas will be introduction of internal resistance 
by negative-ion space charge accumulations in low- 
field regions. This at once extends the potential region 
for spark-like transitions to arcs to values well above 
the initial low-order Townsend discharge threshold. 
Finally, where much dissociative attachment in the 
high-field region occurs, the space charge accumulation 
may render the discharge intermittent as with the 
Trichel pulses in point-to-plane corona.'*'6 Space 
charges clear more rapidly and a streamer-like process 
appears to form in the negative glow region. Breakdown 
to a spark is presumably by some streamer mechanism 
at present unknown."* The transition potential and/or 
current is ill-defined and statistical time lag studies 
would be meaningless. 


CONCLUSIONS 


It is seen in the foregoing that there are essentially 
two types of breakdowns having observable thresholds. 
The first of these consists of those initial breakdown 
processes governed by the relation y exp(/adx)=1. 
The second is an irreversible transient set of phenomena 
marking transitions between discharge forms and usually 
governed by alterations of the field or of electrodes by 
space charge disposition, cleanup of electrode surfaces, 
etc., producing over-volted instabilities with negative 
dV /di leading to transitions the thresholds for which 
are largely indeterminate depending on past history, 
current density, etc. Thus the study of the second 
class of breakdowns by conventional time lag techniques 
is futile and will lead to more confusion than knowledge. 

On the other hand, most instructive and essentially 
very valuable are all of the much more difficult investi- 
gations of the temporal sequence of events in all break- 
down or spark-like transitions. 61.26.28. These in- 
volve triggering the sweep of the oscilloscope at either 
the initial Townsend breakdown in a sequence such as 
with uniform-field geometry, or on the first rise of 


%H. L. von Gugelberg, Helv. Phys. Acta 20, 307 (1947); 
J. P. Molnar, Phys. Rev. 83, 933, 940 (1951); J. A. Hornbeck, 
Phys. Rev. 80, 297 (1950); 82, 458 (1951); 83, 374 (1951); 84, 615 
(1951). R. N. Varney, Phys. Rev. 93, 1156 (1954); J. P. Molnar 
and A. V. Phelps, Phys. Rev. 89, 1202 (1953). 


current in a transition and measuring currents, if 
possible potentials at the electrodes and in the gap by 
probes, as well as scanning the visual aspects of the 
discharge at various points across the gap with photo- 
multiplier and viewing slits. From plots of current or 
potential at various points and of light intensity 
(proportional to local rate of ionization) with time, 
cross plots of current, potential, and light intensity as 
a function of position in the gap at various times during 
breakdown lead to very important information as to 
the physical processes involved. 

Currently, all too little information has been ob- 
tained by this means. Partially investigated to date 
have been (a) the sequence in uniform-field breakdown 
in air, except for the study of the final streamer phase 
of the process,*:* (b) the negative point-to-plane Trichel 
pulse corona in air,’® (c) the positive point-to-plane 
burst pulse corona," (d) preonset streamer pulse corona 
in air,“ (e) the breakdown sequence by streamers both 
in point-to-plane corona and in near-uniform-field 
geometry,” (f) the Geiger counter pulse in counters 
electrically** but only incompletely for air by photo- 
multiplier,*5 and (g) the glow-to-arc transition for 
various gases at low pressures.”® 

Urgently needed are studies of these phenomena 
where they occur in other and perhaps purer gases. 
Probably the most urgent and interesting would be the 
mechanism of the transition to a power arc in pure 
No», He, and A with positive highly stressed anode and 
clean cathodes with cathode active. Here a study of 
presumably short point-to-plane gaps with photomulti- 
plier and fast sweep is indicated. Quite analogously, it 
is desirable to analyze the breakdown of the negative 
point in point-to-plane geometry with clean electrodes 
and pure gases in properly outgassed systems. 

Finally, it might be added that much can be learned 
about the imilial steps of breakdown under various 
conditions, but preferably in uniform field or coaxial 
cylindrical geometry where field conditions are well 
understood, by initiating a discharge through a geo- 
metrically and temporally narrow and controlled burst 
of ionization or electrons, triggering the sweep by the 
current rise, and with fast sweep studying the suc- 
cession of ionizing events with fast oscilloscope.** Such 
studies have been common since World War II and 
were carried out by von Gugelberg in Switzerland, by 
Molnar and Hornbeck and Varney, at Bell Telephone 
Laboratories with photoelectric triggering*; and by 
Lauer, Huber, and Colli and Facchini** in the writer’s 
laboratory, in coaxial geometry with collimated single 
a-particle triggering. They should be much further 
exploited in the near future. 

*M. R. Amin, J. Appl. Phys. 25, 358 (1954). 

© H. G. Stever, Phys. Rev. 61, 38 (1942); H. Den Hartog and 
F. H. Muller, Physica 15, 789 (1949); Alder, Baldinger, Huber, 
and Metzger, Helv. tm Acta 20, 73 (1947); P. Kienle, Z. Natur- 


forsch. 139, '37 (1958); G. A. Condas, Bull. Am. Phys. Soc. 
Ser. II, 2, 375 (1957). lalla 





PHYSICAL REVIEW VOLUME 


113, 


NUMBER 1 JANUARY 1, 1959 


Conductivity of Plasmas to Microwaves 


P. H. Fane 
National Bureau of Standards, Washington, D. C. 


(Received September 2, 1958) 


Plasma conductivities for electrons with a Maxwellian energy distribution are evaluated for the cases in 
which the collision cross section is (i) velocity independent and (ii) inversely proportional to the velocity. 
The corresponding distribution functions of relaxation times are discussed. 





1. INTRODUCTION 


N a recent paper Margenau! derived the frequency 
spectra of the complex conductivities of plasmas to 
microwaves by considering different statistical energy 
distributions of the electrons. In the case where the 
energy distribution of electrons is Maxwellian, the 
resultant complex conductivity is given in an implicit 
form which involves two integrals. Some asymptotic 
expansions of these integrals are obtained by the saddle- 
point method. In the present paper, explicit calculations 
of the complex conductivities are made for a Maxwellian 
distribution in which the collision cross section q is 
(i) velocity independent, (ii) inversely proportional to 
the velocity. The corresponding distribution functions 
of the relaxation times are also discussed. 


2. CALCULATIONS OF THE SPECTRA OF 
COMPLEX CONDUCTIVITIES 


For electrons with Maxwellian distribution in their 
energy, i.e., 


fo= (m/2akT)! exp(—mv*/2kT), (1) 


where mv/2 is the kinetic energy of the electrons, and 
other symbols have their usual meanings, Margenau 
gives the current density J: 


T=ney(J; coswt+J.¢ sinwt), (2 


8 - vus 
J\,=— exp(—«?)———-du, (3a) 
3y/r Jo w+r 


eo 


wis 
J2= f exp(— u?)——_du, (3b) 
0 w+r 


T 


where m is the number density of electrons, y= eE/m, 
E is the electric field strength of the microwaves, w is 
the frequency of this field, v is the collision frequency, 
and u=v/v9 with = (2kT/m)*. The asymptotic ex- 
pressions of J; and J: are obtained by Margenau by the 
saddle-point method. We would like to evaluate the J’s 
directly for two special cases: (1) v is a constant, i.e., 
the collision cross section g depends inversely on the 
velocity; (2) v=wvo, where vo is a constant, i.e., q is 
independent of ». 

For the first case the integrals are simply gamma 


1H. Margenau, Phys. Rev. 109, 6 (1958). 


functions and the result is 


Ji=v/(w+¥r), 
J2=0/ (w+r). 


(4a) 
(4b) 


This has the same form as that for Lorentz dispersion 
and is similar to the case of electrons with uniformly 
distributed energy, as given by Eq. (21) of Margenau.! 

In the second case, the J’s can be conveniently 
expressed in terms of the function introduced by Dingle 
et al.: 


- & 
(p) Mp (2) = f exp(—0)——de (5) 
0 xT € 


In this way we obtain 


8 
Ji= W(x), 
1 3(n)'ng 2(x) 


(6a) 


1 
J2=—QU,.5(x), (6b) 


Vo 


where x= (w/vo)?. This result is simpler for the purpose 
of numerical evaluation than that obtained by 
Altshuler and Molmud.’ These authors express the J’s 
in terms of exponential integrals Ei(x) and error 

integrals ®(x), 
4 “rl ; 
J,;=—— —1—2—2# exp(x) Ei(—x) |, 

34/4 w 


(7a) 


4x 1 
Jg=-—} (3—x)+—a! exp(x)[1—(x!)]}. (7b) 
3 /m 


IW 


Complex conductivities for some cases of semicon- 
ductors lead also to this form of Eq. (7) and have been 
derived by many authors.‘ 

From the numerical table given by Dingle, »oJ1 and 
voJ2 are calculated as a function of w/v. The table of 
Dingle et al. gives U(x) for values of x from 0.1 to 20. 
For x> 20, %,(x) can be calculated from formula (19) ; 


2 Dingle, Arndt, and Roy, Appl. Sci. Research B6, 144 (1957). 
The numerical tables are given in this paper, as well as some 
asymptotic forms of expansion. 

3S. Altshuler and P. Molmud (unpublished results quoted by 
H. Margenau'). 

4 See M. Bronstein, Physik. Z. Sowjetunion. 2, 28 (1932), A. H. 
Wilson, The Theory of Metals (Cambridge University Press, 
Cambridge, 1953), p. 235. 

















Fic. 1. The frequency spectrum of voJ; and poJ3. 


for x<0.1, %1.5(x) is calculated from formula (17), the 
formulas referring to the work of Dingle. On the other 
hand, it is easier to obtain %2(x) for x from 0.1 to 0.01 
from the mathematics table of Placzek.* The numerical 
results are given in Fig. 1, which shows the logarithmic 
frequency spectra of voJ; and oJ». 

The relation between J; and J2 can also be repre- 
sented by an Argand diagram which is the frequency 
trace in the space formed by J; and J2 as coordinates. 
This method of representation is very similar to the 
so-called Cole and Cole diagram® in the literature of 
dielectrics. In the Cole and Cole diagram, the coor- 
dinates are formed by the real and imaginary parts of 
the complex permittivity, and in the present case, the 
coordinates are formed by those of the complex con- 
ductivity. The result is shown in Fig. 2, where the solid 
curve is for Eqs. (6a) and (6b). This curve is almost 
identical to the curve given by the dispersion function 
of Cole and Cole® with a=4°, where a is the measure- 
ment of the depression of the center of a semicircle below 
the real axis. An appreciable difference occurs only at 
the extreme frequencies where the arc intercepts on the 
real-axis; while the intercepts form right angles in the 
present case, oblique angles are formed in the case of 
Cole and Cole. 

Figure 2 also shows a broken curve which is a semi- 
circle. This curve is the diagram of Eqs. (4a) and (4b), 
and is identical to the Debye dispersion curve in 
dielectrics.® 


3. DISTRIBUTION FUNCTION OF THE 
RELAXATION TIMES 


A distribution function of the relaxation times can 
be formally introduced in the following way: J; and J», 


5G. Placzek, National Bureau of Standards Applied Math- 
ematics Series No. 37 (U. S. Government Printing Office, Wash- 


ington, a, Sack 
*K.S. Cole and R. H. Cole, J. Chem. Phys. 2, 341 (1941). 














Fic. 2. Argand diagram of the complex conductivity of the 
plasma. The solid line is for the case in which the collision cross 
section depends inversely on the velocity; the broken line is for 
the case in which the collision cross section is velocity independent. 


as given by Eqs. (3a) and (3b), can be immediately 
written in the form of Stieltjes’ transform, i.e., 


J*=J,—iJ2 


8 u 
=— exp(— 1?) du. (8) 
3\/r Yo v+tw 


This is to be compared with the usual definition of the 
distribution function of the relaxation time g(7),’ which 
is connected to J* in the following way: 


* g(7) 
=f ——dr. (9) 
0 1+iw7 
In the case in which yv=k', a constant, g(r) is a 


Dirac 6 function of argument (7—&). 
In the case in which v= uv, 


(10) 


8 
g(r) "te (ro/7)° exp[ — (r0/7)*], 


where the relaxation time variables are defined at 
t=v", ro= vo. This g(r) approaches zero at both 7=0 
and t— ©, and has a maximum at r=0.63370. 

While many distribution functions have been intro- 
duced phenomenologically to describe the broadening 
effect in the relaxation dispersion, g(7) given by Eq. 
(10) may be of special interest because this is based on 
a physical model. 
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In the presence of a magnetic field the quasi-continuous levels of simple energy bands are coalesced into 
one-dimensional sub-bands and the “time reversal’? degeneracy of the levels is split. The energy levels are 
characterized by the quantum numbers: #é x, the crystal momentum along the magnetic field direction; /, the 
Landau magnetic quantum number; and M, the component of the total angular momentum along the 
magnetic field which is characteristic of the atomic states in the tight-binding limit. In the case of degenerate 
valence bands, the effect of a magnetic field is complicated by degeneracy effects and the levels in a magnetic 
field are characterized by two or more pairs of (1,M) values. The selection rules, polarization effects, and the 
character of the absorption spectra for interband transitions in the presence of a magnetic field are discussed 
and illustrated by experimental data for Ge and InSb. A discussion of practical and experimental considera 
tions of Zeeman-type interband magneto-optical effects is also presented. 


1. INTRODUCTION 


EEMAN-TYPE experiments, which involve the 
effect of a magnetic field on absorption or emission 
spectra, have long been useful in the study of the energy 
levels of atomic and molecular systems. Early in 1956 
such experiments were initiated on solids at this Labora- 
tory, beginning with the observation of the intrinsic 
absorption of InSb in a magnetic field. These first ex- 
periments were carried out with relatively thick speci- 
mens and therefore involved the long-wavelength tail 
of the absorption edge. They showed that the magnetic 
field caused the absorption edge to shift to higher photon 
energies.! 

The shift of the absorption edge corresponds to an 
increase in the optical band gap with magnetic field and 
is consistent with the theory that in a magnetic field the 
energy levels in an allowed energy band are coalesced 
into highly degenerate ‘‘one-dimensional sub-bands.” 
The energy separation between a given sub-band in the 
valence band and a given sub-band in the conduction 
band increases with magnetic field; consequently the 
optical band gap increases with magnetic field. These 
findings were confirmed by the Lincoln Laboratory 
group which also extended the experiments to higher 
magnetic fields and to InAs.’ 

On the basis of the simple theory, it was believed that 
transitions between successive pairs of magnetic sub- 
bands in the valence and conduction bands should lead 
to additional structure in the intrinsic absorption. Ac- 
cordingly the interband magneto-optical (IMO) experi- 
ments on InSb at the Naval Research Laboratory 
(NRL) were extended to thinner sections, and several 
prominent absorption peaks were found in fields as low 
as 15000 gauss at room temperature.’ The Lincoln 
Laboratory group, which had initiated experiments on 

* Present address: Department of Physics, University of Penn- 
sylvania, Philadelphia, Pennsylvania. 

+ Permanent address: Physics Department, Michigan State 
University, East Lansing, Michigan. 


1 Burstein, Picus, Gebbie, and Blatt, Phys. Rev. 103, 826 (1956). 
2 Zwerdling, Keyes, Foner, Kolm, and Lax, Phys. Rev. 104, 1805 
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3. Burstein and G. S. Picus, Phys. Rev. 105, 1123 (1957). 
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germanium in order to clarify the nature of nonlinear 
gap shifts with magnetic field observed in InSb and 
InAs, independently observed similar structure in the 
direct transition spectrum of germanium.‘ Since then 
the NRL group has carried out typical transverse and 
longitudinal Zeeman-type measurements at room tem- 
perature on the direct transition spectrum of germanium, 
using plane polarized radiation for the transverse meas- 
urements and circularly polarized radiation for the 
longitudinal measurements.’ The Lincoln Laboratory 
group has extended its room-temperature measurements 
to InSb and InAs and has more recently carried out low- 
temperature measurements using plane polarized radi- 
ation.® 

This paper has three purposes. The first is to discuss 
the physics underlying the effect of an external magnetic 
field on optical interband transitions. These effects, as 
manifested in absorption spectra, are referred to as 
Zeeman-type interband magneto-optical effects and are 
designated simply as the IMO effect. The second pur- 
pose of the paper is to report the NRL data for the 
room-temperature experiments on the direct transitions 
in germanium using polarized light and their interpreta- 
tion in terms of the Luttinger and Kohn theory of the 
effect of magnetic field on the energy bands involved. 
The third purpose is to discuss practical considerations 
involved in carrying out Zeeman magneto-optical 
experiments. 


2. GENERAL CONSIDERATIONS 
A. Energy Levels in Simple Energy Bands 


Let us first consider a semiconductor whose valence 
and conduction bands are ‘‘simple’’; i.e., the bands are 
nondegenerate, have their extrema at k=0, and the 
dependence of energy on crystal momentum, vk, is 


4S. Zwerdling and B. Lax, Phys. Rev. 106, 51 (1957). 

5 Burstein, Picus, Wallis, and Blatt, ‘“Magneto-optic Studies of 
Energy Band Structure in Semiconductors” in “A Decade of Basic 
and Applied Science in the Navy,” Department of the Navy 


(March, 1957). 
6 Zwerdling, Lax, and Roth, Phys. 
Zwerdling, Roth, and Lax, Phys, Rev. 109, 2207 


Rev. 108 


(1 


1402 (1957); 
958). 





16 BURSTEIN, PICUS, 
spherically symmetric and quadratic. With no magnetic 
field, the valence band and conduction band energy 
levels are given by 
h? 
€y(k) = €,———(k? +k,’ +k,’), 
2m,* 


(la) 


2 


h 
€-(k) = €o-+——_(k2+k,?+k,). 


2m.* 


(1b) 


The subscripts » and c refer to the valence and conduc- 
tion bands; e, and e, are the energies at the band edges; 
m* is the effective mass of the carriers; hk., hk,, and hk, 
are the components of the crystal momentum of the 
carriers along the x, y, and z directions. The energy gap 
is €go= €-— €>. Bands for which the energy eigenvalues 
show a quasi-continuous dependence on each of the 
three components of crystal momentum are referred to 
as three-dimensional bands. For “simple” three-dimen- 
sional bands, the density of states, i.e., the number of 
states per unit volume per unit energy interval, has the 
form 

N® (¢) = 44(2m*/h?)§| e—e0|}, (2) 


where € is the energy at the band edge. 

In the presence of a magnetic field,’ the energies of the 
carriers become quantized in the plane perpendicular to 
the magnetic field but remain quasi-continuous in the 
direction of the field, thus forming a series of ‘“‘one- 
dimensional sub-bands” (Fig. 1). The energies of the 
levels in the sub-bands—neglecting spin—can be written 
as the sum of two terms: one representing the quasi- 
continuous dependence of energy on the component of 
the crystal momentum along the direction of the mag- 
netic field; and the other, which has the same form as 


L2 


ag 


SFT hwo, 


a, 
| £e\ 
k=O £:2 


H>O 


(b) 


Fic. 1. Energy bands fo1 a simple semiconductor for 
H=0 and for H>0. 


7F. Seitz, Modern Theory of Solids (McGraw-Hill Book Com- 
pany, Inc., New York, 1940), pp. 583-590. 
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the discrete energy levels of an harmonic oscillator, 
representing the quantized orbital motion of the elec- 
trons about the magnetic field direction as axis. For a 
magnetic field applied along the z direction, the energy 
levels of the charge carriers are given by 


€o (Rese) = €o— Neon (lo +3) —H7k,?/2m,*, (3) 
€c(Re,le) - écthwoe(le+4)+h7k2/2m.*, (4) 


where /, the Landau magnetic quantum number, is a 
positive integer or zero and wo= eH/m*c is the circular 
cyclotron resonance frequency. The energy separation 
between successive magnetic sub-bands is hwo. 

The minimum of the lowest sub-band of the conduc- 
tion band occurs at an energy }#wo, above the energy 
band minimum in zero field, and the maximum of the 
highest sub-band in the valence band occurs at an 
energy $%w0, below the valence band maximum in zero 
field, thus increasing the band gap by 3h(woctwor) 
(Fig. 1). 

Each energy eigenvalue specified by Eq. (3) or (4) 
corresponds to a large number of degenerate states which 
differ from one another in the value of a third quantum 
number not appearing in the energy expressions. The 
degeneracy per unit area of the sample transverse to the 
magnetic field is given by s/2m where s=eH/hc. The 
size of the free carrier orbits in the xy plane, as de- 
termined by their root mean square radius, is given by® 


ri=[2(1+-2)/s}}. (5) 


The density of states in the /th magnetic sub-band is 
given by 


Nile) =2(s/2m)(2m*/h2)3| e— |= (s/2m)N(6), (6) 


where e¢; is the energy at the edge of the /th sub-band. 
We note that the density of states at the edge of each 
one-dimensional sub-band is infinite, a consequence of 
the one-dimensional character of the sub-bands; this is 
in contrast to the zero density of states at the edge of the 
three-dimensional energy band in the absence of a 
magnetic field (Fig. 2). The ratio of the density of states 
in a magnetic sub-band to the density of states in the 
corresponding energy band in the absence of a magnetic 
field is given by 


Ni(e)/N® (€)=hwo/2| €|, (7) 


where ¢ is measured relative to the band edges. The 
density of states of the sub-bands is thus higher than 
that for the normal band for values of || less than 
thwo. 

In an actual semiconductor the energy bands in the 
absence of a magnetic field may be degenerate at one or 
more points in k space and so may not be simple in the 
sense defined above. A particularly important case is 
that in which two or more bands are degenerate at k= 0. 


® M. H. Johnson and B. A. Lippman, Phys. Rev. 76, 828 (1949). 





ZEEMAN-TYPE MAGNETO-OPTICAL STUDIES 


One may characterize such bands by the angular mo- 
mentum quantum numbers J and M which describe the 
atomic states obtained from the Bloch functions at k=0 
in the tight binding limit. The quantum number J 
specifies the total angular momentum and M specifies 
the component of angular momentum parallel to some 
particular axis. In the presence of an external magnetic 
field the degenerate bands give rise to a multiplicity of 
magnetic sub-bands which can be labeled by the mag- 
netic quantum number / in addition to the quantum 
numbers J and M. 

In energy bands arising from s-type atomic levels, the 
energy levels are doubly degenerate at all points in k- 
space corresponding to the two possible orientations of 
the electronic spin, and are characterized by a J value 
of +43 and by M values of +3 and —}. In the presence 
of a magnetic field, each of the doubly degenerate levels 
is split into two levels corresponding to the two values 
+4 and —} of M. Thus, for an s-type conduction band, 
the energy levels of the corresponding one-dimensional 
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Fic. 2. Densities of states for a simple semiconductor for H =0 
(solid lines) and for H>0 (heavy dashed lines). 


sub-bands are given by® 
€c(kz,l,M) = €-+-h*k,?/2m.*+ (l+})hootg8HM, (8) 


where g is the effective g factor for the carriers, and 
B= eh/2mc is the Bohr magneton. The energy separation 
between the M= +3 and the M= —3 sub-bands having 
the same / magnetic quantum number is g@H. In the case 
of degenerate valence bands in which there are orbital as 
well as spin contributions to the total angular mo- 
mentum, and in which there are also spin-orbit inter- 
action effects, the character of the energy levels in the 
presence of an external magnetic field is much more 
complicated and is treated in Sec. 3. 

Cyclotron resonance (CR) in a simple s-type energy 
band involves vertical (Ak,=0) optical transitions be- 
tween magnetic sub-bands with the same M but having / 
values differing by one, and takes place to first order 


® Equation (8) may also be applied to the V; valence band of 
germanium which is split away from the top of the valence band by 
spin-orbit coupling. 


Fic. 3. Cyclotron resonance 
transitions for electrons and holes 
in a simple semiconductor. 


only when the electric vector of the radiation field is 
perpendicular to the direction of the applied magnetic 
field, EH, (Fig. 3). For simple energy bands the width 
of the cyclotron resonance absorption bands is deter- 
mined only by the broadening of the individual energy 
levels. The condition for obtaining a well-defined CR 
absorption band is that the width of the energy levels be 
smaller than the vertical energy separation between 
adjacent sub-bands, namely that Ae<fwo, where Ae 
=h/r and 7 is the lifetime of a carrier in a given level 
which is generally determined by scattering processes. 
This yields the condition wor>1 which corresponds 
classically to the requirement that on the average the 
carriers complete at least 1/2 of their circular orbits 
about the magnetic field between collisions. 


B. Optical Transitions between Simple Valence and 
Conduction Bands for Zero Magnetic Field 


In the absence of a magnetic field the intrinsic ab- 
sorption constant for vertical transitions between a 
“simple” valence band m and a “simple” conduction 
band n’ has the form’? 


ah? | Inne |? 
Gnn' (w) =— —IV nn’; 
nnehw 


_ 2m*\ 3 
Naw =4r(——) (hw— Enn’)}, 
ted 


where Nan is the reduced effective density of states, a 
is the fine structure constant; 7 is the refractive index at 
w, m*=m,*m,*/(mz*+mny*) is the reduced effective 
mass, J nn is the momentum matrix element for vertical 
optical transitions, €n,’ is the energy separation between 
the two band edges, and fw is the energy of the photons. 
For transitions allowed to first order in effective-mass 
theory, the matrix element does not vary appreciably 
with k and may be assumed constant. Under these con- 
ditions the absorption constant is zero at the absorption 
edge (i.e., at hw= nn’), varies as (hw—énn’)? near the 
edge, and varies as (Hw)~! far beyond the edge (Fig. 4). 


0D. L. Dexter, Photoconductivity Conference (John Wiley and 
Sons, Inc., New York, 1956), p. 155. 
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Fic. 4. Possible types of frequency dependence for the 
absorption constant. 


It should be noted that the absorption constant at the 
absorption edges is zero because the density of states 
vanishes at the edges of three-dimensional energy bands. 

The shape of the absorption spectrum will be modified 
by broadening of the energy levels. On the assumption 
that each electronic transition is broadened according to 
the Lorentz theory of line shape, the intrinsic absorption 
constant will have the form 


ah? 


2m*\! 1 
Oan'(w)=—| Law "te -) —_ 
nm h? (tuw)?+ (Ac)? 


cos( ¢/2) 
sin(¢/2) ) 


x | [ (hw — enn’)? + (a0) ho 


si ita} 2 
tae | aeen)'|, (10) 


cos( ¢/2) 


where g=arc tan[ Ac/(hw— €nn’) ]; the upper choice of 
the trigonometric function applies when ww is larger 
than €,, and the lower choice applies when fw is smaller 
than €an’. Thus, broadening causes the absorption edge 
to extend to photon energies below the energy gap, i.e., 
the absorption edge is smeared out. For values of 
hw — €nn large compared to Ae, the expression reduces to 
the one in which broadening is neglected. The effect of 
broadening is thus pronounced only at the absorption 
edge. 

When the vertical optical transitions between the two 
bands are only allowed to second order, the matrix 
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element Jn,’ will have the form! 


ka ani’? nin’ 
reogyat| p beth 
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he 
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Pun *Pnn® 
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where fn» is the matrix element of the momentum 
operator with respect to the Bloch functions at k=0 for 
bands m and n”, hinn'=€n—€n’, n” represents a third 
energy band which serves as an intermediate state, and 
the repeated index a is to be summed over x, y, . The 
quantity |/,,’°|? is proportional to &? for transitions 
between parabolic bands, and is therefore proportional 
to Aw— €nn’. The absorption constant will then have the 
form dnn’(w) < (tw— €nn’)'/hw. It will therefore be zero 
at the absorption edge, and will increase as (tw— €nn’)! 
near the absorption edge and as (Hw)! far from the 
absorption edge (Fig. 4). 

When one of the energy bands has its band edge away 
from k=O, the intrinsic absorption edge will involve 
nonvertical optical transitions via intermediate states 
with the simultaneous emission or absorption of 
phonons.” The absorption constant for such processes 
will be of second order and will consist of a superposition 
of terms of the form 


Ann' (wn ,p) x | Tan |?| Inn’ p|?(w— €nn’p)?/tw, (12) 
where J,n is the matrix element for vertical optical 
transition between band m and an intermediate band 
n”’: Inntp is the electron-lattice interaction matrix 
element involving phonon transitions between the inter- 
mediate band n” and band 1’; €nn'p= €nn' Ep; €p is the 
energy of the particular type of phonon involved; and 
the + choice indicates the emission of phonons while the 
— choice indicates the absorption of phonons. Each of 
the absorption constant terms thus involves an addi- 
tional factor of the form (Aw— énn’p)! due to the partici- 
pation of phonons via an intermediate state. When the 
vertical transitions between the initial and the inter- 
mediate state are forbidden so that |Jnn|? is itself 
proportional to k?, the terms in the absorption constant 
will have the form 


Ann’ (w) & (hw— enn’ p)*/hw. (13) 

When vertical optical transitions occur between two 
valence bands or between two conduction bands, the 
absorption constant will obviously depend on the con- 
centration of free carriers in the two bands under 
consideration, as well as on the character of the energy 
bands involved. In addition, depending on the relative 
magnitude of the effective masses of the two bands 
involved, €nn’ may be either a minimum separation or a 

1 A, Kahn, Phys. Rev. 97, 1647 (1955); E. O. Kane, J. Phys. 
Chem. Solids 1, 83 (1956). 


2 Bardeen, Blatt, and Hall, Photoconductivity Conference (John 
Wiley and Sons, Inc., New York, 1956), p. 146. 
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maximum separation. Thus in the case of the V; to 
V; transitions in germanium where m,*>ms3*, the e13 
corresponds to a minimum separation of the two bands 
and the absorption spectrum exhibits a long-wavelength 
limit. On the other hand in the case of the Vz to V; 
transitions where m2.*<m;*, the €23 corresponds to a 
maximum separation of the two bands and the absorp- 
tion spectrum exhibits a short-wavelength limit. 


C. Optical Transitions between Simple Valence and 
Conduction Bands in Externally Applied 
Magnetic Fields 


In the presence of a magnetic field, two interband 
magneto-optical effects may be expected to occur: (1) 
the optical gap will change, and (2) the intrinsic absorp- 
tion spectrum will change in character and under ap- 
propriate conditions may be expected to exhibit struc- 
ture due to transitions between magnetic sub-bands in 
the valence band and those in the conduction band 
(Fig. 5). 

According to Eq. (8) the minimum separation be- 
tween a simple valence and a simple conduction band in 
the presence of a magnetic field is given by” 


€nn’' (H)= Enn' +4 (Rwonthwon’) — (| gn! + | gn’ | )BH. (14) 


Depending on the relative magnitudes of the effective 
masses and the g factors involved, the magnetic field 
may cause either an increase or a decrease in the energy 
gap between the two bands which will manifest itself as 
a shift of the optical absorption edge either to shorter or 
to longer wavelengths, respectively. In general the term 
involving the cyclotron frequencies will be larger than 
the term involving the g factors and the effect of 
magnetic field will be to increase the band gap. 

Vertical electronic transitions from sub-band /, M in 
the valence band to sub-band J’, M’ in the conduction 
band give rise to an optical absorption band charac- 
terized by an absorption constant depending on photon 
frequency according to the relation: 


Jah? /eH\ s2m*\? (ha ew) 
ai (w) = (—)(- ) | Tae |? coal 
nm? \ he h? hu 


_ all Nw [Zu |? v 


— ho 


(15) 


where we have omitted the subscripts designating the M 
quantum numbers of the sub-bands involved. Level 
broadening is not included in this expression. Nyy is the 
reduced effective density of states for the two sub- 
bands, € is the corresponding energy gap, given by 


€1 = €nn + (l+-3)hwont+ (+ 3) hwon’ 
—grBHM+gnBHM’. (16) 


13 Equation (14) is applicable for example to the separation 
between the V; valence band and the I conduction band in 
germanium. 
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Fic. 5. Interband transi- 
tions for a simple semicon- 
ductor in the presence of a 
magnetic field. 


The magnitudes of the momentum matrix elements Jj 
will, in general, be governed by appropriate selection 
rules involving the state of polarization of the radiation, 
the direction of propagation of the radiation, and the 
direction of the applied magnetic field, as well as by the 
character of the valence and conduction bands. 

For allowed first-order transitions in which Jy is 
effectively independent of k, a, (w) will be infinite at the 
absorption edge (i.e., at tw=e), and decrease as 
(tw— €)~ near the edge, and as (Aw)~! far from the 
edge (Fig. 4). The infinity in the absorption constant at 
the absorption edge is typical of allowed interband 
transitions between one-dimensional energy bands, and 
arises from the infinities in the densities of states at the 
band edges of one-dimensional bands, just as the zero 
absorption constant at the absorption edge for interband 
transitions between energy bands in the absence of a 
magnetic field arises from the zeros in the densities of 
states at the band edges of three-dimensional energy 
bands. 

In real crystals, energy level broadening will remove 
the infinities at the absorption edges. If we assume that 
each transition is broadened according to a Lorentz 
shape, the absorption constant for vertical interband 
transitions between magnetic sub-bands of the valence 
and conduction bands will have the form 


2ah? ¢ eH 2m* 
in ey 
nm \ he h? 


|I ll’ | 2 


(Ius)?-+ (Ae)? 


cos(¢/2) 
SIN Y/ 


sin(¢/2) 
~a¢( ) Jr aelew i, (17) 
cos(¢/2) 


where again the upper choice of the trigonometric func- 
tion applies when ww is larger than ej, and the lower 
choice applies when ww is smaller than ey. As a result of 
energy level broadening, the absorption constant for a 
given pair of sub-bands will peak at a photon energy 


~0.58Ae higher than that corresponding to the energy 


gap. The magnitude of the absorption constant at the 
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Fic. 6. Interband transitions and AM selection rules for a simple 
semiconductor in the presence of a magnetic field. The g factor of 
the electrons in the conduction band is taken as negative, and only 
the energies at k,=0 are indicated. 


peak will be proportional to H. It will also be pro- 
portional to (Ae)~! and therefore to r'. For values of 
(tw— ew) large compared to Ae, the above expression 


for ay (w) reduces to the one given in Eq. (15) in which 
broadening is neglected, i.e., the effect of broadening of 
the levels is only pronounced at the absorption edge. 

It is of interest to note that the difference in the 
shapes of the CR and IMO spectra arises from the 
optical transitions between states for which k,~0. If one 
considers only the transitions for k,=0, CR and IMO 
transitions both yield line spectra. When k,~0 transi- 
tions are included, the IMO absorption lines become 
extended absorption bands of the type discussed above 
whereas the CR lines are not affected. The tails to the 
extended IMO absorption bands result from the quasi- 
continuous nature of the energy bands in the z direction, 
and the different curvatures (in sign as well as in 
magnitude) of the valence and conduction bands. The 
CR absorption spectrum, on the other hand, remains 
unchanged in character, since, in the simple model con- 
sidered here, adjacent sub-bands have the same curva- 
ture. In the cases where the energy bands deviate from 
a simple parabolic dependence on k, the separation of 
adjacent sub-bands will vary with k, and will manifest 
itself in an asymmetrical broadening of the CR absorp- 
tion band and in a modification of the tails to the IMO 
absorption peaks. The above discussion remains essen- 
tially unchanged if Lorentz broadening is included. The 
CR lines will be symmetrically broadened but will have 
the same shape whether or not &,~0 transitions are 
included. For nonparabolic energy bands there will be 
additional asymmetrical broadening. The effect of 
Lorentz broadening on the IMO lines will be primarily 
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to alter their shape in the vicinity of their edges, as 
discussed previously. 

The selection rules for the first-order IMO effect are 
Al=0 and AM=0, +1 (see Sec. 2D). This is illustrated 
in Fig. 6 for a semiconductor with simple valence and 
conduction bands both of which are characterized by 
M=-++4 and —}. The corresponding IMO spectrum for 
simple energy bands therefore consists of the superposi- 
tion of the individual absorption bands for the various 
initial values of the magnetic quantum numbers/and M. 
The positions of the absorption peaks can be obtained 
from Eq. (16). A typical first-order AJ=0, AM=+1 
IMO spectrum for a semiconductor with simple energy 
bands is shown in Fig. 7 together with the corresponding 
intrinsic absorption spectrum in the absence of a mag- 
netic field. The separation between adjacent peaks is 
given by Awont+hwon. The IMO spectrum rises above 
and falls below the zero-field intrinsic absorption spec- 
trum. The AM=-—1 spectrum also consists of a set of 
uniformly spaced absorption peaks, with the first peak 
displaced from that for the AM=+1 spectra by 
lgnt+gn'|BH. 

The corresponding AM=O0 spectrum will consist of 
the superposition of two sets of uniformly spaced 
absorption peaks displaced with respect to one another 
by | gn—gn’| BH. The separation between adjacent peaks 
in each set is again simply Awont+hwon. The various 
IMO spectra for the simple semiconductors are shown 
schematically in Fig. 8. IMO spectra will obviously be 
considerably more complicated when degenerate energy 
bands are involved. These will be discussed in Sec. 3. 

The second-order matrix elements for IMO spectra 
Inn’ will in general include terms involving Al=0 
which are proportional to k, as well as terms involving 
Al= +1 which are independent of k, (see Sec. 2D). The 
selection rules require further that AM=0, +1, +2 and 
that Al+AM=0, +1. The A/= +1 terms yield peaked 
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Fic. 7. Interband absorption spectrum for a simple semiconductor 
for H=0 and for H>O0. 
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absorption spectra of the form given by Eq. (17). The 
magnitude of the absorption peaks will be determined 
by matrix elements for vertical transitions involving 
states in intermediate bands and will be proportional to 
H?;'l’, where I’ is the larger of the two / quantum 
numbers involved. The A/=0 terms, on the other hand, 
which are proportional to k,, will yield absorption 


spectra in which the absorption constant varies as . 


(tw — €n)4/hw and will therefore exhibit no absorption 
peaks. The second-order IMO absorption spectra will, 
of course, consist of a superposition of the two types of 
spectra and will be much more complicated than the 
first-order IMO spectra. 

When the extremum of one of the energy bands is not 
at the center of the Brillouin zone (i.e., it is at some 
point k+0), the intrinsic absorption edge will involve 
nonvertical optical transitions and the simultaneous 
emission or absorption of phonons. In the presence of a 
magnetic field, the absorption or emission of phonons 
introduces an additional factor of the form (Aw— ey p)! 
into the expression for the absorption constant. The 
absorption constant for the indirect transitions between 
a pair of magnetic sub-bands will accordingly be of the 
form 


aw (w,l”’,p) © | Day |?| Zia |?a— eur p)°/Mw, (18) 


where J, is the matrix element for direct optical 
transitions between sub-band / and an intermediate sub- 
band 1’, Jy, is the electron-lattice interaction matrix 
element involving phonon transitions between the 
intermediate sub-band 1” and sub-band /’, and ey, 
= €, + €,y. When the matrix element Jy," for the optical 
transitions via the intermediate sub-bands /’’isconstant, 
the corresponding absorption constant terms will have 
finite values at their respective absorption edges, i.e., at 
hw = €1 yp. On the other hand, when a given term in the 
matrix element is proportional to k, the corresponding 
term in the absorption constant will be of the form 

diy (w) « (hw — en p)/hw. (19) 
The absorption constant will be zero at the absorption 
edge, increase as (tw—e ,) near the edge, and be 
independent of fw far from the edge. 

The IMO spectrum for indirect transitions will thus 
be a complicated superposition of spectra for each type 
of intermediate state and type of phonon transition 
involved. For matrix elements which are allowed to first 
order, the structure in the indirect transition IMO 
spectrum may be expected to be less pronounced than in 
the case of direct transition IMO spectra, but should 
nevertheless be observable. It may also be possible to 
observe additional broad peaks in the IMO spectrum 
due to direct transitions between the energy bands. 
These would arise because, at the point k where one of 
the bands has an extremum, the densities of states in the 
magnetic sub-bands would be infinite, whereas in the 
sub-bands of the other band (whose extremum is at 
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Fic. 8. Position of the IMO absorption peaks for various types 
of polarized light corresponding to the transitions shown in 
Fig. 6. 














k=0), the density of states would have some finite 
value at k. 


D. Matrix Elements for Interband Transitions in 
‘the Presence of Magnetic Field 


In the previous section we have discussed the charac- 
ter of IMO spectra emphasizing effects arising from 
effective densities of states and introducing the pertinent 
matrix elements essentially as phenomenological factors. 
We now wish to discuss the IMO matrix elements and 
the associated selection rules and polarization effects. 

Let us first consider the case of two simple energy 
bands, m and n’ which are nondegenerate, except for 
spin, spherically symmetric and parabolic with extreme 
at k=0. We shall neglect spin-orbit coupling effects. 
The wave functions of the carriers which are obtained 
from the effective mass formalism of Luttinger and 
Kohn" can be written to second order as 


1 
dalt)=Fa(t)en(t)—(—) 
mh 


XL > (Pniin®/wnr'n) Pak n(t) ]on(1), (20) 


nn 


witha similar equation for band n’ obtained by replacing 
n by n’. The functions ¢,(r) are the Bloch functions for 
band n at k=0; P, is the a component of the kinetic 
momentum operator P=p+(e/c)A, where A is the 
vector potential for the external magnetic field. The 
repeated index a in Eq. (20) is summed over «, y, z. The 
functions F,,(r) are the wave functions for a free electron 
ina constant magnetic field. If the gauge A= (— yH, 0, 0) 
is chosen, the functions F,(r) are given aside from 
normalization factors by 
F,,(r)=G,() exp[i(kx+h,2) |, (21) 

where G;(/) is the harmonic oscillator function of the 
variable 1=s‘[y—k./s]. For band mn’ the functions 
F,(r) will have the form given by Eq. (21) except that 
kz, kz, l are replaced by k,’, k,’, ’. 

The matrix elements which characterize the optical 

4 J. M. Luttinger and W. Kohn, Phys. Rev. 97, 869 (1955). 
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transitions between bands n and mn’ in the presence of a 
static externally applied magnetic field H, are of the 
form 


ign f Ya" (1) Paa(1)dr, (22) 


where we have dropped subscripts and n’ on J for 
simplicity. 

If we consider only first-order terms in the wave 
function, the matrix elements would have the form 


e 
1,0 = fF. ( pet Ae )Ponide f ent en(nar 
c 
+ [rrPe(ds f en poee (Nae (23) 


Because of the orthogonality of the Bloch functions of 
different energy bands, the first term is nonzero only for 
transitions between states in the same energy bands. 
The second term is nonzero for direct transitions be- 
tween states in different energy bands for which there 
exists a nonzero matrix element of the operator p in the 
absence of a magnetic field, i.e., for which 


(2m) 
Pav =— f ¢n*(r)pyn (rdr 
2 ell 


ce 


is nonzero (Q is the volume of a unit cell).!5 The first 
term is thus responsible for CR transitions in a magnetic 
field while the second term is responsible for the IMO 
transitions. 

From the character of the wave functions F,(r) for 
different quantum numbers, it follows from the first 
integral of the CR term that the first-order. selection 
rules for CR transitions are Ak,=0, Ak,=0 (the condi- 
tion for vertical transitions) and Al= +1. 

The magnitudes of the CR (£1 #H) matrix elements 
7, and J, are given as follows'®: 


1, = —hsi[ (14+1)/2}, 
T= +ihs'[(1+-1)/2}}. 


For £!|H, the selection rules are that k,, k,, and / remain 
unchanged and J,“=hk,. However, since one must 
remain in the same band, this corresponds to transition 
between states of the same energy and does not lead to 
any absorption. 

From the first integral of the IMO term it follows that 
the selection rules for the first-order IMO transitions are 
Ak,=0, Ak,=0 (vertical transitions), and Al=0. Addi- 
tional selection rules are specified by the nature of the 
Bloch functions ¢,(r) and ¢,’(r). These functions have 


(24) 


16 The term eA/c does not appear with p in the second-term 
integral containing the Bloch functions since A is not a differential 
operator and is nonperiodic. The A is lumped together with the 
modulating function. 

16R. B. Dingle, Proc. Roy. Soc. (London) A212, 38 (1952). 
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symmetry properties which are related to the angular 
momentum character of the atomic states to which they 
would reduce in the tight-binding limit; they are 
characterized by values of J, the total angular momen- 
tum, and M, the component of the total angular mo- 
mentum in the direction of the external magnetic field. 
The selection rules for M are that AM=0, or +1. 

Associated with the selection rule AM=0, +1 are 
characteristic polarization effects. For light propagating 
along the external magnetic field (Poynting vector 
parallel to the external magnetic field and therefore 
E1 H), the AM=-+1 transitions occur for left circularly 
polarized radiation (they correspond to the a; transition 
in atomic Zeeman spectra), and the AM = — 1 transitions 
occur for right circularly polarized radiation (they 
correspond to the or transition in atomic Zeeman 
spectra). The AM=0 transitions do not occur for this 
configuration of the Poynting vector and the external 
magnetic field. 

For light propagating perpendicular to the external 
magnetic field (Poynting vector perpendicular to this 
magnetic field) the AM=0 transitions occur for plane- 
polarized radiation with E!!H (these correspond to the x 
transitions in atomic Zeeman spectra). Both the AM 
=+1 and AM=-1 transitions occur for plane- 
polarized radiation with El H (Fig. 9). 

When we include second-order terms in the wave 
function, the optical matrix elements for IMO transi- 
tions are given by!?!® 


l= Tp9+T p24] 22, 


3) = Pan’? J F.*(1)Fw(n)dr, 


1,2”) = ees x ++ > ait 


hm nin Wr’! 
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We now discuss the relative magnitudes of the 
quantities Js. As pointed out earlier, the term Js" gives 
a contribution only if the zero-field direct transition 
between bands » and n’ is allowed. Since J;°” also is 
proportional to pan’, it will similarly make a contribu- 
tion only if the zero-field direct transition is allowed. 
The integral in Js" yields zero for B=2, +H for B=x 
and —H for B= y. Consequently, Js°” differs in magni- 
tude from Js" by a factor of 0 or (eH /mc)/wan’. Noting 

17 Blatt, Wallis, and Burstein, Bull. Am. Phys. Soc. Ser. II, 2, 
141 (1957). ; 

18 Second-order matrix elements for cyclotron resonance transi- 
tions are treated by R. F. Wallis [J. Chem. Phys. Solids 4, 101 
(1958). 
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Fic. 9. Relative orientations of sample, electric vector E, Poynting 
vector S, and magnetic field H. 


that m is the mass of an electron in free space, we see. 
that for presently available fields 7,2” will be negligible 
compared to Js“) for the semiconductors which have 
been studied to date. Indeed, if (eH /mc)/wnn were not 
negligible compared to’ unity, the perturbation pro- 
cedure would be suspect. 

The term /s°® corresponds to the second-order 
matrix element for zero magnetic field given by Eq. (11), 
with the integral involving the modulating functions 
F,(r) replacing the factor k. The contribution of [3° 
depends on whether or not the crystal has a center of 
symmetry. If a center of symmetry exists, as in Ge, then 
the bands » and n’ must have different parity in order 
for the first-order term Js" to contribute. For example, 
the vertical transitions between the valence bands Vj, 
V2, or V; and the conduction band IP, in Ge [Fig. 10(a) ] 
are allowed. For this case, however, the second-order 
term /3°* vanishes because any intermediate band n”’ 
must have the same parity as either m or n’ and the 
corresponding momentum matrix element must be zero. 
On the other hand, if the bands » and n’ have the same 
parity so that Js vanishes, as in the case of transitions 
between the V; band and the V3 band in Ge, then 
intermediate states »’’, such as the IT’; band, having 
parity opposite to 7 and n’ may exist so that the second- 
order term J°® does not vanish. 

If a center of symmetry does not exist, then the bands 
n and n’ no longer can be classified according to parity 
and nonzero contributions may arise from both Js" and 
I3°®. For InSb, which lacks a center of symmetry, 
transitions are allowed between the V;, Vs, and V3 
valence band having Bloch functions at k=0 belonging 
to the representation I'y, and the conduction band 
having a Bloch function at k=O belonging to the 
representation I’; [ Fig. 10(b) ]. Furthermore, the selec- 
tion rules given by Dresselhaus!® indicate that the 
second-order term Js°® may be nonzero when the 
intermediate state has Bloch functions at k= 0 belonging 
to the representation I'y. It may be pointed out that in 


4G. Dresselhaus, Phys. Rev. 100, 580 (1955). 
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Fic. 10. Energy band diagrams for Ge (a) and for InSb (b). 


the theory of cyclotron resonance absorption® a term 
analogous to Js°® gives by far the largest contribution 
to the absorption in InSb. For the IMO effect, it is not 
yet clear just how large the contribution from J,°® is. 
We wish to mention that Eqs. (20), (23), and (25) 
neglect effects arising from the degeneracy of the valence 
bands which will be discussed in the next section. 

The selection rules and polarization effects arising 
from /3°® are much more complex than those from 
Ts. The integral involving the moldulating functions 
has the same form as that appearing in the first-order 
term for CR transitions and yields the selection rules 
Al=+1, 0 and Ak,=0, Ak,=0. The contributions to 
Is°® for Al=0 are proportional to k, and are inde- 
pendent of / and H, whereas those for AJ=+1 are 
independent of &, and are proportional to /} or (/+1)! 
and to 7}. 

The factor in Jsg?® which involves the products 
of momentum matrix elements Pan’“Pnn® and 
Pra ® Pnn’®, yields the selection rule AM=0, +1, +2. 
The possibility of AM=-+2 arises because the inter- 
mediate state 2” can have an M value differing by +1 
from both the initial and final states » and n’. The values 
for Al and AM are further restricted by a selection rule 
on their sum given by (AJ+AM)=0 or +1. This latter 
selection rule is consistent with the conservation of total 
angular momentum of electron and photon. 

The A/=0 terms in Jg°® which are proportional to k, 
lead to terms in the absorption coefficient which vary as 
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(hw— 1) and therefore do not yield absorption peaks. 
The A/= +1 terms which are independent of &, yield 
terms in the absorption constant which vary as 
(hw—€y)~* and therefore lead to absorption peaks. 
However, unlike the first-order contributions to the 
absorption constant which are independent of / and 
proportional to the first power of H, these A= +1 
contributions are proportional to / or /+1 and to the 
second power of H. 


3. DEGENERATE ENERGY BANDS AND 
SPIN-ORBIT COUPLING 


A. The V,, V2, and V; Valence Bands of Ge 


Let us now consider the effects to be expected when 
one takes explicit account of spin-orbit coupling and the 
orbital degeneracy which exists in valence bands. In the 
absence of spin-orbit coupling and an external magnetic 
field, the valence band of the diamond structure semi- 
conductors is sixfold degenerate at k=0. The Bloch 
functions at k=0 for the valence band pass into p-like 
atomic functions in the tight binding limit and conse- 
quently are threefold degenerate, while the remaining 
double degeneracy is a time-reversal degeneracy. In- 
clusion of spin-orbit coupling splits off a twofold de- 
generate band (the V; band). The remaining bands are 
fourfold degenerate at k=0, but split into two twofold 
degenerate bands (the V; and V2, bands) for k+0. 
The separation A of the V; band from the V; and V2 
bands at k=0 increases in the order C, Si, Ge, and Sn 
and is about 0.3 ev for Ge. 

Following Luttinger,?° we shall denote the valence 
band Bloch functions at k=0 by 9, g;, gy, and 
gs for the V; and V: bands, and by ¢_; and gy,“ 
for the V; band. The superscript specifies the value of 
the quantum number J for the corresponding atomic 
function in the tight binding limit, while the subscript 
specifies the value of the quantum number M. In terms 
of functions, X, Y, and Z which transform as x, y, z but 
are otherwise unspecified, the Bloch functions gy,‘” can 
be written as 


gy = (1/V2)(X+1Y)a, 

9 = (i/x/6)[(X+i¥)B—2Za], 
gy) = (1/x/6)[(X—iY at 228), 
g_4 = (i/v2)(X—iY)B, 

gy = (1/v3)[(X+iY)B+Za], 
yy = (i/v3)[— (X—-iV )a+Zp], 


(26) 


where a@ and @ are spin functions for spin up and spin 
down, respectively. 

Luttinger and Kohn" and Luttinger”® have developed 
an effective mass formalism for calculating the energy 
levels and wave functions of an electron or hole in a 
degenerate band with spin-orbit coupling and an external 


*” J. M. Luttinger, Phys. Rev. 102, 1030 (1956). 
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magnetic field for a crystal with a center of symmetry. 
According to their theory the wave function for a given 
“magnetic” state, in the valence band of such a crystal, 
is given to first approximation by a linear combination 
of products of modulating functions F(r) and Bloch 
function gy‘7’. The six modulating functions and the 
energy eigenvalues for a given state are obtained by 
solution of a set of six coupled differential equations. 
For magnetic fields ordinarily available in the labora- 
tory, however, the mixing of gy® and ga Bloch 
functions in Ge should be quite small, since the spacing 
of the magnetic levels is small compared to A. The 
modulating functions and the energies of the valence 
band magnetic states can then be determined by solving 
a set of four coupled differential equations for the V; and 
V2 bands and a set of two differential equations for the 
V; band. 

The set of coupled differential equations for the V; 
and V2 bands involve a set of parameters 71, Y2, Y3, K 
and g defined by Luttinger,” as well as the propagation 
constant ky parallel to the external magnetic field. The 
quantities y1, Y2, and 3; are related to the effective mass 
parameters A, B, and C defined by Dresselhaus, Kip, 
and Kittel.24 K is a so-called antisymmetric constant 
which arises from the noncommutability of the opera- 
tors P, and Pg, (the kinetic momentum operators), and 
g is a constant arising from spin-orbit coupling. The 
solution of the four coupled equations is facilitated by 
taking the propagation constant ky=0. This is particu- 
larly appropriate since the states which determine the 
peaks in the absorption spectrum in the presence of a 
magnetic field are those having ky = 90. An exact solution 
can now be given if g=0, and if y2=7s, the latter condi- 
tion corresponding to C=0, or to the absence of warping 
of the V; and Vz bands. Under these conditions, which 
are reasonably well satisfied for Ge, the wave functions 
for the magnetic states of the V; and V2 bands in Ge can 
be written as linear combinations of two terms: 


¥it=a,Gr29;+aGig,%, 120 
= 01'Gy_2¢94+a2/Gig_\®, I>2 
¥2t=b,Gr2gy9+b.Gig 4, 120 
; = by'Gi_294)+b2'Gig_y®, I>2 


where 4, @2, ---bs’ are numerical coefficients with a; 
and 0, equal to zero for /=0 and /=1; G,; and G;_2 are 
the harmonic oscillator functions with quantum number 
1, and /—2, respectively. The corresponding energy 
eigenvalues consist of four sets of magnetic levels 
designated by e;*+(m), est(m), ex~(m) and €:-(m), where 
n=O, 1, 2, --+ and are called ladders by Luttinger. The 
value of m is the larger of the two / values characterizing 
a given state. In the limit of large n, the levels in the 
€:+(m) and €:+(m) ladders approach a uniform spacing 
characteristic of the effective mass m:,*=0.04m for 
light holes, while the levels in the e;-(m) and e~(n) 


(27) 


*1 Dresselhaus, Kip, and Kittel, Phys. Rev. 98, 368 (1955). 
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approach a uniform spacing characteristic of the effec- 
tive mass m3*=0.3m for heavy holes. For small 
values of n, however, the four ladders show large 
deviations from uniform spacing (Fig. 11). It should be 
noted that each magnetic state is characterized by two 
(1,M) pairs of values: (n,M) and (n—2, M+2), except 
for the two uppermost levels of each of the e;+(”) and 
€.*(m) ladders; the €,+(0), e+(1), et(O), and es+(1) 
magnetic states are characterized by only a single / and 
a single M: (0, —4) and (1, —}4) for the e,+ ladder and 
(0, —$) and (1, —3) for the e+ ladder. 

The energy levels computed assuming g=0 and y2=73 
are independent of the direction of the magnetic field 
relative to the crystal axes. Corrections to the energies 
and wave functions arising from g and y2—7;3 can be 
calculated by perturbation theory. With these correc- 
tions, the energies become dependent on the direction 
of the magnetic field. Each corrected wave function for 
ky=0 now involves three or four Bloch functions rather 
than just two. When the spin-orbit splitting A is not 
large compared to the separation of the magnetic levels, 
as may occur in silicon for which A is 0.04 ev, then the 
wave function of any magnetic level of the valence band 
may involve linear combinations of all six gy‘/? valence 
band Bloch functions. The presence of additional terms 
in the wave functions will make possible other IMO and 
CR transitions involving the valence band magnetic 
levels. 

Thus far we have only considered the magnetic states 
for ky =0. When ky is not restricted to zero, the energies 
of the V; and V2 magnetic states become complicated 
functions of ky and each magnetic state forms a 
magnetic sub-band which may be expected to be 
parabolic only for small values of ky. The curvature of 
the sub-bands will be determined by the constants 
‘1, Y2, Y3, K and q which also determine the spacing of 
the magnetic levels for ky =0. Furthermore, the wave 
functions for k7#0 will involve additional terms not 
given in Eq. (27). These new terms can lead to additional 
optical transitions which, however, should not yield 
absorption peaks, since the matrix elements involved 
are proportional to ky. 

The solution of the set of two differential equations 
for the V; band yields simply 


¥3t=Gig,®, vs =Gig_;”. 


The corresponding energy eigenvalues e;*(/) and e;~(J) 
are characterized by only a single / and a single M, and 
have a uniform spacing between adjacent levels. Fur- 
thermore, since the V; band in Ge is a parabolic band, 
the magnetic states form simple parabolic magnetic 
sub-bands: 


€3*(1,k,) = €s— (h?k.?/2ms*) — hus (1+-3) +328H. 


(28) 


(29) 


The g factor for holes in the Vs band can also be 
expressed in terms of the “antisymmetric constant” K,: 


g3=2(1—K;). (30) 
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Fic. 11. Energy levels of the V;, V2, and V3 bands in Ge in the 
presence of a magnetic field. Numbers next to each level are the / 
values that characterize that level. 


An estimate by Kohn, quoted by Luttinger,”° leads to a 
value of — 26 for K3. This corresponds to a g factor of 
+54. Since the effective mass of holes in the V; band is 
m;*=0.08m, the separation Ae between ¢;* and €;~ sub- 
bands for the same / value is actually about two times 
greater than the separation between adjacent sub-bands 
in a given ladder. Furthermore, if the estimate of K, is 
accurate, the uppermost magnetic sub-band in the V; 
band, e3;+(/=0), will move closer to the V; and V2 band 
edges, rather than away from them, as the magnetic 
field increases (Fig. 11). 


B. Optical Transitions between the V;, V2, and V; 
Valence Bands and the I, Conduction 
Band in Ge 


The I; band is spherically symmetric and has a two- 
fold spin degeneracy, but no orbital degeneracy. The 
wave functions to first order have the form 


Vt=Gm”, =Gu_, (31) 


where we have designated the Bloch function by w to 
distinguish the conduction band Bloch function from 
the valence band Bloch function ¢g. For the I'y conduc- 
tion band which is S$ type in character, the Bloch 
functions #y‘) can be written as 


m=Sa, u_y?=SB~, (32) 


where S is a function which is totally symmetric with 
respect to the symmetry operations of the crystal. The 
energy levels of the magnetic states e+ and € are 
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Fic. 12. Experimental absorption spectrum and theoretical absorption peaks for right circularly polarized light in 
Ge in a magnetic field at room temperature. 


given by 
| et = €g+ (h*h,2/2m*)+hoo(l+4)+3¢6H. 


Dresselhaus has estimated the effective mass of the 
electrons in the I'y band to be m*~0.04m. The last term 
in Eq. (33), which gives the separation of the magnetic 
levels of a given / arising from the interaction of the 
electron spin with the external magnetic field, may 
also be written as +8H[1—K]. The constant K is 
the antisymmetric constant for the I’; conduction band. 
Roth* has derived the following theoretical expression 
for K using Kane’s k-p perturbation method and 
considering only the interaction between the V;, V2, V3 
bands and the I’; conduction bands: 


K=[(m/m*)—1][A/(3e¢+24) ], 


where ég is the energy separation between the top of the 
valence band and the bottom of the I’, conduction band. 
The value of K for Ge is calculated to be 2.5. The 
corresponding g factor is negative, g—3, so that the 
order of the sub-bands for the two spin states in a 
magnetic field is the reverse of that for an electron in 
free space. 

Direct optical transitions from the V;, Ve, and V; 
valence bands to the I’, conduction band in Ge are 
allowed to first order in the absence of an external 
magnetic field. Corresponding transitions involving 
Al=0 and AM=0, +1 are therefore also allowed to first 


(33) 


(34) 


TaBLE I. Polarization properties for optical interband transitions. 
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"LL. Roth, Lincoln Laboratory Solid State Research Quarterly 
Progress Report, November, 1957 (unpublished), p. 47. 


order in the presence of an external magnetic field. Since 
a particular wave function in either the V3 band or I 
band involves only a single / and a single M value, the 
transitions between these bands yield terms in the 
matrix element similar to those that occur between 
simple energy bands. Consequently the og and o1, 
spectra will each consist of a single set of uniformly 
spaced peaks while the mw spectrum will consist of a 
superposition of two sets of uniformly spaced peaks. 
The transitions between the V; and V2 bands and the 
I’. band, on the other hand, result in a greater number of 
terms in the matrix element and therefore yield a 
greater number of absorption peaks than occur for 
simple energy bands. This results from the fact that the 
wave functions of the V; and V2 magnetic states are 
made up of the sum of two or more terms, each term 
involving a different (/,M) pair. 

In applying the selection:rule A/=0, one must bear in 
mind that the / values involved are those appearing in 
the harmonic oscillator functions in the particular term 
of the matrix element under consideration.” The polar- 
ization effects associated with the individual terms in 
the matrix element are, on this basis, the same as those 
discussed for transitions between simple energy bands. 
Thus the AM =0 terms in the matrix element correspond 
to m transitions which occur for plane polarized radiation 
with S1H and E||H; the AM=-+1 terms correspond to 
@ transitions which occur for plane polarized radiation 
with SH and EG or for circularly polarized radia- 
tion with S/H. The polarization properties of the 
absorbed radiation depend on which valence band 
functions gy‘? and conduction band functions u‘/” 
are involved in the nonvanishing parts of the matrix 
elements. In Table I the polarization properties are 
summarized. 

The transitions from the V; and V2 bands to the I’ 


*8 Since two values of / appear for each state, except for the 
upper two levels of the ¢,;+ and e,* level, the selection rule for n is 
An=0, +2. 
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Experimental absorption spectrum and theoretical absorption peaks for left circularly polarized light in 


| 
lOO 


Ge in a magnetic field at room temperature. 


band yield 12 sets of absorption peaks, corresponding to 
one @ 1, one ar, and one z set for each of the four ladders. 
The transitions from the V3; band to the I’, band yield 
four sets of absorption peaks consisting of two 7 sets, 
one op set, and one a, set. 

The theoretical and experimental room-temperature 
IMO absorption spectra, together with theoretical posi- 
tions of the absorption peaks for direct transitions be- 
tween the V; and V2 valence bands and the I’ conduc- 
tion band of Ge with the magnetic field directed along 


[100], are plotted in Figs. 12, 13, 14, and 15 for right 
and left circular polarization with S||H, and for E||H 
and EAH plane-polarized radiation with SH. The 
experimental curves were obtained from transmission 
measurements on a 3-micron-thick sample of Ge, made 
from material kindly supplied by C. Goldberg, Westing- 
house Research Laboratories. A Perkin-Elmer grating 
spectrometer equipped with a 15 000-line/in. grating 
blazed at 1.6 microns, a tungsten light source, and a lead 
sulfide infrared detector were used in the measurements. 
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Fic. 14. Experimental absorption spectrum and theoretical absorption peaks for plane-polarized light with E]|H 
in Ge in a magnetic field at room temperature. Beyond 0.94 ev the H =0 curve and high-field curves are coincident, 


as in the o data in Fig. 15. 
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;. 15. Experimental absorption spectrum and theoretical absorption peaks for plane-polarized light with EH 


in Ge in a magnetic fi 


Infrared-transparent polaroid films were used to pro- 
duce plane polarized light, and one such film together 
with a Fresnel rhomb made of NaCl was used to 
produce circularly polarized light. With no sample in 
place, a spectral band width of 10~ ev could be resolved. 
With the sample in place, total energy transmitted is 
considerably reduced and the resolution in our experi- 
ments is about 5X 10~ ev. The spectrum between 0.86 
ev and 0.94 ev was somewhat obscured by water bands 
and was therefore omitted from the curves. 

The positions of the absorption peaks were calculated 
using values of the valence band energy levels kindly 
supplied to us by Goodman and Luttinger™ together 
with T, conduction band energy levels calculated by 
assuming an effective mass of 0.038m. This particular 
value of the I’, conduction band mass gave the best 
match between theoretical lines and the experimental 
data in the or spectrum. Although the assumption of 
uniform spacing of the magnetic sub-bands in the IT, 
conduction band is not strictly valid because of non- 
parabolic effects, it is probably sufficiently accurate for 
the present data. 

Relative theoretical values for the peak absorption 
coefficients given in Figs. 12-15 were calculated using 
approximate wave functions of Eqs. (27) and (31). The 
coefficients a), --- bs’ appearing in the wave functions 
for the valence band levels were computed following the 
procedure of Luttinger,?° using Goodman and Luttinger’s 
values of the energy levels. The peak absorption coeffi- 
cients were taken to be proportional to the square of the 
appropriate kinetic momentum matrix element. These 
matrix elements were all expressed in terms of a single 
momentum matrix element (S|p.|X) which was not 
further evaiuated. We did not take into account the 
factor involving m* in the expression for the absorp- 
tion coefficient. We also assumed that al] IMO lines 
are characterized by the same broadening parameter. 


* R. R. Goodman and J. M. Luttinger (private communication). 


eld at room temperature. 


Furthermore we did not attempt to plot a complete 
theoretical spectrum since this would have been a 
formidable task, and would involve questionable as- 
sumptions about the shape of the tails to the absorption 
peaks. Instead we have simply plotted the positions and 
relative heights of the peaks. 

Although the individual peaks are not resolved in the 
experimental room-temperature spectrum, it is evident 
that there is reasonable agreement between the observed 
and theoretical positions of the absorption peaks. The 
width of the first absorption band in the x spectrum may 
be taken as a measure of the broadening of the indi- 
vidual peaks, since the separation of the two peaks which 
make up the band is small compared to the width of the 
band. It yields a value for Ae of 2X 10 ev in reasonable 
agreement with the value estimated from room-temper- 
ature lattice mobilities. It is possible to resolve addi- 
tional structure by going to lower temperatures as has 
recently been demonstrated by the Lincoln Laboratory 
group in an experiment on Ge at liquid helium tempera- 
ture.® The Lincoln Laboratory data lead to a value of 
0.035m for the effective mass of the electron in the IT’, 
band. 

It is of interest to note that the two unresolved peaks 
which make up the first absorption band in the room- 
temperature a, spectrum arise from the two uppermost 
levels in the light hole 1* and 2+ ladders; in the case of 
the og spectrum, they arise from the uppermost levels of 
the heavy hole 1~ and 2- ladders; and in the case of the 
m spectrum, they arise from the uppermost levels in the 
2- and 1* ladders. The SLH o spectrum involves a 
superposition of the 7, and cpr absorption peaks, and is 
therefore a more difficult one to use in deriving informa- 
tion about the magnetic levels. 

We also note that absorption peaks occur for higher / 
values in the S|!H or and oz spectra than in the SLH o 
and x spectra. This is believed to be due to the fact that 
for the S1H configuration, in which the plane of the 
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TABLE IT. A/=-+1 transition. 


TABLE ITI. A/=0 transition. 
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orbits is perpendicular to the plane of the sample, the 
interaction of the carriers with the surface increases 
with increasing orbit size leading to increasingly broad- 
ened absorption bands. For the S||H configuration, in 
which the plane of the orbits is parallel to the plane of 
the sample, the orbit size is negligible compared to the 
lateral dimension even at the highest / values involved. 

Preliminary efforts to observe the IMO transitions 
between the V; band and the I’; band at room tempera- 
ture were unsuccessful. They are apparently masked by 
the transitions between the V; and V2 bands and the 
I, band. Low temperatures, thinner specimens, and 
higher magnetic field may enable one to observe the V; 
to I’, transitions. 


C. Optical Transitions among the V,, V., and V; 
Valence Bands in Ge 


Although the V; and Vz valence bands may be 
treated as separate bands in the absence of a magnetic 
field, it is no longer possible to do so in the presence of a 
magnetic field because of the quantum degeneracy 
effects discussed above. However, one can still associate 
the + and — ladders with light and heavy holes, re- 
spectively. Before discussing IMO type transitions be- 
tween the magnetic levels of the valence bands, it may 
be of interest to point out that first-order CR type 
transitions involving AJ=+1 and AM=0, can take 
place between 1~ and 1* levels and between the 2~ and 
2+ levels, as well as between levels in the same ladder. 
This can be readily seen from an inspection of the wave 
function of the four ladders of magnetic levels of the V; 
and V; bands, if one remembers that CR transitions are 
those yielding nonvanishing terms in the matrix element 
which contain the same Bloch functions in the initial 
and the final state. The transitions between the + and 
— ladders may be looked upon as transitions between 
light-hole and heavy-hole bands. Since the initial state, 
with respect to hole transitions, is a heavy-hole sub- 
band and the final state is a light-hole sub-band, the CR 
transitions lead to absorption peaks with extended tails 
on the high-energy side, as in the case of IMO transi- 
tions, rather than to symmetrically broadened lines 
normally obtained for CR type transitions.” Further- 
more, as pointed out by Kane,”* the difference in spacing 


26 Transitions between sub-bands in the same ladder at low / 
values also lead to asymmetrically broadened lines because of the 
difference in curvatures of adjacent sub-bands. 

26 EF, O. Kane (private communication). 
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of the + and — levels leads to CR absorption transi- 
tions which involve Al= —1, as well as Al= +1. These 
CR transitions therefore involve both right and left 
circularly polarized radiation, whereas CR absorption 
transitions of holes between levels in the same ladder 
take place only with right circularly polarized radiation. 
Additional CR type transitions may occur as a result of 
the presence of additional terms in the wave function 
when y2*73. However, these transitions may be ex- 
pected to be considerably weaker than the other transi- 
tions discussed above. CR transitions may also be 
expected to occur between levels in the ¢€;* and €# 
ladders, and those in the e;* ladders in semiconductors 
where the spin-orbit splitting of the V3; band from the 
V, and V2 bands is small, so that the wave function of 
the magnetic levels of the valence bands involve linear 
combinations of all six gy‘) valence band Bloch 
functions. 

As discussed in Sec. 2D, IMO type transitions be- 
tween magnetic levels within the valence band (transi- 
tions yielding terms in the matrix element which contain 
the different Bloch functions in the initial or final state) 
can take place only to second order. Transitions that 
involve Al= +1, AM=0, +1, +2 and AJ+AM=0, +1 
yield peaked absorption spectra, whereas transitions 
that involve Al=0, and AM=0, +1 yield nonpeaked 
absorption spectra. 

The interband transitions from the magnetic levels of 
V, and V2 bands to those of the V3 band are of particular 
interest since for Ge they yield spectra which occur in an 
easily accessible region of wavelengths. Efforts to ob- 
serve structure in the room-temperature V; and V2 to 
V; IMO spectrum in p-type Ge have thus far been 
unsuccessful. The experiments are now being extended 
to low temperatures and to higher magnetic fields. A 
summary of the nonvanishing second-order transitions 
and the related polarization effects is given in Table II 
for AJ= +1 and in Table III for A/=0. 

The curvatures of the 1~ and 2~ sub-bands are smaller 
than those of the 3+ and 3~- sub-bands. The separations 
between them at k,=0 are accordingly minimum sepa- 
rations. The corresponding AJ=+1 spectra therefore 
exhibit long-wavelength limits, which occur at photon 
energies greater than A, the spin-orbit splitting, and 
which shift to higher photon energies with increasing 
magnetic field. Two ¢,(A/= +1) transitions from 2~ to 
3+ are exceptions to this in that they yield peaks at 
photon energies smaller than A, and shift to lower 
photon energies with increasing magnetic field. 
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Fic. 16. Second-order IMO spectrum for transitions from V; and 
V2 bands to the V; band in Ge in a magnetic field. 


The 1+ and 2+ sub-bands have curvatures which are 
larger than those of the 3+ and 3- sub-bands. The 
separations between them at k,=0 are accordingly 
maximum separations. The corresponding A/=+1 
transitions exhibit short-wavelength limits, which occur 
at photon energies smaller than A and shift to lower 
photon energies. Two or(AJ=-+1) transitions from 3- 
to 1+ and several o ,(Al=—1) transitions from 3~ to 1+ 
are exceptions, exhibiting short-wavelength limits which 
occur at photon energies larger than A and shift to 
higher photon energies. Similar effects also occur for the 
Al=0, nonpeaked IMO spectra. 

The positions and character of the x absorption edges 
for the AJ=+1 and A/=O0 second-order IMO transi- 
tions from the V; and Vz sub-bands to the V3; sub- 
bands are shown schematically in Fig. 16. In the 
absence of experimental data for comparison, no effert 
was made to calculate the relative magnitudes of 
the free-carrier absorption constants which involve 
Boltzmann occupancy factors and are strongly tem- 
perature dependent. The vertical lines with tails ex- 
tending to the right indicate (AJ=+1) peaked absorp- 
tion edges with tails extending to higher photon 
energies; the vertical lines with tails extending to the 
left are used to indicate AJ= +1 peaked absorption edge 
with tails extending to lower photon energies; a line 
concave to the left indicates AJ=0 nonpeaked absorp- 
tion edges with high photon energy limits; and a line 
concave to the right indicates AJ=0 nonpeaked absorp- 
tion edges with low photon energy limits.f 


D. Optical Transitions between the Valence Band 
and Conduction Band in InSb 


The calculations of the energies and the wave func- 
tions for the magnetic levels in the valence band of InSb 


t Note added in proof.—A search for peaks in the intervalence 
band absorption of zinc-doped germanium in magnetic fields up 
to 58 000 gauss has been made by G. S. Picus and E. Palik at 
NRL. Runs were made at room temperature and at liquid nitrogen 
temperature with a sample containing 10'* zinc atoms per cm’, 
but no new peaks were observed at either temperature. A theo- 
retical estimate indicates that the maximum intensities of the 
peaked transitions are no greater than those of the unpeaked 
transitions at a field of 60 000 gauss. 
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are similar to the calculations for Ge in their gross 
aspects, but differ in certain details. The principal 
difference between InSb and Ge is the absence of a 
center of symmetry in InSb. As a consequence, the V; 
and V2 valence bands in InSb are not doubly degenerate 
bands at a given value of k except at k=0 [Fig. 10(b) ]. 
The expressions of the energies for both bands in powers 
of & contain terms linear in & for certain directions in 
k space. The maxima of these bands accordingly do not 
occur at k=0 as in Ge, nor do they coincide. The terms 
linear in k make the calculation of the magnetic levels of 
the valence band more complicated than for Ge, and at 
present such a calculation is not available. 

In the case of the conduction band, the absence of a 
center of symmetry introduces cubic terms in & in the 
expression for the energy. The form of these cubic 
terms has been derived by Dresselhaus” who suggests 
that they are only important at values of energy com- 
parable to or larger than the band gap. As pointed out 
by Kane,?’ the quartic terms in & which result from 
interaction between the conduction band and the valence 
bands are appreciable even at relatively low energies. 
These quartic terms in & lead to nonlinear separations 
between the magnetic sub-bands and result, for ex- 
ample, in an asymmetrical broadening of the CR 
absorption bands.!8 

The antisymmetric constant for the conduction band 
in InSb has a value of about 30 so that g is about —58. 
This rather large negative value for g, which was first 
pointed out by Roth,” results from the small effective 
mass of the electron, the large spin-orbit splitting A, and 
the small energy gap. The spin splitting of the conduc- 
tion band magnetic level in InSb is accordingly quite 
large, being approximately one third the spacing be- 
tween adjacent sub-bands in the same “ladder.” 

The IMO spectrum of InSb has been investigated at 
both NRL’ and the Lincoln Laboratory.‘ A typical 
spectrum is shown in Fig. 17. Roth’s suggestion that the 
separation between the first two bands corresponds 
largely to the separation between the conduction spin 
states for the /=0 level, appears to be a reasonable one. 
The separation between the first and third peaks 
appears to correspond to the separation between the 
1=0 and /=1 conduction sub-bands having My=+4}. 
In the absence of an adequate theory of the magnetic 
levels in the valence band, further speculation about the 
interpretation of the IMO spectra is unwarranted at 
this time. 


4. PRACTICAL CONSIDERATIONS 
A. wo, t Requirements 
It is not possible to state, in any simple way, the wo 
and r requirements for observing well-defined absorp- 
tion peaks in IMO spectra. Consider, for example, the 
IMO spectrum for allowed transitions between simple 
valence and conduction bands. The op and oz (S||H) 


*7 E. O. Kane, J. Phys. Chem. Solids 1, 249 (1956). 
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spectra will each consist of only one set of uniformly 
spaced absorption peaks with a spacing equal to hwon 
+hwon. A necessary condition for observing well- 
defined absorption peaks is that the spacing of the peaks 
be greater than the broadening of the peaks and there- 
fore that hwont+hwon > Aen + Aen = A€nn’. This condition 
is obviously satisfied when both energy bands satisfy the 
condition wor> 1, but it may also be satisfied when only 
one of the energy bands satisfies the condition wor>1 
(Fig. 5). In the latter situation the width of the absorp- 
tion peaks will be greater than the spacing of the sub- 
bands in the bands for which wor <1. However, even in 
this simple case the condition hwon+hwon > Aent+ Aen’, 
although necessary, is not sufficient for observing well- 
defined absorption peaks, because of the extended tails 
on the high-energy side of the absorption peaks of the 
individual sub-band-pair spectra. The existence of the 
extended absorption tails causes the absorption constant 
at successive peaks to increase, making it more difficult 
to resolve neighboring peaks. In addition the fractional 
contribution of the successive sub-band-pair spectra to 
the absorption constant decreases, making it succes- 
sively more difficult to observe the absorption peaks 
against the background absorption. The requirement for 
observing the absorption peaks in the corresponding 7 
and o (SH) spectra are even more stringent than for 
the og and a spectra. The w and o spectra each consists 
of two superimposed sets of peaks, the energy separation 
between the two sets being given by | gn-g,|8H, where 
the — choice applies to the x spectra and the + choice 
applies to the o spectra. The necessary condition for 
resolving the two sets of peaks from one another in the r 
and o spectra is | gn gn’ |BH > Aen+Aen. 

In the case of IMO transitions involving degenerate 
valence bands, the requirements for observing well- 
defined absorption peaks in the IMO spectra are even 
more complex. On the one hand, there are many more 
sets of peaks in a given spectrum, and on the other hand, 
the degeneracy effects in the valence band lead to an 
unequal spacing of the absorption peaks within a given 
set. Furthermore, the higher /-value peaks from different 
sets will move relative to one another as the magnetic 
field is varied and, at appropriate magnetic fields, levels 
for particular / values may actually coincide with one 
another. It is obviously not possible to make any precise 
statement regarding the wor requirements for resolving 
the individual peaks. Nevertheless, the condition that 
haont+hoon > Aen+ Aen is a useful criterion for deciding 
whether or not it should be possible to observe structure 
of any kind in first-order IMO spectra, as has been 
demonstrated in the case of Ge and InSb at room 
temperature. 

The use of low temperatures to increase 7 and there- 
fore to decrease Ae, and the use of high magnetic fields 
to increase wo should clearly be advantageous for ob- 
serving detailed structure in the IMO spectra. The use 
of high magnetic fields will be particularly desirable in 
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Fic. 17. Relative transmission, 7(H)/T(H=0), of InSb at 
room temperature plotted against photon energy at several mag- 
netic fields [after E. Burstein and G. S. Picus, Phys. Rev. 105, 
1123 (1957)]. 


the investigation of second-order IMO spectra in order 
to bring out the absorption peaks associated with the 
peaked A/= +1 transitions, since these are proportional 
to H’, whereas the nonpeaked A/=0 transitions are 
proportional to H. 


B. Thickness Requirements 


For a given Ae,,’, there is a lower limit to the mag- 
netic field, Hmin, above which it becomes possible to 
observe structure in the IMO spectrum. The magnitude 
of the absorption constant at the first absorption peak 
beyond the edge, and the experimental requirement that 
the product of the absorption constant and the thickness 
of the specimen be less than ~4.5 (optical density of 
~2), further impose an upper limit to the thickness of 
the specimen, dmax™4.5/Ai(Hmin), where Ai(Hmin) is 
the absorption constant at the first peak. The latter can 
be taken to be approximately equal to the absorption 


. constant at the corresponding position in the zero 


magnetic field absorption spectrum. For InSb and Ge at 
room temperature, dmax is of the order of 10 microns. 
The use of magnetic fields larger than Hin for ob- 
serving more detailed structure in the IMO spectra will 
obviously require the use of specimens with thicknesses 
appreciably smaller than dmax. However, as the thick- 
ness of the specimen is decreased, one may encounter a 
situation in which Ae is determined by surface effects 
rather than by bulk effects. In the S||H configuration, 
where the plane of the orbit is parallel to the plane of the 
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specimen, this will occur when the effective thickness of 
the specimen is comparable to or smaller than the mean 
free path between collisions. In the S_. H configuration, 
where the plane of the orbit is perpendicular to the plane 
of the sample, Ae will presumably be determined by 
surface effects, when the orbit size becomes some ap- 
preciable fraction of the thickness of the specimen. 
Ideally, the effective thickness of the specimen would be 
equal to the geometrical thickness. In an actual speci- 
men there may be an appreciable region close to the 
surface in which 7 is much smaller than the bulk 7, so 
that the effective thickness will be smaller than the 
geometrical thickness. The relative importance of the 
surface region will obviously increase as the geometrical 
thickness decreases. 

Because of the extended tails to the absorption peaks 
and the superposition of the bands it is not possible to 
give an explicit expression for the dependence of the 
peak absorption constants on Ae and magnetic field, 
even in the case of simple energy bands. This, together 
with the lack of adequate theoretical or experimental 
information about the dependence of Ae upon thickness, 
prevents one from giving a recipe for obtaining in- 
creased resolution in IMO spectra. In general, resolution 
will be favored by high magnetic fields, and the use of 
very thin specimens with a minimum of subsurface 
damage. With sufficiently high magnetic fields and 
appropriate specimen thickness, it should be possible in 
principle to obtain the necessary resolution even at room 
temperature. For magnetic fields limited to values below 
60 000 gauss, greater resolution can be obtained by 
going to lower temperatures. This has been demonstrated 
by the Lincoln Laboratory group which has carried out 
measurements on a 3-micron-thick specimen of Ge at 
liquid helium temperature using plane-polarized radia- 
tion in the SH configuration. The decrease in band 
width of the peaks with decrease in temperature ap- 
peared to be smaller than that which would be predicted 
from the corresponding increase in the bulk r. This is 
very likely attributed to the fact that the thickness of 
the specimen is comparable to the mean free path of the 
electron at low temperature. The use of the SLH 
configuration may also be a contributing factor in 
causing a large Ae. 


C. Instrumental Resolution Requirements 


A reasonable requirement on the resolving power of 
optical instruments to be used in IMO experiments is 
that they be capable of resolving absorption bands 
whose separation is of the order of hwo for carriers of 
effective mass m*=m. Since observations are made at 
photon energies corresponding to the intrinsic band gap, 
the resolving power required is €¢/hwo. To get a nu- 
merical idea of what is required of the instrumentation 
it should be noted that, at a magnetic field of 30 000 
gauss, hwo for carriers with an effective mass m*=m is 
3X10~ ev. In wave numbers this corresponds to 2.8 
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cm, A band gap of the order of 0.1 ev corresponds to a 
wave number of approximately 800 cm~! (wavelength 
equal to 12 microns). Grating equipped infrared spec- 
trometers capable of resolving 0.6 cm~ at this wave- 
length are now commercially available.2* These spec- 
trometers will resolve approximately the same 
wave-number separation of bands throughout the whole 
infrared region from two microns to seventeen microns. 
Since resolving power in this region of the infrared is 
limited by available energy and poor detectors, it should 
be possible to improve this value by going to larger 
gratings and correspondingly larger optical systems, or 
to interferometers of the type recently developed by 
Strong and collaborators.” 

In the visible and ultraviolet, where lack of energy 
generally no longer hampers optical work, it is the 
characteristics of the optical system itself which limit 
resolution. If one chooses diffraction gratings such that 
the grating space is approximately equal to the wave- 
length at which observations are to be made, then the 
minimum wave-number separation of bands which can 
be resolved is equal to the reciprocal of the width of the 
grating expressed in centimeters. If we make a fairly 
generous allowance for deviation of the grating from 
ideal behavior a resolution of 0.5 cm can be obtained 
with a grating only five centimeters wide in a properly 
designed optical system. 


D. Carrier Concentration Requirements 


Cyclotron resonance requires the presence of free 
carriers. These may be generated thermally, optically, 
or by electrical breakdown. The carrier concentration 
must be small enough so that the cyclotron resonance 
frequency is greater than the plasma frequency, and yet 
must be large enough for reasonable specimen thickness 
to yield an observable cyclotron absorption band. 

The IMO effect for intrinsic absorption processes 
does not depend on the presence of free carriers and 
therefore can be studied under conditions where, for 
well-defined cyclotron resonance experiments, the free- 
carrier concentration is either too small (as in materials 
with large energy gaps where it is not readily possible to 
generate free carriers) or too large (as in materials with 
small energy gaps where it is not possible to freeze out 
the carriers at impurity levels). It particularly lends 
itself to the investigation of the structure of energy 
bands whose extrema are away from the forbidden 
energy gap. In order to investigate such bands by 
cyclotron resonance, it would be necessary to generate 
carriers in the band by optical pumping. Attempts to 
carry out such investigations have been unsuccessful 
thus far, but should ultimately be possible in some 
materials. 

Both cyclotron resonance and IMO effects can be 


*8R. C. Lord and T. K. McCubbin, J. Opt. Soc. Am. 45, 441 
(1955); 47, 689 (1957). 
* J. Strong, J. Opt. Soc. Am. 47, 354 (1957). 
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observed at room temperature, providing the conditions 
On wor, etc., are satisfied. However, in order to investi- 
gate quantum degeneracy effects by cyclotron reso- 
nance, it is necessary to go to sufficiently low tempera- 
tures so that only the lower / sub-bands are occupied. 
This has been accomplished thus far only for germanium 
by Fletcher ef al.*® who carried out microwave CR 
experiments at temperatures below 4°K. It should be 
possible to use appreciably higher temperature in CR 
experiments at infrared frequencies. Since the IMO 
effect does not depend on the distribution of free carriers 
in the magnetic sub-bands, it can be used to study 
quantum degeneracy effects without any restrictions on 
temperature other than those which arise from its effect 
On WoT. 

Both the IMO effect and CR yield information about 
the effective masses of the carriers and about quantum 
effects in degenerate energy bands. The IMO effect also 
yields information about the g factor for the carriers, 
and is useful for obtaining a precise value for the optical 
gap between the energy bands involved. 


The IMO effect for transitions between two valence 
bands or two conduction bands does depend on the 
presence of carriers. Here, the absorption constants will 
generally be several orders of magnitude smaller so that 
it should be possible to use much larger specimen 
thicknesses. 
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Specific Heat of Germanium and Silicon at Low Temperatures* 
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The specific heats of several samples of silicon have been measured between 1.2°K and 4.2°K. The Deby: 
characteristic temperature 6 at 0°K is estimated to be 636°K, a value slightly lower than previously reported. 
Measurements of germanium between 0.5°K and 4.2°K yield @)=363°K, in very good agreement with 
older results. 

From knowledge of the electronic specific heat and the carrier concentration of several degenerate samples 
of germanium and silicon, information is deduced concerning the energy band structure of the crystals. 
Measurements of n-type germanium indicate that the conduction band of this substance has four minima. 
Similar measurements of silicon indicate that there are six minima in its conduction band. The density-of 
states effective masses of both electrons and holes in germanium, calculated from this work on degenerate 
samples, are not appreciably different than found from cyclotron resonance experiments on pure crystals. 
This result is consistent with the assumption, used in the calculations, that the addition of impurities to a 
crystal does not change the density of states in the vicinity of the band edge. For silicon, however, the 
specific heat yields somewhat larger effective masses for the electrons and holes than obtained from cyclotron 
resonance. Thus, the addition of impurities to silicon affects the shape of the bands. 


INTRODUCTION samples. As is well known,’ the specific heat of a de- 
generate electron gas is a direct measure of the density 
of states at the Fermi level. Then, by determining the 
specific heat and carrier concentration of a sample, it 
is possible to obtain information concerning the energy 
band structure of the crystal. By making certain as- 


HE specific heats of the semiconductors silicon! 
and germanium’ have previously been measured 
in the liquid helium temperature region. The present 
reinvestigations of these substances were primarily 
performed to obtain the electronic specific heats of both 


heavily doped n- and p-type germanium and silicon 


* This work was supported by a Signal Corps contract. 
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University, Leiden, The Netherlands. 

1 N. Pearlman and P. H. Keesom, Phys. Rev. 88, 398 (1952). 

2 P. H, Keesom and N. Pearlman, Phys. Rev. 91, 1347 (1953). 
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sumptions regarding the energy dependence of the 
density of states, the effective masses of the carriers 
can be calculated for impure crystals. From measure- 
ments on n-type samples it is also possible to determine 


3F, Seitz, Modern Theory of Solids (McGraw-Hill Book Com 
pany, Inc., New York, 1940), p. 151, 
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whether the conduction band minima lie inside or at 
the surface of the Brillouin zone. 


EXPERIMENTAL 


As these measurements were performed over a 
period of several years, many different techniques were 
employed in carrying out various parts of the experi- 
ments. For instance, the measurements on silicon 
extended only down to temperatures obtainable by 
pumping on a bath of He’, this temperature being suf- 
ficiently low for deducing the Debye temperature at 
0°K, 4, and the electronic specific heat of very impure 
samples. However, above 1°K the lattice specific heat 
of germanium overwhelms its electronic specific heat. 
Thus, the measurements of degenerate samples of this 
substance were extended below 1°K to improve the 
estimate of the coefficient of the electronic specific heat. 
Temperatures below 1°K were obtained using a He’ 
cryostat described in a previous paper.‘ 

The earliest work reported here, namely, that on 
pure silicon, was performed in the manner discussed by 
Pearlman and Keesom!' using a phosphor-bronze wire 
as a thermometer. More recently, the measurements 
were made using a carbon resistance thermometer, the 
temperature calibration being handled in the same 
fashion as described in a discussion of the heat capacity 
measurements of gallium and zinc.® 

The main difficulties in obtaining reliable measure- 
ments of the heat capacity of silicon below 4°K, and 
of germanium below 1°K, result from the fact that the 
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Fic. 1. Specific heat of pure (@) and 
degenerate (a) silicon. 


*G. Seidel and P. H. Keesom, Rev. Sci. Instr. 29, 606 (1958). 
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specific heats of these substances are very small in the 
specified temperature ranges. Thus, ordinarily neg- 
ligible effects can become quite important. One such 
effect on the measured heat capacity is the influence of 
gas adsorbed on the surface of the sample. However, 
adsorption could not have affected the measurements of 
germanium employing the He’® cryostat, as in this 
apparatus the samples were cooled using a thermal 
switch and the heat capacity measured without the 
samples ever experiencing an environment of exchange 
gas at low temperatures. The measurements of silicon, 
on the other hand, using a standard He‘ cryostat, were 
performed without the aid of such a thermal switch; 
hence, the samples had to be cooled from room tem- 
perature to 4.2°K using exchange gas. And although the 
vacuum space surrounding the samples was pumped for 
many hours before the heat capacity measurements 
were begun, adsorbed gas still appears to have affected 
the results (see below). 

An equally important concern is the contribution of 
the addenda (thermometer, heater wire, and adhesive) 
to the total measured heat capacity. To determine the 
heat capacity of the Glyptal, used to attach the ther- 
mometer and heater to the sample, a separate experi- 
-ment was performed. One of the silicon samples, which 
has previously been measured, was coated with ap- 
proximately one gram of Glyptal and remeasured. The 
additional heat capacity was attributed to the Glyptal 
and could be represented between 1.3°K and 4.2°K by 
the relation 

Cgiyptat= 9.027 T* millijoule/gram (°K), (1) 
the precision of the determination being no worse than 
20%. Pearlman and Keesom! previously measured the 
heat capacity of Glyptal at 4°K and above 10°K. At 
4°K the heat capacity reported here is smaller by a 
factor of two, a difference which is within the combined 
error of the experiments. 

While the heat capacity of the Glyptal adhesive was 
never more than 1% of the total heat capacity of the 
sample being measured (except, of course, in the one 
measurement to determine the heat capacity of the 
Glyptal), the heat capacity of the carbon thermometer 
was more significant. This heat capacity was determined 
by measuring a 15-gram crystal of high-resistivity 
silicon. The total measured heat capacity was noticeably 
larger than that expected for pure silicon, the additional 
amount assumed to be due to the thermometer. When 
correction was made for the Glyptal, the heat capacity 
of the 0.05-gram, 1/10th-watt, nominal 10-ohm, Allen 
Bradley carbon resistor was found to be 


C=0.0064 T+0.0013 T? millijoule/°K. (2) 


This expression fitted the results with an accuracy of 
better than 10%. 

The heat capacities of the constantan heater wire 
and the phosphor-bronze thermometer wire, however, 
could safely be neglected. Even if the Debye tempera- 
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TABLE I. Specific heat of silicon. 
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* All the samples, except VIII, were single crystals weighing approxi- 
mately 100 grams. Sample VIII was high-purity polycrystalline material. 
N indicates that the sample was irradiated with an integrated flux of 
greater than 5 X10!8 neutrons/cm?. 


ture of these metals were as low as 200°K, the lattice 
heat capacities of the wires would still have been neg- 
ligible. Also, the electronic heat capacities of the wires 
were not significant. Although no correction was made 
for the wires, the measured heat capacity of pure silicon 
contained no term varying linearly with temperature 
(see below). 


RESULTS AND DISCUSSION 
Lattice Specific Heats 


(a) Silicon 


Representative specific heat measurements in the 
liquid helium temperature region of two silicon samples, 
one relatively pure and the other highly degenerate, are 
indicated in Fig. 1 where C/T is plotted against T?. The 
specific heats of all the silicon samples measured could 
be fitted, within the accuracy of the experiment, by an 
equation of the form 


C=y7T+aT*, (3) 


where yT is an expression for the specific heat of the 
conduction carriers, and a7* is an expression for the 
lattice specific heat. From the coefficient a, 6) can be 
calculated ; the results for the various samples are listed 
in Table I. As the 99% confidence limit of any one of 
the determinations of 4 is at most 6°K, the scatter of 
the values is certainly outside the random error of 
measurement. Such systematic effects as errors in 
thermometry, temperature scale, and correction for the 
heat capacity of the addenda are considered unlikely 
to be responsible for the variations. Also, the variations 
do not appear to be due to any property of the silicon 
samples. Two separate measurements of one sample, 
performed on different days, gave 4 values differing by 
9°K (the y did not change). Such an effect has never 
been observed by us with any other material although 
many different substances have been measured with the 
same apparatus. It seems probable to us that adsorption 
of He* gas on the surface of the samples manifests itself 
as an apparent change in the value of 4. Indeed, a 
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rough estimate of the apparent heat capacity involved 
in desorbing gas during the measurements is of the 
correct order of magnitude. Although the average of all 
the tabulated values of 6 is 630°K, we feel that this 
value is too low and that a better estimate is (636 
+10)°K. 

The value we estimate for 6) of 636°K is slightly 
lower than the 658°K quoted by Pearlman and Keesom.! 
However, on recalculation of their data using the 55% 
temperature scale and removing inaccuracies in the 
previous calculations, the result of their work is 
6)=642°K, in reasonable agreement with the present 
investigation. 

Several of the samples studied were irradiated with 
integrated fluxes of greater than 5X 10'* neutrons/cm? 
and the specific heat remeasured. The differences of the 
4 values before and after irradiation appear to be within 
the accuracy of the experiment; see Table I. This is in 
contradiction to what has previously been reported.® 

Samples for which no value of y¥ is listed in Table I 
were known to have been reasonably pure (prr>1 
ohm cm). Indeed, in all such cases a least-squares fit of 
the results by Eq. (3) gave a value of y that was smaller 
in magnitude than the 70% confidence limit. Adsorption 
of gas apparently does not affect the determination of y. 


(b) Germanium 
The specific heats of the two single-crystal samples 
of germanium investigated between 0.5°K and 4.2°K 
could also be fitted by Eq. (3). The results of one of 
the samples is indicated in Fig. 2 where C/T is plotted 
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Fic. 2. Specific heat of degenerate germanium. 
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Fic. 3. Variation of the carrier concentration in direction of 
crystal growth. Horizontal axis is normalized so that total length 
of each crystal is 1. Samples: @—n-type Ge, a—n-type Si, 
O—p-type Ge, A—p-type Si. 


against 7°. The lattice specific heat of one sample 
gave @)=(362+2)°K, whereas the other gave % 
= (364+2)°K. The limits quoted are for the 99% con- 
fidence level and account only for the random error in 
the experiment. Systematic effects could at most intro- 
duce an additional uncertainty of 1°K. The average of 
the two measurements, 0>=363°K, is in very good 
agreement with the work of Keesom and Pearlman® who 
obtained 362°K. 


Electronic Specific Heats 
(a) n-T ype Germanium and Silicon 


Cyclotron resonance experiments’ have shown that 
the conduction band of germanium consists of a set of 
minima located in equivalent positions along the (111) 
axes of k space, the k coordinate system taken coincident 
with the cubic axes. There are, then, either four or eight 
minima, the number depending on whether these 
minima are located at the surface or inside the Brillouin 
zone. Also, for pure crystals the surfaces of constant 
energy in the vicinity of the minima have been found 
to be ellipsoids of revolution in k space and can be 


7 Dresselhaus, Kip, and Kittel, Phys. Rev. 98, 368 (1955); 
Dexter, Zeiger, and Lax, Phys. Rev. 104, 637 (1956). For other 
references see these two papers. 
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characterized by two effective-mass parameters, m; 
and m:. 

The situation is much the same for the conduction 
band of silicon where the constant-energy surfaces are 
also ellipsoids of revolution. However, the minima lie 
along the (100) axes, and consequently the conduction 
band consists of either three or six minima. 

The density of states in the vicinity of the bottom 
of the conduction band for a pure crystal is expressible 


as 
g(e)=N [4a(2ma)3/h* Je}, (4) 


where J, is the number of band minima, « is the energy 
measured from the band edge, and mz is the density 
of states effective mass. The relation between ma and 
the effective mass parameters m; and m; is 


ma=(mym?)'. (5) 


The coefficient of the electronic specific heat of a 
degenerate electron gas [y of Eq. (3) ] is related to the 
density of states at the Fermi surface, g(¢), by the 
expression 

Y= 5 RV mg($), (6) 


where ¢ is the Fermi energy, & is Boltzmann’s constant, 
and V,, is the molar volume. 

In order to calculate the effective masses of carriers 
from specific heat data, we now assume that Eq. (4) 
accurately represents the density of states in the con- 


duction band of a degenerate crystal up to the position 
of the Fermi level. This is an assumption that (1) for 
the pure crystal the band is parabolic up to an energy 
of a few hundredths of an electron volt, and (2) the 
added impurities do not appreciably affect this shape. 
On the basis of this assumption, the electronic specific 
heat, effective mass, and the carrier concentration, n, 

are related as 
y=aN .2(ma/mo)n', (7) 


where a= (41°2k?V ,mo)/(34h2), and mo is the free 
electron mass. Then, by experimentally determining the 
carrier concentration and the electronic specific heat, 
the product V.!(ma/mp) can be deduced for degenerate 
n-type germanium and silicon. 

The expression for the Fermi level in terms of y and 
n is 

¢=bn/y, (8) 
where b= }2°R’V ». 

Although relatively large ingots are required for heat 
capacity measurements, such samples with high uniform 
impurity concentrations were unfortunately not avail- 
able to us. All the samples, both n- and p-type ger- 
manium and silicon, had concentration gradients in 
the direction they were pulled from the melt. Thus, the 
measured electronic specific heat is an average. 


(y= (Sy dV)/V, (9) 
and Eqs. (7) and (8) have to be modified accordingly : 
y= aN 4 (ma/mo)n'), (10) 
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and 


(64? = b(n!)*/(y). (11) 


To obtain the average carrier concentration, actually 
{n')§, the samples were cut up on completion of the 
heat capacity measurements and the Hall coefficient 
determined at 77°K with a field of 3500 gauss at several 
different places in the sample. For n-type germanium 
and silicon the relation 


Ru=K\K2/ne (12) 


was used to calculate from the Hall coefficient Ry. 
The coefficient K, is dependent only on the shape of 
the energy surfaces,*° and for n-type Ge, Ky, is 0.79. 
For n-type Si, K; equals 0.87. K is a factor assumed to 
be 1 for the samples measured here. At 77° this should 
be a good approximation for Ge when n>3X 10'8 cm 
and for Si when n>1X10" cm-*. The fact that Ke 
may be somewhat greater than 1 below 10” cm~* for 
Si should make little difference in these measurements, 
as the average carrier concentration of the sample 
measured (see below) is largely determined by the high 
impurity concentration that occurs at one end. 

The variation of the carrier concentration in the 
direction of crystal growth is indicated in Fig. 3. The 
concentrations increase approximately exponentially 
with position, as one would expect for samples grown 
from the melt, doped with impurities whose segregation 
coefficients are less than 1. No variation of the concen- 
tration was found perpendicular to the pulling direction, 
(n*) was determined by numerically averaging n! over 
the sample, taking into account the sample shape. 

The accuracy of the determination of the effective 
mass in the manner described is essentially limited by 
the error in the average carrier concentration, the error 
in the electronic specific heat being negligible in com- 
parison. However, since ma is dependent upon n~!, the 
percentage error in mg is only a third of the error in m. 

The results of the measurements on n-type ger- 
manium and silicon are listed in Table II. For ger- 
manium, the density-of-states effective mass calculated 
from these measurements with NV, equal to 4 is in close 
agreement with the cyclotron resonance value, and it 
appears that the conduction band minima are at the 
surface of the Brillouin zone. In fact, since the specific 
heat ma is the same, within experimental accuracy, as 
found by cyclotron resonance, the original assumption 
concerning the density of states is consistent with the 
results. That NV, equals 4 for Ge is in accord with the 
prediction of Herman” and with the magnetic sus- 
ceptibility studies of Stevens ef al." and Bowers.” 
However, employing the same assumption regarding 
the density of states as used here, Bowers obtains, from 


8 B. Abeles and S. Meiboom, Phys. Rev. 95, 31 (1954). 

®C. Herring, Bell System Tech. J. 34, 237 (1955). 

10 F, Herman, Physica 20, 801 (1954). 

1 Stevens, Cleland, Crawford, and Schweinler, Phys. Rev. 100, 
1084 (1955). 

22 R. Bowers, Phys. Rev. 108, 683 (1957). 


TABLE II. Effective masses of electrons in degenerate 
germanium and silicon. 








ma/mo 
from 
cyclotron 
resonance 


(y) X105 = (nt/8)8 
Doping joule/mole K107-% 
2 cm=73 


(gaya 
Material agent (°K) ev 


ma/mo 


0.23 





Ge As 2.15 0.47 0.018 0.22 


0.14 
0.66 
0.42 











susceptibility measurements of samples of comparable 
carrier concentrations, an effective mass that appears 
to be somewhat larger than found from this work. 

The effective mass of electrons in silicon is calculated 
from the specific heat using the two possibilities for the 
number of minima in the conduction band. As can be 
seen in Table II, the specific-heat and cyclotron- 
resonance values are in closer agreement with NV, equal 
to 6 rather than 3. The difference between 0.42 mo and 
0.33 mo, however, is outside the error of the experiment. 
The average carrier concentration would have to be in 
error by a factor of two to account for this difference. 
Therefore, the addition of impurities to the silicon 
lattice appears to affect the shape of the conduction 
band. The result that NV, is equal to 6 for silicon is 
consistent with the infrared measurements of Macfarlane 
and Roberts! and Haynes, Lax, and Flood." In addi- 
tion, the effective mass which is calculated here from 
specific heat appears to agree with the susceptibility 
studies of Sonder and Stevens.'® 


(0) p-T ype Germanium 


The maximum of the valence band of germanium is 
known from cyclotron resonance to consist of two bands 
degenerate at k=0, the surfaces of constant energy being 
warped spheres. From measurements on pure crystals 
the density-of-states effective masses of the holes in 
these two bands have been calculated to be mg; =0.33 mo 
and m42=0.043 mo, where the subscripts 1 and 2 are 
used to distinguish the two types of holes. 

An assumption, similar to that employed before for 
the conduction band in n-type semiconductors, is now 
made concerning the valence band. The density of 
states of each band of a degenerate crystal is assumed 
to be given by 


gi(e) = [44 (2mai)!/h Jet, (13) 
the subscript 7 having the values 1 and 2. 
Since the total density of states is the sum of the 


13G. Macfarlane and V. Roberts, Phys. Rev. 97, 1714 (1955). 

4 Haynes, Lax, and Flood, Bull. Am. Phys. Soc. Ser. II, 3, 
30 (1958). 

18 FE, Sonder and D. K. Stevens, Phys. Rev. 110, 1027 (1958). 
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Fic. 4. Variation of the density-of-states effective mass of holes 
in silicon. Energy is expressed in units of A. Dashed line is the 
value of ma at e= &. 


contributions of the two bands, it follows that 


ma =mat+maz!. (14) 


Thus, by setting V. equal to 1 and substituting # for n, 
Eqs. (10) and (11) are applicable to p-type germanium: 


(y)=a(ma/mo)<p'), (15) 


(54) = b(ph)*/(y). 


In germanium a third valence band exists approxi- 
mately 0.3 ev below the other two bands at k=0. The 
presence of this band, however, does not appreciably 
affect these considerations. Although at the very impure 
end of the sample (see Fig. 3) the Fermi level may pos- 
sibly be within this third band, the influence should be 
so small that it can safely be neglected. 

The carrier concentration was calculated from the 
Hall coefficient according to the equation 


Ru= (part pous*)/e( pit poe)’, (17) 


where the y’s are the mobilities of the two types of 
holes. This equation is an expression for the Hall coef- 
ficient of a degenerate electron gas occupying two over- 
lapping bands that have spherical constant-energy 
surfaces. Unfortunately, the more sophisticated treat- 
ments of the Hall effect, e.g., that of Beer and Willard- 
son,'® taking into account the influence of the shape of 
the warped surfaces, are applicable only to p-type 
germanium less impure than measured here. 

When the appropriate effective masses are used to 
obtain the ratios of the concentrations and mobilities, 
Eq. (17) becomes 


and 


(16) 


Ru=2.0/ pe, (18) 
where p= pit po. 

The results for p-type germanium are listed in Table 
III. The effective mass calculated from the specific 
heat is approximately the same as found by cyclotron 
resonance; the difference in the values may easily be 


16 A. C. Beer and R. K. Willardson, Phys. Rev. 110, 1286 (1958). 
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TABLE III. Effective masses of holes in degenerate 
germanium and silicon. 








ma/mo 
from 
cyclotron 
resonance 


0.34 
0.69 


(y) X105 
Doping joule-mole 
agent °K)? 


(pays 
10718 = (gaa) 
cm~3 ev ma/mo 


0.33 


Material 
Ge Ga 
Si B 5.2 4.0 





2.72 5.4 0.16 


0.06 


0.81 








accounted for by an error in the constant appearing in 
Eq. (18). As was the case for n-type germanium, the 
results are consistent with the original assumption 
concerning the density of states. 


(c) p-type Silicon 


The maximum of the valence band of silicon is similar 
to that of germanium, consisting of two warped spher- 
ical bands degenerate at k=0. From cyclotron resonance 
measurements the best estimates of the density-of- 
states effective masses of the two types of holes are 
mai=0.56 mo and ma2=0.16 mo. However, in silicon the 
third valence band, depressed by spin-orbit coupling, 
is split from the two upper bands by only 0.035 ev. 
Therefore, for p-type silicon the calculations are com- 
plicated by the necessity of including this third band. 
Theory predicts that the constant-energy surfaces of 
the third band are spherical and that the effective 
mass of holes in this band can be calculated from the 
shape of the two upper bands. The calculated maz; is 
0.25 mo. 

As before, the density of states of each band is 
assumed to be dependent on e}. Since the total density 
of-states is the sum of the contributions of the three 
bands, it follows that 


g(€) = (4923/h*){ market +-mastet 


+masi(e—A)*F(€,A)}, (19) 


where ¢ is the energy measured from the top of the two 

upper bands, A is the magnitude of the band splitting, 
and F(e,A) is a step function such that 

F(¢,A)=0 for 

=1 for 


e<A 
e>A. 


Then, to describe the total density of states as 


g(€)=[4r(2ma)?/h* Je}, (20) 


the total density-of-states effective mass must be a 
function of energy: 


ma(€)4=mai!+ma2!+mas!(1—A/e)*F (€,A). (21) 


A plot of ma so defined for silicon is given in Fig. 4. The 
cyclotron resonance values are used for ma: and maz 
while the theoretically predicted value is used for mas. 

The quantities y, ma, and p can quite easily be shown 
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to be related by an equation of the form 


y=alma(t)/mo |p%{ 1— [mas/ma(¢) }! 


XK (1—A/f)8(A/O)F(¢,4)}-*. (22) 


However, the accuracy of the experiment, in particular 
the accuracy of the determination of the carrier con- 
centration, does not warrant such complication. The 
value of the term in brackets is such that 1.00<{ }~! 
<1.03 for all values of ¢ and hence the curly bracket 
can be neglected. Furthermore, the variation of ma(¢) 
is assumed to be small compared to the variation in p!. 
Then Eq. (15) can be used to calculate ma from the 
electronic specific heat and carrier concentration. 

By similar arguments (¢!)? can be shown to be given 
approximately by Eq. (16). 

The equation for the Hall coefficient in terms of 
carriers occupying three bands, each assumed to have 
a spherical energy surface, is 


Ruy= (prer+ poue?+ psus?)/e(piuit pouet psus)®. (23) 


This expression reduces to Ry=K/pe, where K varies 
only from 1.4 to 1.3 as ¢ varies from zero to infinity. 
Since the error involved in using Eq. (23) as an ex- 
pression for the Hall coefficient is probably larger than 
the difference between 1.4 and 1.3, a consideration of 
the position of the Fermi level with respect to the third 
band is not necessary in calculating p. The value of 1.3 
was used in these calculations. 

Because the p-type silicon sample was to be irradiated 
with neutrons, the ingot could not be cut up on com- 
pletion of the heat capacity measurements. Conse- 
quently, Hall measurenients were made only on plates 
cut from the ends of the sample. However, by noting 
the concentration distributions of the other samples, 
the average carrier concentration of the p-type silicon 
was estimated to be 4X10" cm~*. As listed in Table 
III, the effective mass resulting from the specific heat 
is 0.81 mo, somewhat larger than the 0.69 mo estimated 
from the cyclotron resonance and the theoretical pre- 
diction for the third band. 


CONCLUSIONS 


For germanium the density-of-states effective masses 
of both electrons and holes calculated from specific heat 
measurements of degenerate samples are in very good 
agreement with the masses obtained from cyclotron 
resonance experiments made on pure crystals. This 
result is, indeed, surprising in view of the assumption 
made in the calculations concerning the energy de- 
pendence of the density of states. From electrical and 
optical investigations, the addition of small impurity 
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concentrations to germanium is known to introduce 
states in the forbidden gap near the edge of the bands 
(conduction band for donors, valence band for 
acceptors). As the concentration is increased, the band 
formed by the impurity states gradually overlaps with 
the conduction (valence) band. Since the number of 
impurity states is of the same order of magnitude as 
the number of free carriers, one would expect the 
impurities to affect seriously the energy dependence of 
the density of states and, therefore, the effective masses 
calculated on the basis of the assumption that g(e)~e}. 

Essentially, what one determines in measuring the 
specific heat and Hall coefficient is the value of the 
density of states at the Fermi level, g(¢), and the total 
number of occupied states in the band, n(¢) (= total 
number of states below the Fermi level for a degenerate 
gas). Thus, the measurements indicate that if the 
impurities are influencing the density of states, they 
must do so in such a way that these two quantities, 
g(¢) and n(¢), are related in the same way as for a 
normal band, namely, g(¢)[(¢) }-'=const. While it is 
impossible to conclude that the density of states has 
been unaltered by the addition of impurities, the agree- 
ment of the results for both electrons and holes appears 
to be more than fortuitous. At large impurity concentra- 
tions it seems that the density of states is not signifi- 
cantly changed in the vicinity of the band edge. 
Perhaps at large concentrations the impurity states are 
perturbed well into the conduction (valence) band. 

For silicon, however, the density-of-states effective 
mass of electrons, calculated with 6 minima in the con- 
duction band is larger than the value obtained from 
cyclotron resonance. Similarly, the specific heat ma of 
holes in silicon is larger than the cyclotron-resonance 
value. It appears that the addition of impurities to 
silicon may seriously influence the energy dependence 
of the density of states below the Fermi level. And since 
the original assumption that g(e)~e! for the various 
bands in silicon may be in error, the calculated effective 
masses should not be assumed to have further signifi- 
cance than indicating that the bands are disturbed 
by the impurities. 
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Sulfur Vacancy Mechanism in Pure CdS 
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Experiments have been performed on the luminescence of spectrographically pure CdS under ultraviolet 
excitation at room temperature. Both green and red emissions are observed. The green emission at 5240 A 
(2.38 ev) is attributed to direct recombination. The red emission at 7180 A (1.72 ev) is described in terms 
of a phenomenological model proposed by Lambe and Klick. The variations in luminescent intensity of the 
green and red bands and simultaneously in the photoconductivity of the crystals can be very adequately 
described if the 7180 A luminescence is attributed to the presence of sulfur vacancies. 





I. INTRODUCTION 


ECENT studies! of the luminescence spectrum 

of CdS(Ag), ZnS(Ag), and pure ZnS have led to 
the conclusion that certain of the observed spectral 
bands may be attributed to the existence of sulfur 
vacancies in these materials. In particular, a 6200 A 
band observed in CdS(Ag) at 77°K has been attributed 
to sulfur vacancies while a 7300 A band results from 
silver impurities. However, in the series of experiments 
which has led to the postulation of the vacancy 
mechanism, “‘pure” crystals have, to the authors’ 
knowledge, been employed in only a single reported 
investigation.’ 

Two alternative models have been proposed for the 
luminescence of sulfides activated with impurities such 
as silver. Schén‘ and Klasens® have described the 
impurity states as ionized acceptor levels and attribute 
the luminescence to the capture of a conduction electron 
by a hole trapped at the acceptor level. Alternatively, 
Lambe and Klick* and Lambe’ have correlated the 
results of their investigation of the 6200A_ band 
observed in CdS(Ag) at 77°K with a somewhat different 
phenomenological model. They ascribe the band to 
silver impurity states which act as vacant donor levels 
and consider the trapping of a hole at such a level to 
result in a radiative transition which gives rise to the 
observed luminescence. No mention is made of a 7180 A 
emission. 

The evidence presented by Lambe and Klick appears 
to leave little doubt concerning the donor nature of the 
centers responsible for the luminescence which they 
investigated in CdS(Ag). However, van Gool!? and 
more recently Melamed* have objected to the assump- 
tion that substitutional silver is responsible for the 
proposed donor levels. van Gool has described an 
extensive investigation of the luminescence at low 
temperature in ultraviolet irradiated CdS(Ag). Two 
bands were observed at 77°K, with maxima at 6200 A 


! W. van Gool and H. A. Klasens, J. phys. radium 17, 664 (1956). 

2 W. van Gool, Philips Research Repts. 13, 157-166 (1958). 

3N. T. Melamed, Phys. Rev. 107, 1727 (1957). 

4M. Schon, Z. Physik 119, 463 (1942). 

*H. A. Klasens, Nature 158, 306 (1946). 

6 J. Lambe and C. C. Klick, Phys. Rev. 98, 909 (1955); J. phys. 
radium 17, 663 (1956). 

7 J. Lambe, Phys. Rev. 98, 983 (1955). 
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and 7300 A. High silver concentration and low co- 
activator (Ga or Cl) concentration promoted the 
short-wave emission, while with equal concentrations 
of silver and coactivator, only the 7300 A band was 
observed. Using a series of mixed crystals, ZnCdS(Ag), 
it was shown that the 6200 A and 7300 A emissions in 
CdS(Ag) correspond to emissions at 3920 A and 4350 A, 
respectively in ZnS(Ag). van Gool has suggested that 
the 6200 A band in CdS(Ag) and the 3920 A band in 
ZnS(Ag) may be attributed to interstitial silver or 
sulfur vacancies. 

Subsequently, Melamed has described an experiment 
with pure ZnS at 77°K and 3023A excitation and 
reported observing an emission band at 3950 A. The 
band was also observed in specimens of ZnS(Cl) and 
ZnS containing 0.0001% copper without chloride. In 
view of these results, Melamed attributes the 3920 A 
emission observed by van Gool in ZnS(Ag) to sulfur 
vacancies rather than to silver. He also concludes that 
the same mechanism is responsible for the 6200 A 
emission investigated in CdS(Ag) by van Gool and by 
Lambe and Klick. 

Experiments designed to study the room temperature 
luminescence of spectrographically pure CdS excited 
with ultraviolet radiation have recently been performed 
at these laboratories. The results, as will be shown, 
can be correlated in terms of the phenomenological 
model of Lambe and Klick. Furthermore, because of 
the purity of our crystals, it is not possible to attribute 
our observed 7180 A luminescence to impurities. It is, 
therefore, proposed that the mechanism responsible for 
this band is one involving a sulfur vacancy. 


II. EXPERIMENTAL METHOD 


The CdS specimens employed in these experiments 
were in the form of single crystals, grown by a vaporiza- 
tion-crystallization method first reported by Czyzak 
et al.* and recently described in more detail by Boyd 
and Sihvonen.’ The crystals, when analyzed spectro- 
graphically, exhibited no uniformity in impurity con- 


§ Czyzak, Craig, McCain, and Reynolds, J. Appl. Phys. 23, 
932 (1952). 

*°D. R. Boyd and Y. T. Sihvonen, J. Appl. Phys. (to be 
published). ; 
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tent. Some contained no detectable impurities,” while 
others contained one or more of the following residual 
impurities which, when present at all, had concentra- 
tions no greater than indicated here: 0.0001% Mg, 
0.0008% Si, and 0.0001% Cu. In particular, if silver 
was present, it was in concentrations of less than 
2.5X 10-*%. 

In addition to direct visual observations of the 
crystals under ultraviolet, three experiments were 
performed: (1) determination of the luminescent 
spectrum under ultraviolet excitation, (2) variation in 
the spectrum with intensity of the excitation, and (3) 
variation of photoconductivity with intensity of 
excitation. These experiments were performed using a 
one-meter Bausch and Lomb double-grating-type mono- 
chromator, modified for use as a spectrometer with a 
resolving power of 15 A/mm. In obtaining the spectrum 
and its variation with excitation, the CdS single crystal 
(at room temperature) was mounted on the entrance 
slit of the monochromator. A Corning 3-73 filter was 
placed after the crystal to prevent addition to the 
scattered light by the transmitted ultraviolet exciting 
radiation. This filter also served to prevent exposure 
of the photographic plate by the second order of this 
radiation. The crystal was illuminated with 3650 A 
radiation from a Shannon Company ultraviolet lamp, 
with a filter placed between the source and the crystal 
in order to remove long-wavelength components, in 
particular a strong 7350A component, from the 
radiation incident onto the crystals. The spectra were 
registered by Eastman Kodak I-L photographic plates 
using exposure periods ranging from 10 to 30 minutes. 
For the photoconductivity experiments, the crystals 
were mounted as described above. In addition, however, 
contacts were made to the crystals employing No. 194 
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Fic. 1. Luminescent spectrum of CdS at room temperature, 
indicating both red and green emission. Crystal excited by 3650 A 
radiation. 


10 Impurities, if present, were at a level lower than that indicated 
by C. E. Harvey, in A Method of Semiquantitative Spectrographic 


Analysis (Applied Research Laboratories, Glendale, 1947), 


pp. 75-79. 
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Fic. 2. Variation of conductivity and of red and green lumi- 
nescence with intensity of 3650A radiation for CdS at room 
temperature. Green emission appears as the red-emitting centers 
saturated. Crystal conductivity changes abruptly when this occurs. 


“Dag” dispersion. The contacts were attached to a 
voltage source and a sensitive microammeter. 


III. EXPERIMENTAL RESULTS 


Direct visual observations of the crystals under 
ultraviolet illumination indicate striking differences in 
their behavior with increasing intensities. Some glow 
only red up to the maximum (6-mw/cm?) ultraviolet 
intensity available with the source. Others, when 
irradiated at low intensity, glow red, the luminescent 
intensity increasing with excitation intensity until a 
green luminescence appears. At higher excitation 
intensities, these crystals simultaneously glow red and 
green giving an orange-like luminescence. Finally, a 
third type of crystal exhibits only green luminescence 
at all intensities. Thus, some crystals, which exhibit 
only red luminescence at low excitation intensities, 
may be made to glow green at sufficiently high excita- 
tion. Those which glow only green at low excitation 
have never been observed to exhibit a red glow at any 
higher ultraviolet intensity. It should be noted that it 
has not been possible to correlate this behavior with 
residual impurity content. 

Monochromator studies of crystals which can be 
made to luminesce both red and green result in a 
spectrum of the general form displayed in Fig. 1. The 
rather narrow green band at 5240A is attributed to 
direct recombination since the value 2.38 ev agrees 
closely with measurements of the forbidden gap in 
CdS at room temperature." In addition to the green 
emission, a very broad band with a peak at about 
7180 A (1.72 ev) is also observed. This red band will 
be of primary interest in the present discussion and is 


1 R. H. Bube, Proc. Inst. Radio Engrs. 43, 1836 (1955). 
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Fic. 3. Schematic representation of model proposed for red 
luminescence in CdS (after Lambe and Klick®). 
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the one which we attribute to the action of the sulfur 
vacancies. 

Photoconductivity measurements, Fig. 2, on crystals 
glowing both red and green indicate that they are 
relatively sensitive at low ultraviolet intensities when 
the crystals exhibit primarily red luminescence. 
However, at some ultraviolet irradiation level there is 
a transformation to a lesser sensitivity which remains 
substantially constant with further increases in excita- 
tion intensity. 

The general behavior of the luminescent spectrum 
as a function of ultraviolet intensity, also displayed in 
Fig. 2, is as expected from the visual observations. It 
was found that at low exciting intensities the red 
luminescence dominates a weak green. As the incident 
irradiation increases, the red emission intensity increases 
more rapidly than linearly until a saturation occurs. 
At the incident intensity for which this saturation 
begins to occur, the green luminescence begins to 
appear with marked intensity. This green emission 
increases more rapidly than linearly with ultraviolet 
intensity. 


IV. CORRELATION OF RESULTS 


The experimental results described above can be 
correlated on the basis of the model proposed by 
Lambe and Klick,® if one includes one additional 


assumption. The basic model, shown schematically in 
Fig. 3, together with the assumption that the lumi- 
nescent recombination centers can be saturated is 
fully adequate to explain our experimental results. 
The behavior of the three different types of luminescing 
crystals is explained as follows. The crystals that glow 
only red contain a concentration of centers so great 
that the red transition cannot be saturated with the 
available ultraviolet intensity. Those which glow only 
green contain a concentration of centers which is so 
low that only direct recombination emission is observed. 
In the crystals which first exhibit red emission and 
then green emission, the concentration of centers is 
such that they can be saturated for a given rate of hole 
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production. At higher rates, only the direct recombina- 
tion mechanism resulting in green emission is available. 

In addition, it has also been ascertained that the 
dark conductivities in our red-only crystals are some 
2 to 3 orders of magnitude higher than those in green- 
only crystals. This is considered to be added evidence 
for the donor nature of the centers responsible for the 
observed 7180 A luminescence since these would be 
present in red-only crystals in much higher concentra- 
tions than in those which glow only green. 


V. SUMMARY AND CONCLUSIONS 


In view of the results presented here for CdS, it 
would appear that while the model proposed by Lambe 
and Klick is sufficient to correlate the experimental 
data, the assumption of a sulfur vacancy mechanism 
is required to explain the observed 7180 A emission in 
pure CdS at room temperature. In CdS crystals 
containing sulfur vacancies, two electrons will be 
trapped near each vacancy at absolute zero with no 
incident radiation, in order to insure charge neutrality 
of the crystal. At higher temperatures, and assuming 
such sites to introduce donor levels it is to be expected 
that a few sites will lose an electron to the conduction 
band, resulting in a small dark current whose magnitude 
is a function of vacancy concentration. Sites which still 
contain both electrons will act as deep traps for holes 
formed in the valence band by the absorption of 
ultraviolet radiation. The 7180 A radiation emitted in 
the trapping process is the observed red luminescence. 
Under sufficiently intense excitation it is assumed that 
an equilibrium is established in which each vacancy 
site contains only one electron, since the energy of the 
single remaining electron will be quite low and a site 
with one electron missing will repel additional holes. 
For incident intensities beyond the value required to 
establish this condition, electrons and holes begin to 
recombine directly, giving rise to the observed green 
emission. 

Finally, the authors wish to point out that while 
the investigations of activated-coactivated CdS phos- 
phors have yielded considerable luminescence data, an 
uncertainty arises as to the role played by a sulfur 
vacancy. This uncertainty has originated because of 
the complex nature of these mixtures, and it appears 
much more reasonable to study the effects of such 
vacancies in simple high-purity crystals deviating only 
in primary stoichiometry as has been the case in this 
investigation. 
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Sum Rule for Lattice Vibrations in Ionic Crystals 
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It is shown that in lattices of tetrahedral symmetry with two ions to a unit cell, in the approximation of 

nearest neighbor repulsive interactions, for a given wave vector q, 

; 118 

> w;?(q) == =10 

na BM’ 
where w;(q) = angular frequency of the ith mode for a given wave vector q, M=m,m_/(m,+m_), m,=mass 
of positive ion, m_=mass of negative ion, ro=interionic distance, and is the coefficient of compressibility. 
This theorem serves as a useful check on numerical work as well as a relation for the downward curvature 
of the optical modes at small g in terms of the speed of sound. In the limit of small g, this relation becomes 
the first Szigeti relation. A similar theorem is true for low-density electron gases where the electrons localize 
on a lattice. Here one can show that 


3 
> w;?(q) =p, 


tl 


where wp\*=42ne*/m, which is the classical plasma frequency. (This last relation was first derived by Kohn.) 





'N computing the lattice vibration spectrum of ionic 
crystals, the model of nonpolarizable ions is often 
used. For this model, a general theorem on the sums of 
the squares of the angular frequencies w;(q) of all modes 
for a given lattice wave vector q is readily formulated. 
This theorem provides a powerful check on numerical 
work such as Kellermann’s calculations on NaCl.! 

As calculations have only been made on alkali halides, 
we shall restrict ourselves to the case of lattices of 
tetrahedral symmetry with two ions to a unit cell. The 
statement of the theorem is that in such lattices for 
nonpolarizable ions, 


6 118 


LX w7(q)=- =1, (1) 
i=l BM 


where M= m,m_/(m,+-m_), m,=mass of positive ion; 
m_=miass of negative ion, ro= interionic distance, and 
8= coefficient of compressibility. 

A special case of Eq. (1) is for very long wavelengths 
where all acoustic modes have zero frequency. The two 
transverse optical modes vibrate with the rest-strahl 
frequency wo and the longitudinal mode vibrates with 
(€o) wo, where €o is the static dielectric constant. In the 
usual notation we have e,=1 for our nonpolarizable 
ionic model. In this case, Eq. (1) reads 


18 
“—=7'0) (2) 
M 


1 
(eo+ 2)wo?= spd 
B 


which is the first Szigeti relation.2? The relation (1) 
which we shall prove is thus a generalization of the 
first Szigeti relation to all wavelengths in a non- 
polarizable ionic lattice. 

1E, W. Kellermann, Trans. Roy. Soc. (London) A238, 513 
(1940). 


2M. Born and K. Huang, Dynamical Theory of Crystal Lattices 
(Oxford University Press, Oxford, 1954). 


The proof of Eq. (1) follows immediately from the 
secular equation that determines the frequencies for a 
given q. If e is a six-vector, then the secular equation is 


w*(q)e(q) = G(q)-e(q), (3) 


where the 6X6 tensor G may be labeled by the three 
orthogonal directions a, B= 1, 2, 3 and the index + or — 
for the positive or negative ion. The components are 
Gas**, Gast, and Gag. These have been worked out 
in detail by Kellermann, but to prove our theorem we 
only need the general form of the diagonal elements, 
i.e., Gaat*+, and Gaa. We split G into two parts, the 
part arising from the Coulomb forces being called °G 
and the part from ionic overlap repulsion *G. Then 


é 0? 1 
Gaatt =— > ~ alg i ig aa exp(iq: ai), (4) 
m,1#0 Ox,’ |r—a,| 


where a;=lattice vector. By Laplace’s theorem, it is 
then seen that 


3 3 


DL Gaatt = Vo °Gaa ~ =0. (5) 


a=] a=] 


Equation (5) is the essential content of this paper for it 
says that the trace of G is determined by the repulsive 
forces alone, which is the verbal statement of Eq. (1). 

To calculate the repulsive interactions, we use the 
work of Born and Huang (reference 2, Sec. 9), assuming 
only nearest neighbor repulsive interactions. Here 


"Ges rh (1/3m + )ZV Srepulsive | r=roy (6) 


where Z is the number of nearest neighbors, ro the 
interionic distance. V* is easily expressed in terms of 
the compressibility. In fact 


LV Orepulsive ly ery 187/f. (7) 
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From (5), (6), and (7), we find that the trace of the 


6-tensor G is 
187of 1 1 
wG-—|—+—| (8) 
B lm, m_ 


By the invariance of the trace to orthogonal transforma- 
tion this proves our theorem. 

An interesting corollary of our theorem is the relation 
of the curvature downwards of the optical modes, as a 
function of wave number, to the speed of sound. If c; 
and ¢; are, respectively the longitudinal and transverse 
sound velocities, then for small q we have 


Dd [ewopticar P= (€o+2)wo?— (2c?+ cr)q’. (9) 


An interesting application of these same ideas is in 
the calculation of the correlation energy of an electron 
gas in a uniform positive charge background at low 
density [i.e., (Bohr radius/interelectronic distance) 
“1 ].* In this limit, the long-range Coulomb repulsion 
is the dominant contribution and the electrons will 
localize themselves on a lattice. The body-centered 
cubic lattice is most favorable.* In next approximation 
to the energy one must include the zero-point energy 
of the lattice. Here there are three modes per lattice 
wave vector q. The forces on a given electron are the 
interelectronic Coulomb force and the interaction with 
the uniform background. Again let “Gag be the part 


3 E. Wigner, Trans. Faraday Soc. 34, 678 (1938). 

4 W. Kohn has independently derived relation (12). Reference 
to this may be found in J. Bardeen and D. Pines, Phys. Rev. 99, 
1140 (1955). I am grateful to Professor Kohn for informing me of 
his results. 

5 W. Kohn (private communication). 
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of the frequency tensor arising from interelectronic 
repulsion. Further, let 4G be the part of the frequency 
tensor arising from interaction with the background. 
We thus have 


2G.s(0) —en & f dr’ 
Henne m OxOxg4% |r—r'| 





(10) 


where m is the mean number density of electrons. 
Because of spherical symmetry in the integral, the 
right-hand side of (10) vanishes for a#8, and by 
Poisson’s equation we thus have 


1 4rne* 
®G.(q) a” ——b ap= fwp1bas, 
3m 


(11) 


where wy) is the classical plasma frequency. For the 
present problem, (11) supplies the stability role played 
by the ionic repulsive forces in the previous problem. 
Again we clearly have >>°Gaa(q)=0 by Laplace’s 
theorem, so that 


3 


3 
.¥ Gaa(q) be z w?(q) = Wp)’. 


a=] °* L=1 


(12) 


This result was found independently some time ago 
by Kohn.‘ It is of importance for it gives an inequality 
for Eo, the correction to the lattice energy due to zero- 
point oscillations : 


(13) 


Sharp < Eo/N < IN3hw 1, 


where N is the total number of electrons. Rough 
estimates indicate that Eo/ NX1.5X fhw». 
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Specific Heats of Some Copper-Rich Copper-Nickel Alloys at 
Liquid Helium Temperatures*t 


G. L. Guturig,} S. A. FRIEDBERG, AND J. E. GOLDMAN§ 
Carnegie Institute of Technology, Pittsburgh, Pennsylvania 


(Received September 15, 1958) 


Helium-temperature heat capacity measurements have been made using samples containing 60, 65, 75, 
and 90 weight percent of copper in nickel. The results are in approximate agreement with the previous work 
of Keesom and Kurrelmeyer. The more copper-rich samples have been found to obey a law of the type 
¢y=yT+86T*, but anomalies have been noted in the results of measurements on some of the samples con- 
taining 35 and 40 weight percent of nickel. These anomalies are attributed to a magnetic effect. Analysis 
of the results shows that the usual collective electron interpretation of the intrinsic magnetization of Cu-Ni 


alloys is oversimplified. 





I. INTRODUCTION 


HE Cu-Ni alloys have often been used as an 

example of a system whose behavior is readily 
explained by simple rigid-band arguments. Calculations 
of density of states by Krutter' and also by Fletcher’? 
and others** have shown that copper or nickel may be 
expected to have a dense band of states made up of 
wave functions which are similar to 3d atomic wave 
functions, as well as another band of states of much 
lower density but covering a wider energy range. This 
second group of states is presumed to possess wave 
functions which are similar to 4s atomic wave functions. 
According to collective electron arguments,°:* the spon- 
taneous magnetization of nickel or of nickel-rich 
copper-nickel alloys is due to unpaired spins of electrons 
occupying states with 3d-type wave functions. This is 
supported by measurements which show that the gyro- 
magnetic ratio of nickel is 1.92. This leads one to 
believe that the magnetic moment of nickel is almost 
entirely of spin origin. 

A direct extension of this line of thought has been 
used® to explain the linear relation between copper 
concentration and low-temperature spontaneous mag- 
netization in copper-nickel alloys. It has been observed 
that the low-temperature spontaneous magnetization 
appears to decrease by one Bohr magneton for every 
copper atom which replaces a nickel atom in a copper- 
nickel alloy. This spontaneous magnetization is 0.6 
Bohr magneton/atom in pure nickel, and goes to zero 


* Work supported by the U. S. Atomic Energy Commission, 
the Office of Naval Research, and the Allegheny-Ludlum Steel 
Corporation. 

t Submitted (by G.L.G.) in partial fulfillment of the require- 
ments for the Ph.D. degree at the Carnegie Institute of Tech- 
nology. 

t Now at the General Atomic Company, John Jay Hopkins Re- 
search Laboratory, San Diego, California. 

§ Now at the Ford Motor Company, Scientific Laboratory, 
Dearborn, Michigan. 

1H. Krutter, Phys. Rev. 48, 664 (1935). 

2G. C. Fletcher, Proc. Phys. Soc. (London) A65, 192 (1952). 

3D. J. Howarth, Phys. Rev. 99, 469 (1955). 

4G. F. Koster, Phys. Rev. 98, 901 (1955). 

5 N. F. Mott and H. Jones, Theory of the Properties of Metals and 
Alloys (Oxford University Press, Oxford, 1936). 

® E. C. Stoner, Proc. Roy. Soc. (London) A165, 372 (1938). 
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at approximately 60% copper. The simple explanation 
states that copper and nickel share a common set of 
bands, and each substituted copper atom adds an 
extra electron which is contributed almost exclusively 
to the common “d” bands. In pure nickel all of the 
unfilled ‘‘d” holes are presumed to be of one spin orien- 
tation. As electrons are added, unoccupied states in 
the “‘d” band are populated, so that previously unpaired 
spins become paired. By this reasoning, both halves of 
the d band will be filled at a concentration of approxi- 
mately 60% copper in nickel. This simple filling effect 
would lead to the observed*—"* linear relation between 
copper concentration and low-temperature saturation 
magnetization. It implies also that a Cu-Ni alloy con- 
taining 60 atomic percent or more of copper should 
have a low density of states at the Fermi surface, since 
the density of states is then only that contributed by 
the 4s-type band. 

The atomic heat of simple metals is found to obey 
the law c,=yT+8T* at sufficiently low temperatures. 
The simple theoretical treatments show" that in this 
region the constants gamma and beta have the values 


y= (k?/3)N (Ep), (1) 
B=464.3/@ cal/mole (°K)*, (2) 


where V(F,p) is the density of electronic energy states 
at the Fermi surface, and @ is the Debye characteristic 
temperature. 

If we assume that these relations have validity in 
the copper-nickel alloys, then gamma is a measure of 
the density of states at the Fermi surface, for these 
alloys, just as it is for simple metals. 

Keesom and Kurrelmeyer™ have measured the low- 
temperature heat capacities of samples containing 20, 


7M. Alder, thesis, Zurich, 1916 (unpublished). 

8 J. D. Oliver and W. Sucksmith, Proc. Roy. Soc. (London) 
A219, 1 (1953). 

§C. Sadron, Ann. phys. 17, 371 (1932). 

1 A. Arrott, thesis, Carnegie Institute of Technology, 1954 
(unpublished). 

1 P, Debye, Ann. Physik 39, 789 (1912). 

2 A. Sommerfeld and H. Bethe, Handbuch der Physik (Verlag 
Julius Springer, Berlin, 1934), Vol. 24. 

13 W. H. Keesom and B. Kurrelmeyer, Physica 7, 1003 (1940). 
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TABLE I. Copper-nickel alloy specimen characteristics. 








Analysis, in weight percent 


Sample Ingot 
M Cu Ni Co Fe Mn Al CG 


No. No. 


Sample 
size in 
moles 


Sample form Heat treatment 





a Lr eo ae 


2 6888-W 74.97 249 0.09 0.02 <0.01 tr 


6888-W No analysis 


6887-W 0.14 0.02 <0.01 tr 


6887-W 0.14 0.02 <0.01 tr 


3-Ford 0.02 0.02 <0.01 tr 


6587-W : no 0.05 tr tr 


anal. 


40, 60, and 80 weight percent of Cu in Ni. They found 
an anomalous relationship between c, and 7 for the 
sample containing 60 weight percent of Cu in Ni and 
also noted a much smaller anomaly in the results of 
their measurements on the 80% Cu sample. Both of 
these measurements indicated values of N{Er) which 
were much too high to be accounted for by the simple 
theory outlined above. Keesom and Kurrelmeyer cited 
the desirability of further measurements in the com- 
position range from 60 to 80% Cu, but no such addi- 
tional data have been reported prior to the present 


paper. 
II. METHODS OF MEASUREMENT 


The technique employed in the present work is a 
fairly standard one which has been used previously by 
others.'*—'6 A sample, in the form of a solid block, or in 
the form of chips contained in a helium-filled capsule, 
was supplied with an electrical resistance thermometer 
and an electrical heater. This composite specimen was 
suspended on nylon threads in an enclosure which could 
be continuously evacuated. The resistance thermometer, 
a carbon resistor, was calibrated against the vapor 
pressure of a surrounding helium bath, using helium 
gas as a heat transfer medium. This transfer gas was 
then removed by a diffusion pump and a series of heat- 
ing periods begun. The resistance versus time drift 
curves before and after the heating periods were nearly 
always straight lines. The resistance values obtained by 
extrapolating these curves into the middle of the heating 
periods were converted into temperatures. The dif- 
ference between two such temperatures associated with 
one heating period was assumed to be caused solely by 
the measured electrical energy input. The heat capacity 


4’ W. H. Keesom and J. A. Kok, Physica 3, 1035 (1936). 

16 Corak, Garfunkel, Satterthwaite, and Wexler, Phys. Rev. 98, 
1699 (1955). 

16 Estermann, Friedberg, and Goldman, Phys. Rev. 87, 582 
(1952). 


<0.01 
<0.01 


<0.01 


<0.01 
<0.01 


no analysis 


Solid block Swaged and 4.004 
homogenized 
Swaged and 3.2 
homogenized 
Swaged and 
homogenized, 
then cold-worked 
Swaged and 
homogenized, 
then ‘cold-worked 33 
Swaged and 
homogenized 
Swaged and 
homogenized 
Swaged and 
homogenized, 
then cold-worked 


Solid bar 


Chips in 1.88 


capsule 


0.01 Chips in 1.70 


capsule 


0.01 tr Solid bar 


0.01 tr Solid bar 


Chips in 
capsule 


was calculated and assigned to a temperature equal to 
the average of the two temperatures obtained by the 
above extrapolations. 

The experimental arrangement differed slightly from 
that which is commonly used. The electrical heater and 
thermometer circuits were joined at a common point 
at the sample and superconducting leads were used to 
provide electrical connections between the sample and 
the Stupakoff seals on the calorimeter can. As a result, 
three electrical leads were attached to the sample 
instead of the usual eight. 

Five separate radiation baffles were inserted in the 
vacuum pumping line, and an aluminum foil shield 
was used on the sample. The low number (3) of 
Stupakoff seals, a VMF 100 diffusion pump, and ex- 
tensive use of a bath manipulation technique" produced 
pressures which could not be read at an externally 
located 1949 RCA ionization gauge. These pressures 
were less than 10~§ mm of Hg at the gauge, and this is 
believed"? to correspond to a pressure of the order of 
10~* mm of Hg at the sample. As a result, the resistance 
versus time drift curves were straight and nearly flat. 

The calculations were programmed for the Carnegie 
Institute of Technology Computation Laboratory’s 
IBM-Model 650 computer. This made it feasible to 
use a least squares procedure to fit a parametric 
f(R,T)=0 relation to the thermometer calibration 
data. This was done, using Clement’s 7x vapor pressure 
table'® in conjunction with the relation 


[ (logioR)/T ]}}= A+B logy R+C (logyoR)?, 


where the parameters A, B, and C were adjusted in 
such a way as to minimize the quantity >> i(7m— Teatc);?- 
The fitting process commonly produced rms tempera- 
ture deviations of 0.002°K or 0.003°K, and occasionally 
resulted in rms deviations of less than 0.001°K. 


17M. P. Garfunkel and A. Wexler, Rev. Sci. Instr. 25, 170 
1954). 
18 J. R. Clement (unpublished). 





SPECIFIC HEATS OF SOME Cu-RICH Cu-Ni 


III. EXPERIMENTAL RESULTS AND 
THEIR INTERPRETATION 


A tabulation of sample characteristics appears in 
Table I. The experimental results appear in Fig. 1, 
plotted as c,/T vs T?. 

Figure 1 shows that there is little difficulty in ob- 
taining a value for y for the samples containing 75 and 
90 weight percent Cu. Samples No. 1 and No. 2 rather 
clearly give y=(2.50+0.05)X10~ cal/mole (°K)?, 
6=343°K; and y= (4.85+0.1)10~ cal/mole (°K)?, 
6=385°K for the 90-10 and 75-25 compositions, respec- 
tively. However, some of the samples containing 60 or 
65 weight percent Cu show definite signs of deviations 
from the usual linear plus cubic temperature dependence 
of the specific heat. This makes both “y” and “@” 
nebulous quantities. It is assumed that the curvature 
of the c/T vs T? plots for these compositions is due to a 
magnetic contribution to the specific heat. Speculation 
concerning the details of this phenomenon based on the 
information now available is not regarded as profitable. 
If, however, this magnetic contribution is small at 4°K, 
one may attempt to extract a value for y from the 
values of c/T at 4°K for these samples by subtracting 
a reasonable value for the amount contributed by the 
T? or lattice vibration term. Such a process leads one 
to assign y values of (9.6+1)10~ cal/mole (°K)? and 
(14.8+1.5)10- cal/mole (°K)? for the 65-35 and 
60-40 Cu-Ni compositions, respectively. We shall refer 
to these quantities as “effective y” values. 

The high values for these “effective y’s, 
the relatively high value of the y for the 75-25 Cu-Ni 
alloy samples, are in conflict with the usual interpre- 
tation of the intrinsic magnetization data. The present 
data indicate a high density of states at compositions 


, 


’ as well as 


which are usually associated with a ‘filled d-band.” 

A simple collective-electron approach® to ferromag- 
netism may be used to calculate the density of states 
for a material which is almost but not quite ferromag- 
netic, provided the average value of the exchange 
integral for the electron pairs is known. Such a calcu- 
lation is carried out in an appendix, using a value 
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Fic. 1. c./T vs T? for several Cu-Ni alloy samples. The form and 
composition of the samples are listed in_Table I. 
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Fic. 2. y or “effective y” vs weight percent of copper for Cu-Ni 
alloys. Estimates of the uncertainty of the y’s are indicated only 
for the present results. 


derived by Slater" for the average value for the exchange 
integral for pairs of 3d electrons in nickel. This calcu- 
lation gives 1010-4 cal/mole (°K)? for the value of y 
for a nickel-like material which is not quite ferro- 
magnetic. 

Measurements of the low-temperature magnetic 
moment as a function of temperature and applied field 
have been performed by Arrott and Goldman,'’.”° 
using samples cut from the same ingots as were the 
samples used in the present specific heat measurements. 
These workers have concluded that the specimens con- 
taining 60 weight percent of copper are barely ferro- 
magnetic, while those containing 65 weight percent of 
copper are paramagnetic. This suggests that the values 
of c/T for the 65 weight percent sample should be 
compared with the value of y calculated in the appendix. 
The agreement is better than might be expected and is 
regarded as fortuitous. However, it is apparent that on 
no grounds may it be said that there is any reason to 
speak of “filled d-bands”’ for 60-40 Cu-Ni alloys. 

If the gammas and effective gammas suggested by 
the data as plotted in Fig. 2 are viewed as being indica- 
tive of the shape of a density of states curve for Cu or 
for Ni, the indicated shape fails to agree with that 
calculated by Fletcher,’ Krutter,'! Howarth,”! et al. 

Possible causes of difficulties in simple theoretical 
interpretations of Cu-Ni alloy data are obvious. There 
is reason to doubt that density of states calculations 
for Cu or Ni have application to Cu-Ni alloys, since the 
alloys present a nonperiodic potential problem. If one 
argues that a virtual lattice” is applicable, it must be 
remembered that investigations” of effects of per- 
turbations have shown that the perturbations caused 
by the nonperiodicity of the potential bring about the 


19 J. C. Slater, Phys. Rev. 49, 931, 537 (1936). 

*” J. E. Goldman and A. Arrott, Phys. Rev. 94, 782 (1954) 

22D. J. Howarth, Phys. Rev. 99, 469 (1955). 

2 ],. Nordheim, Ann. Physik 9, 607, 641 (1931). 

% P, Aigrain, Physica 20, 978 (1954). 

2 R. H. Parmenter, Phys. Rev. 97, 587 (1955). 

28H. M. James and A. S. Ginzbarg, J. Phys. Chem. 57, 840 
(1953). 
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greatest changes in V(£) near the ends of bands. This 
complication is presumably present in a 60-40 Cu-Ni 
alloy. 
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APPENDIX. MINIMUM GAMMA FOR FERRO- 
MAGNETISM IN CU-NI ALLOYS 
When a determinanta!l wave function is used, a term 
of the type 


e 
Fa= 2 feecyn22)—s()u2)der (3) 


| spins; ij Ti2 


appears in the total energy. This is called the exchange 
energy. 

If there is a total of N electrons, there are approxi- 
mately V?/2 contributions to the exchange energy, each 
of these 2/2 contributions being one of the individual 
terms in the sum given above. If, however, 2/2 electrons 
change spin direction, there are now 


(N/2+n/2)?+(N/2—n/2)? (4) 
terms in the sum, or 
N?/2+n?/2 (5) 


such terms. If 7 is an assumed average value for 
integrals of the type 


e 
fora) —;(2)u;(1)dr 2, (6) 


T12 


then 
dE,.,/dn=nI1. (7) 


For small shifts of electrons from one spin direction 
to another, we may assume that (Zp) is a constant. 
Then for cases where only a few spins have changed 
sign, the difference in Fermi energies between the two 
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half-bands is 
AEr=n/N,(Ep), (8) 


where (Zp) is the density of states in one half-band. 
The increased total Fermi energy due to a further 
shift of dn/2 electrons will be [n/N (Er) ]dn/2. If this 
increase is less in absolute value than the decrease in 
energy due to exchange, the alignment process will 
continue for a system at 0°K. Therefore, we have 


n dn 
—<Indn (9) 
N,(Ep) 2 


as a criterion for ferromagnetism at 0°K. Or, 


N,(Ep)=1/21 (10) 


for the critical situation. 
Since 


y= 3wk’N (Ep) (11) 


for both half-bands, we are able to estimate a value for 
y for the Cu-Ni alloy of critical composition for which 
ferromagnetism is almost but not quite an actuality 
at O°K. 

It has been shown by Slater’ that a reasonable 
average value for the exchange integral 


e 
I= f we(d)us%(2)—wi2)uj(D)ans (6) 


Ti2 


for two arbitrarily chosen d-band Bloch-type wave 
functions for nickel is 4629 cm~'!/N, where N is the 
number of atoms. For a mole of the material, this gives 
J=1.61X10- erg. Using 


Yerit, a= 20*k?/ OL (12) 


from (10) and (11), we obtain 


Yerit, E210 cal/mole (°K)?. (13) 


This shows clearly that the value of y for a 60-40 or 
65-35 Cu-Ni alloy cannot be expected to approximate 
the y of pure copper. It also shows that a collective 
electron treatment would suggest the presence of d-band 
holes in both half-bands of some nonferromagnetic 
alloys near the 60-40 composition. 
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Lattice Vibrations in Germanium by Scattering of Cold Neutrons* 
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Brookhaven National Laboratory, Upton, New York 


(Received September 9, 1958) 


The dispersion relations for the optical and acoustical vibrations in the [100] and [110] directions in 
germanium have been determined by means of cold-neutron scattering measurements. An improved experi- 
mental method has ‘provided data with smaller experimental error. The theoretical interpretation of the 
results indicates a long-range force between germanium atoms. 


I. INTRODUCTION 


LOW neutrons are potentially of great value for 
studying the motions of atoms because of the 
similarity in mass of the neutron and the scattering 
nuclei. When neutrons of thermal energy suffer inelastic 
scattering and exchange energy with lattice vibrations, 
both the momentum and energy of the neutrons change 
by significant amounts. As a result, measurement of 
scattered neutrons gives information on the energy and 
momentum, or alternatively, the frequency and wave 
number of the lattice vibration phonons. 

Although the inherent advantages of the method are 
great, the applications have thus far been limited 
because of insufficient neutron flux. As higher flux 
reactors are made available, the method has been 
developed and applied to more materials. The con- 
version of the measured changes in momentum and 
energy to properties of the lattice phonons is, in 
principle, very direct. The scattering theory and the 
relationship between the neutron effects and the 
phonons is discussed in detail by Placzek and Van 
Hove.! Experiments of the type following the theory of 
Placzek and Van Hove have been carried out for 
aluminum, by Carter, Palevsky, and Hughes? and 
Brockhouse and Stewart,’ and for vandium by Eisen- 
hauer ef al.4 Aluminum and vanadium are relatively 
simple applications of the inelastic scattering technique 
for both have one atom per unit cell. A more compli- 
cated and interesting case is that of germanium, which 
has two atoms per unit cell and hence will exhibit 
optical as well as acoustic vibrations. In work already 
reported by Brockhouse® the acoustic vibrations have 
been studied, and the optical vibration was found by 
Pelah ef al.* The optical vibration in the limit of zero 

* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

t Now with Bose Institute, Calcutta, India. 

tOn leave from Weizmann Institute, Rehovoth, Israel, and 
the Atomic Energy Commission of Israel. 

§ Now with National Bureau of Standards, Washington, D. C. 

'G. Placzek and L. Van Hove, Phys. Rev. 93, 1207 (1954). 

* Carter, Palevsky, and Hughes, Phys. Rev. 106, 1168 (1957). 

3 A. T. Stewart and B. N. Brockhouse, Revs. Modern Phys. 30, 
236 (1958). 

4 Eisenhauer, Pelah, Hughes, and Palevsky, Phys. Rev. 109, 
1046 (1958). 

5B. N. Brockhouse and P. K. Iyengar, Phys. Rev. 108, 894 
(1957). 

6 Pelah, Eisenhauer, Hughes, and Palevsky, Phys. Rev. 108, 
1091 (1957). 
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phonon momentum, that is, infinite wavelength, is the 
Raman line. On the basis of sound velocity measure- 
ment, Hsieh’ theoretically estimated that the Raman 
frequency in Ge was approximately 360 cm. The work 
of Pelah et al. with slow neutrons gave a smaller value, 
300410 cm™'. The direct way in which the optical 
vibration frequency could be measured with neutrons 
showed the inherent advantage of this direct method of 
measuring lattice vibrations. 

The acoustical and optical dispersion relations for 
germanium were calculated by Herman,’ using the 
Born-von Karman theory and taking into account 
forces including fifth neighbors. The Brookhaven® and 
Chalk River® measurements at first seemed inconsistent 
with the calculations of Herman. It was decided to 
remeasure some of the frequencies important to the 
theory by an improved method to investigate the 
relationship of the theoretical calculation and the 
measured values with as much accuracy as possible. 


II. EXPERIMENTAL METHOD 


In the scattering experiments as developed at 
Brookhaven, the incident neutrons are of very ‘low 
energy, or cold neutrons. When these cold neutrons are 
scattered by the sample under study the predominant 
process is gain of energy by the neutrons, usually one 
phonon being gained in a scattering process. The ex- 
perimental equipment and the method,” in connection 
with measurements on vanadium and aluminum and 
the description will not be repeated here. For a material 
that scatters primarily coherently, such as germanium, 
it is essential to use a single crystal to investigate the 
complete relationship between the frequency and 
momentum of the phonons. The equations that must 
be satisfied to conserve momentum and energy are the 
following: 


h? 
—(k?— ko’) = hw, 
2mn 


k,;— ko= 2r2+4q, 


where ko and ky are the wave vectors of the incident 
and scattered neutrons, respectively, Mw the energy and 


7Y.C. Hsieh, J. Chem. Phys. 22, 306 (1954). 
8 F. Herman (private communication). 
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Fic. 1. Cold-neutron spectra. The open circles represent the 
spectrum used in the first experiments. The triangles represent the 
incident spectrum obtained by the Be-BeO filter difference 
method. Note that although the area under the latter spectrum 
is about $ the area under the former, in the region between 4.0 
and 4.7 A the Be-BeO filter difference spectrum contains approxi- 
mately 75% of the Be filtered intensity. 
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hq the momentum of the phonon excitation, and 277 a 
reciprocal-lattice vector of the germanium lattice. 

The first measurements that were made with ger- 
manium utilized essentially the same method as used 
for vanadium and aluminum. In this technique the 
incident neutrons are those formed by the cooled 
beryllium filter. The filter produces a band of neutrons 
that is not monoenergetic but has a sharp edge at a 
wavelength A=3.95 A and then decreases rapidly in 
intensity toward long wavelengths. However, the finite 
width of the distribution is sufficient to cause un- 
certainty in interpretation of the peaks in energy for 
scattered neutrons. In order to obtain a smaller spread 
in the momentum of incident neutrons and yet to 
maintain a high intensity of incident neutrons, a BeO 
difference technique was used. The results reported 
here were practically all obtained with the BeO differ- 
ence technique. 

When using the entire beryllium-filtered spectrum, a 
reading was made by observing the counting rate as a 
function of flight time. Then the background counting 
rate was obtained by inserting a piece of cadmium in 
the incident neutron beam. The cadmium removes all 
slow neutrons and the remaining counting rate is 
caused by fast neutrons in the beam, or by room- 
background slow neutrons. The new method consisted 
of inserting a piece of polycrystalline BeO in the beam 
rather than the thin sheet of cadmium. The BeO was 
1 in. thick and this acount is sufficient to remove most 
of the neutrons of wavelength beyond the cutoff of 
BeO, namely 4.7 A, but not thick enough to affect the 
background of fast neutrons. Thus a BeO difference 
gives the effect of the neutrons between 4 and 4.7 A 
in just the way that a cadmium difference gives the 
effect of neutrons of all wavelengths greater than 4.0 A. 
Because of the shape of the pile distribution passing 
through beryllium, the intensity of neutrons in the 
beam is reduced by about a factor of 2, when only those 
neutrons between 4.0 and 4.7 A are used, compared 
with the spectrum of all wavelengths longer than 4.0 A. 
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The BeO difference method gives a much narrower 
range in incident momentum but does not appreciably 
reduce the number of neutrons in the energy spectrum 
desired from 4.0 to 4.7 A. No backgrounds utilizing 
cadmium are measured, the only measurements being 
the two, beryllium filter and beryllium filter+BeO. 
Figure 1 shows the spectrum obtained by this method 
and the Be-filtered spectrum for comparison, as meas- 
ured by scattering the filtered neutrons from vanadium. 
The purpose of these measurements is to observe the 
shape of the spectrum obtained in the BeO difference 
method. In using the method it is important that the 
BeO does not remove neutrons in energy regions other 
than the 4.0-4.7 A region, for these other neutrons 
would then be affecting the final results. The figure, 
however, shows that the BeO difference gives a response 
only in the desired energy region, and that no neutrons 
of other energies contribute to the measurements. 
Several scattering peaks were rechecked, using the 
BeO difference method that had already been run by 
the old method. The sharper incident momentum of 
the new method resulted in some cases in better re- 
solved peaks in the distribution of scattered neutrons. 
(See Fig. 2.) The uncertainty that was associated with 
the previous method, concerning what part of the 
incident spectrum was primarily responsible for pro- 
ducing the peaks in the scattered spectrum, was reduced 
greatly. As a result it was possible to determine the 
frequency and wave number of the phonons with 
greater accuracy. 

III. RESULTS 


The method of scattering of cold neutrons could be 
used to give the complete relationship between the 
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Fic. 2. Counting rate in arbitrary units as a function of the 
time of flight of neutrons inelastically scattered by Ge. The scale 
on the abscissae corresponds to the channel number of the 100- 
channel time analyzer. The filter difference counting rate has been 
multiplied by a factor of 2 for comparison purposes. The sharper 
incident spectrum is seen to result in a slightly narrower and more 
symmetrical peak in the scattered spectrum. 
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frequency and momentum of the optical and acoustic 
phonons. However, an extremely large number of 
phonons would have to be measured because the phonon 
momentum must be measured completely throughout 
the 3-dimensional space. Because of the impracticality 
of measuring so many phonons, it was decided to 
concentrate only on a few phonons whose momentum 
had values particularly relevant to checking the theo- 
retical calculations. The reduced spread in incident 
neutron momentum resulting from the BeO difference 
method reduced the uncertainty in the final results by 
a factor of 2-3 smaller than could be obtained using 
the entire beryllium-filter distribution. 

The experimental results in which the frequency of 
the measured phonons is given in terms of their mo- 
mentum, are given in Table I. These data are plotted 
in Fig. 3. All phonons within an angle of +5° of the 
direction given on the abscissa are indicated with solid 
error bars. The two points with dashed errors were 
about 8° from the labeled directions. The error in the 
optical frequencies is seen to be about +5% and 
increases to approximately +10% for the lower fre- 
quencies of the acoustical branches. The errors include 
contributions from the finite spread of the incident 
momentum spectrum as well as the resolution function 
of the slow chopper and the angular divergence of the 
incident and scattered neutrons. The solid lines through 
the points are intended for identification of the points 
with the various modes (branches) of vibration of the 
germanium lattice. The expression for the scattering 
of cold neutrons by the annihilation of one phonon, 
from a crystal with more than one atom per unit cell, 


TABLE I. Experimental results. The phonon momentum is given 
in units of gmax, the momentum at the zone boundary. The 
phonon frequency is also given as an equivalent photon wave 
number. 


Equivalent photon 
wave number 1/A 


Frequency »v 


Branch Q/Qmax in 10" cps 


(100) direction 


24.342 
29.142 
47.744 
§5.5+4 
56.445 
89.7+3 
86.145 
81.0+4 
81.9+5 


[110] direction 


11.7+1 
16.8+1 
29.142 
27.942 
30.342 
49.2+4 
53.443 
85.8+5 
83.445 
81.9+5 
81.2+5 
81.0+4 





81+7 

97+7 
159+12 
185+12 
188+16 
299+8 
287+16 
270+14 
273+16 


0.06+0.03 
0.85+0.04 
0.87+0.04 
0.92+0.06 
0.94+0.06 
0.23+0.05 
0.84+0.05 
0.90+0.05 
0.96+0.04 


0.31+0.02 
0.46+0.03 
0.74+0.03 
0.80+0.03 
0.45+0.04 
0.95+0.06 
0.48+0.03 
0.30+0.10 
0.63+0.08 
0.73+0.08 
0.92+0.08 


39+4 
56+3 
9745 
93+5 
101+5 
164+12 
178+9 
286+18 
278+18 
273+16 
274+16 
270+1 
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Fic. 3. Dispersion relations for germanium in the [100] and 
[110] directions. The solid lines drawn through the points are 
intended for identification of the points with the various modes 
of vibration of the germanium lattice. 7O and LO are the trans- 
verse and longitudinal optical modes, respectively. TA and LA 
are the corresponding acoustical modes. In the [110] direction 
the degeneracy of the transverse acoustical branch is removed 
(TA, and TAs). 


has been given by Waller and Froman.’ Assignments 
of the experimental points to the different branches 
were made by measuring the variation in intensity of 
the observed neutron groups as a function of the scat- 
tering angle and comparing with the approximate 
variation which can be computed for the various 
branches from the equations of Waller and Froman, 
using the lattice parameters of germanium. The work 
of identifying the branches associated with the various 
neutron groups was done by using only the beryllium- 
filtered spectrum. 

Brockhouse” has reported results made by essentially 
the same method but using somewhat higher incident 
neutron energies and measuring the scattered-neutron 
energies with a crystal spectrometer. His measurement 
of the optical line agrees well with ours, but the acoustic 
vibrations, for example, in the [100] direction, differ 
from ours by somewhat more than the probable errors. 


IV. CONCLUSIONS 


The fact that the relationship between the frequency 
and momentum of phonons can be measured so directly 
with neutrons means that a direct test is then possible 
of theoretical calculations of the lattice vibrations. 
Here a most interesting matter is, for example, whether 
a simple Born-von Karman calculation using nearest 
and next-nearest neighbors can account for the dis- 
persion relations of Fig. 2. When the present results 


9]. Waller and P. O. Froman, Arkiv Fysik 4, 183 (1952). 
10 B. N. Brockhouse and P. K. Iyengar, Phys. Rev. 111, 747 
(1958). 
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first become available, Herman* showed that such a 
calculation, even with the adjustment of the various 
force constants, could not account for the observations. 
It has now been shown by Herman" that by including 
the interaction between rather distant neighbors, say 
fifth or sixth, the theory can be adjusted to give the 
observed dispersion relations. As a result, sufficiently 
many parameters are available so that it is possible to 
fit a variety of measured results in a way that would 
not be possible if only nearest and next-nearest neigh- 
bors were important in lattice vibrations. 

The necessity for including a force between distant 
neighbors seems to indicate that there is some mecha- 
nism in germanium giving rise to a long-range force. One 
such mechanism, a quadrupole distortion of the valence 


" F, Herman (private communication). 
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electron gas, has been postulated by Lax! but as yet 
calculations attempting to fit theory to experiment 
have not been made. It is hoped that by the inclusion 
in the calculation of some model for the long-range 
force, the theory will be able to explain the experimental 


results with only a few parameters. 
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Low-Temperature Luminescence and Photoconductivity of AgCl* 


Donatp A. WIEGANDT 
Cornell University, Ithaca, New York 
(Received August 11, 1958) 


The magnitudes and the decay processes of the luminescence and the photoconductivity of AgCl have 
been simultaneously investigated between 4°K and 210°K. The decrease of the luminescence intensity 
with increasing temperature can be attributed to a competing recombination process, not accompanied 
by visible radiation, and having a thermal activation energy of E=0.05 ev. The decay times are not mono- 
tonic functions of temperature, but show maxima. These maxima can be explained in terms of a model in 
which energy is transported from the site of absorption to the luminescence center by mobile holes and 
electrons. Delay in this transport is caused by hole and electron trapping, and temperature dependence of 
the delay determines the temperature dependence of the decay times. Decay curves calculated on the basis 
of this model are in qualitative agreement with the observed data. The relative magnitudes of the lumi- 
nescence and photocurrent decay times and the dependence of the decay and rise times on annealing indicate 
that if the major portion of the photoconductivity is due to electron motion, then luminescence occurs 
when holes are captured. It is suggested that this recombination occurs at silver ion vacancies. 


i 

the ground state are not necessarily the same. In the 
second case transport is not possible.so that the whole 
cycle of absorption, storage, and emission takes place 
in localized centers such as the luminescence center 
considered by Seitz.! In many materials it seems 
reasonable that both cycles may occur simultaneously. 
However, it is also apparent that under particular ex- 
perimental conditions one or the other of the two types 
of cycles may be predominant as, for example, in the 
case of impurity activated luminescence. 

In AgCl both the luminescence and the photocon- 
ductivity are excited by wavelengths in the tail of the 
fundamental absorption band, thus suggesting that 
luminescence and photoconductivity are part of the 
same cycle, a charge transport cycle. While the results 
of other experiments also suggest this relationship 
between the luminescence and _ photoconductivity, 


I. INTRODUCTION 


HE production of excited states of solids, such as 
conduction band electrons, by the absorption of 
light quanta may be thought of as the first step in a 
cyclic process whereby energy is absorbed, stored for a 
time, and then emitted either as photons or phonons. 
This paper is concerned with the electronic processes 
associated with the latter two steps in this cycle, i.e., 
storage and emission. The investigation was limited to 
low temperatures so that changes in the crystal due to 
the photographic process can be considered negligible. 
It is possible to distinguish between two types of 
cycles. In one case energy transport is possible so that 
the sites of the absorption process and of the return to 
* Submitted as partial fulfillment of the requirements for the 
degree of Doctor of Philosophy at Cornell University, Ithaca, 
New York, 1956. The work was supported in part by the Research 
Corporation, New York. 


t Now at Carnegie Institute of Technology, Pittsburgh, Penn- 
sylvania. 


' F. Seitz, Trans. Faraday Soc. 35, 74 (1939). 
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Moore’ concluded that luminescence does not occur 
when photoelectrons are captured. One of the objectives 
of this investigation has been to re-examine the question 
of whether or not the luminescence process involves 
transport. 

In photoconductors the dissipation of energy by 
luminescence must be intimately connected with the 
photoconductive properties if charge transport is 
necessary for luminescence. One means of determining 
if this charge transport is necessary is by simultaneous 
measurements of luminescence and photoconductivity 
and such measurements have been made as a function 
of several parameters. 

Energy may be considered to be stored in conduction 
band electrons, in valence band holes, in trapping states 
associated with electrons and holes, and in metastable 
states associated with the luminescence center. From 
information of the lifetimes and capture times of these 
states, deductions may be made as to the type of 
centers involved and also whether or not the same 
centers are associated with the luminescence and with 
the capture of electrons and holes. Measurements by 
Waldner’ indicate that the luminescence and photocon- 
ductivity decay times, and so the probabilities for 
capture and emission, are of the same order of magni- 
tude at 77°K. In addition, Waldner and Wood! found 
the rise of both quantities with the start of the excitation 
to be dependent on conditions immediately preceding 
the excitation in a qualitatively similar fashion. How- 
ever, the time constants for the rises were not the 
same. These results suggest that the luminescence and 
the photoconductivity may be related to the same 
cycle but not in a simple fashion. Therefore, more 
extensive measurements were made of the transient 
characteristics of the luminescence and photocurrent. 

It is known that annealing under various conditions 
can be used as a method of altering the recombination 
and trapping states in semiconductors and insulators. 
Waldner, for instance, found that in AgCl the lumi- 
nescence decay times could be changed appreciably by 
annealing. Measurements have therefore also been 
made of the decay and rise properties as a function of 
annealing conditions. 


II]. EXPERIMENTAL PROCEDURE 
Apparatus 


Only the more important features of the experi- 
mental portions of this work are described here. Several 
parts of the equiprnent are treated by Waldner® and a 
more thorough description appears in the author’s 
thesis.° 

2A. Moore, thesis, Cornell University, Ithaca, New York, 
1949 (unpublished). 

3M. Waldner (to be published); M. Waldner, thesis, Cornell 
University, Ithaca, New York, 1954) (unpublished). 

4R. Wood, thesis, Cornell University, Ithaca, New York, 1953 
(unpublished ). 

5D. A. Wiegand, thesis, Cornell University, Ithaca, New York, 
1956 (unpublished). 


Measurements were made between 4° and 210°K 
with the sample mounted in a vacuum cryostat of the 
type described by Duerig and Mador.* The sample was 
held in place by spring-loaded contacts and was sur- 
rounded by a shield at the temperature of the sample. 
Temperature measurements were made with a gold- 
cobalt/silver-gold thermocouple embedded in the 
sample adjacent to the irradiated portion. The thermo- 
couple was calibrated for each low-temperature run by 
fitting a calibration curve obtained from the Bureau of 
Standards to the measured helium and nitrogen points. 
While the temperatures given at the nitrogen and 
helium points are accurate to within a few degrees, 
intermediate temperatures which were obtained by 
allowing the cryostat to warm from nitrogen or helium 
temperatures are not as meaningful since temperature 
differences as high as 10° were observed between dif- 
ferent portions of the sample. 

In the majority of cases excitation was by mono- 
chromatic light obtained from an AH6 high pressure 
mercury lamp and a Bausch and Lomb quartz mono- 
chromator. The luminescence intensity was measured 
by a photomultiplier tube, precautions having been 
taken to eliminate the exciting radiation by the use of 
filters and advantageous geometry. The photocurrent 
was determined by applying an ac or dc voltage source 
in series with the sample and a resistor and by recording 
the voltage across this resistor. Alternately, by the use 
of an ac bridge both conductivity and capacitance 
changes under irradiation were measured. For decay 
measurements the excitation was interrupted either by 
a rotating or by a solenoid shutter of the types described 
by Waldner.’ The pulse length is roughly 2 milliseconds, 
the pulse rate is 120 per second for the rotating shutter, 
and the time constant which determines the time 
response of the whole system is 5 usec for the rotating 
shutter and 50 usec for the solenoid shutter. For the 
rise measurements the excitation was turned on by the 
solenoid shutter. In some cases the initial portion of the 
decay curves were found by Waldner* to be very close 
to the system decay characteristic. To study this 
portion of the decay pulsed x-ray excitation was used.’ 
The x-ray tube contains a grid so that the current is 
controlled as in a conventional triode. Rise and decay 
times of 0.3 microsecond and variable pulse lengths can 
be obtained with this apparatus. 


Samples 


Measurements were made on crystals of AgCl grown 
at Cornell, at the Kodak Research Laboratories, and at 
the Harshaw Chemical Company.* Both the Cornell 
and the Kodak materials were grown in a Stockbarger 


6 W. H. Duerig and I. L. Mador, Rev. Sci. Instr. 23, 421 (1952). 

7 The author is indebted to R. Rosa and R. Castner for the 
construction, and to Professor L. P. Parrat for his guidance in the 
design and use of the x-ray apparatus. 

8 The author is indebted to Dr. F. Urbach of the Kodak 
Reseqrch Laboratories and Mr. Glen Slack of Cornell University 
for making AgCl available. 
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furnace by the Bridgman method. However, while the 
Cornell crystals were grown in a platinum crucible in 
air, the Kodak crystals were grown in a Pyrex or quartz 
container in an atmosphere of dry nitrogen. Nitrogen 
which had been first passed through liquid chlorine was 
bubbled through the molten Kodak material to remove 
oxide and then dry nitrogen alone was passed through 
to remove dissolved chlorine.® 

While the purities of the Cornell and Harshaw 
materials are unknown, the following results of a spec- 
trographic analysis were supplied by Kodak: traces of 
iron, lead, magnesium, and silicon were found. The iron 
concentration is given as about 2X10~’, the lead as 
10-7, and the others as less. Tests for aluminum, cad- 
mium, copper, manganese, nickel, tin, and zinc were 
negative. 

Two different geometries were used: bars 0.20.2 
2.0 cm and circular wafers 0.025 cm thick and 1 cm 
in diameter. Both types were cut to rough dimensions 
with a jeweler’s saw. The bar-like samples were then 
worked to the final dimensions on a ground glass plate 
with a sodium thiosulfate solution (30%), while wafers 
were machined to final dimensions on a lathe. The 
samples were then etched with ammonium hydroxide 
or hydrochloric acid and thoroughly rinsed in distilled 
water. 

Electrodes were put on opposite 0.22.0 cm faces of 
the bar samples and on the flat sides of the wafers. Both 
evaporated gold and painted graphite electrodes were 
used. The bar samples were irradiated in a direction 
perpendicular to the applied electrical field direction, 
while the wafer samples were irradiated through one 
electrode and in the field direction. Since measurements 
failed to detect any differences between these two 
geometries, it seems reasonable to assume that the 
observed photoconductivity is a volume rather than a 
surface effect. 


Ill. EXPERIMENTAL RESULTS 


Only the green-blue luminescence band characteristic 
of AgCl was studied and the emission spectrum is 
similar to that reported by other investigators.’ Under 
some conditions a red and yellow luminescence was also 
observed but was not studied in detail. The photocon- 
ductivity reported in this investigation is of the so-called 
secondary type and the dependence on the exciting 
wavelength is similar to that reported by others," with 
a maximum at about 3800 A at 77°K.” 


® Nail, Moser, Goddard, and Urbach, Rev. Sci. Instr. 28, 275 
(1957). 

” Farnell, Burton, and Hallama, Phils. Mag. 41, 157 (1950); 
Farnell, Burton, and Hallama, Phil. Mag. 41, 545 (1950). 

"'W. Caldwell, thesis, Cornell University, Ithaca, New York, 
1948 (unpublished). 

2 A review of the physical properties of the silver halides is 
given by F. Seitz [Revs. Modern Phys. 23, 328 (1951)], and a 
review of some more recent experiments is given by Wiegand.° 
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Temperature Dependence 


In Fig. 1 the magnitudes of the luminescence and the 
ac photocurrent are given as a function of temperature 
for a bar-type sample of Kodak AgCl. A similar tem- 
perature dependence of luminescence was obtained for 
Cornell material, and earlier Wood‘ found that the 
photoconductivity of a wafer-type sample of Cornell 
material depends on temperature in the same fashion. 

The decrease of the luminescence with increasing 
temperature suggests a thermally activated competing 
nonradiative recombination process. Following others!* 
the probability per unit time for a luminescent transi- 
tion can be taken as a constant d, independent of tem- 
perature, and the probability per unit time of a com- 
peting nonradiative process as bo exp(—E/kT). The 
luminescence efficiency is then given by 


L d 1 
—= - , 
Ly d+boexp(—E/kT) 1+(bo/d) exp(— E/RT) 





where L is the luminescence at the temperature 7, and 
Lo is the luminescence at T=0. In Fig. 2 the lumi- 
nescence data of Fig. 1 are replotted as (L)/L—1) vs 1/T. 
For Lo the value at T=4°K is taken. It is seen that 
Eq. (1) is followed and that an energy E=0.05 ev and 
a value of the ratio b)/d=2X10° are obtained. The 
same energy but a slightly smaller value of the ratio 
bo/d were obtained from Cornell material for exciting 
wavelengths of 3160 A and 3650 A. The deviation from 
a straight line at low temperatures is probably not sig- 
nificant since the curve in this region is very sensitive 
to the value chosen for Lo. The break in the curve at 
the higher temperature is unexplained. 
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Fic. 1. Luminescence and photocurrent vs temperature. The 
exciting wavelength is 3650 A and the frequency of the applied 
field is 2000 cps. 


13 G. Garlick, Luminescent Materials (Oxford University Press, 
Oxford, 1949), p. 6. 
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Fic. 2. Luminescent data of Fig. 1 replotted as [Lo/L—1] vs 
1/T, where Lo and L are the luminescence at 7 =4°K and at the 
temperature 7, respectively. From the slope an energy of 0.05 ev 
is obtained and from the intercept a value of bo/d=2X 10°. 


If bo is taken as the order of magnitude of the lattice 
vibrational frequency of 10 per second and if d is 
taken as roughly the transition probability for an 
allowed optical transition or 108 per second, a ratio 
bo/d= 10° is obtained in agreement with the observed 
value. A similar functional dependence of the lumines- 
cence on temperature was found by Farnell e¢ al.!° for a 
mixed precipitate of AgBr and 4 mole per cent AglI 
above 20°K, and by Kane" for AgCl above 77°K. 
However, in both cases the constants of Eq. (1) were 
quite different from those found in this work. It is 
believed that Kane used Harshaw AgCl. 

The photoconductivity of Fig. 1 is replotted vs 1/T 
in Fig. 3. The best fit of a straight line to the data 
between 14° and 50°K yields an activation energy of 
0.01 ev. Wood! first obtained this value for a wafer 
sample of Cornell AgCl. Lehfeldt!® found the same 
general temperature dependence of the photocurrent ; 
however, the activation energy which can be calculated 
from his curve is much larger than that given above. 
Lehfeldt measured dc conductivity so that the difference 
may be due to space charge effects. This exponential 
increase of the photocurrent with increasing tempera- 
ture in the low-temperature range suggests that a 
thermal activation process is necessary to create con- 
duction electrons from excited states. However, the 


4 E. Kane (private communication). 
16 W. Lehfeldt, Nachr. Ges. Wiss. Géttingen 1, 171 (1935), 
Fachgruppe IT. 
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Fic. 3. Photocurrent data of Fig. 1 replotted vs 1/7. From the 
slope an energy of 0.01 ev is obtained. 





secondary photoconductivity is also directly propor- 
tional to the mobility and lifetime of the carriers, and 
further may depend on space charge effects which can 
effect the internal field. Therefore an interpretation of 
the data of Fig. 3 requires additional information and a 
discussion is deferred to a later section. 

The photocurrent curve of Fig. 1 indicates structure 
between 20° and 30°K. This structure also appears in 
Wood’s' data. At a later date and with the use of an ac 
bridge a small maximum in the photoexcited conduc- 
tivity of this sample was observed at roughly 23°K. 
However, when the data is plotted as in Fig. 3 an 
average slope gives the same activation energy as that 
obtained from Fig. 3. This difference between the data 
of Fig. 1 and the latter observations may be due to 
changes in the sample,’ since it received considerable 
irradiation at higher temperatures between the two 
sets of measurements. Indications of structure also 
appear in the photocurrent curve of Fig. 1 above 80°K 
and a maximum has been observed at roughly 180°K. 
Additional structure between 80° and 180°K was found 
to be frequency dependent and is probably associated 
with a dispersion phenomena to be considered sepa- 
rately.!® 

All of the above photocurrent data were obtained by 
using continuous excitation. Measurements were also 
made of the current pulses between 70° and 240°K 
excited by light pulses of a few microseconds duration. 
The pulses were applied every 1/120 second and the 


16 T), A. Wiegand and H. S. Sack (to be published). 
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Fic. 4. Typical luminescent decay curves for several tem- 
peratures. Fractional luminescence vs time after removal of 
excitation. \ex = 3650 A. 


electric field was reversed for each pulse to minimize 
space-charge effects. Maxima in the magnitude of the 
current pulses were observed by this method at roughly 
80° and 200°K. 

In Fig. 4 typical luminescence decay curves are given 
at several temperatures for Kodak silver chloride. The 
decay curves are not exponential, nor do they seem to 
be made up of exponential sections. In contrast to this 
the ac photocurrent decay curves, of which examples are 
given in Fig. 5, are either exponential or are composed 
of exponential sections for all temperatures. A com- 
parison of the decay curves of the two figures will also 
reveal that the photocurrent decays are much slower 
than the luminescence decays over the whole tem- 
perature range examined. This difference in the func- 
tional form and the time of decay of the luminescent 
and photocurrent curves was also found for Harshaw 
and annealed Cornell AgC] at 77°K. In addition, the 
luminescence decay times for AgCl from the three 
sources are similar at 77°K as are the photocurrent 
decay times. In Fig. 6 the luminescence and photo- 
current decay times are given as a function of tem- 
perature. Since the decay does not always follow an 
exponential law the definition of a ‘decay time” is 
somewhat arbitrary. For the present purpose the decay 
time is taken as the time required for the measured 
quantity to decrease to 1/e of the initial value. While 
the photocurrent decay time is much larger than the 
luminescence decay time, the general nature of the 
temperature dependence of the two decay times are the 


WIEGAND 


same above 30°K. Because of lack of sensitivity the 
photocurrent decay could not be recorded below this 
temperature. 

Although the time constant for the luminescence 
decay of unannealed Cornell material at 77°K was 
found to be smaller by roughly a factor of 10 than 
shown in Fig. 6, the temperature dependence of the 
decay times and the form of the decay curves are 
similar to those of Figs. 4 and 6, While the photocurrent 
decays of unannealed Cornell AgCl were not investi- 
gated as a function of temperature, Waldner* found the 
decay times in most cases at 77°K to be much smaller 
than those for the Kodak material and of the same 
order of magnitude as the luminescence decay time of 
the unannealed material. In some cases the initial 
portions of the photocurrent decay curve for unan- 
nealed material were not greatly different from the 
system decay. However, by the use of the pulsed x-ray 
source, current decay times of roughly one to three usec 
were observed. Luminescence decay times after x-ray 
excitation were approximately the same as after ultra- 
violet excitation. 

It should also be noted that in the case of the unan- 
nealed Cornell AgCl Waldner found two photocurrent 
decay times with time constants of the order of a few 
microseconds and milliseconds, respectively. While for 
some regions of a given sample he obtained photo- 
current decay curves having a “fast” and a “slow” 


component with the above time constants, on other 
regions of the same samples he obtained only the slow 
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Fic. 5. Typical photocurrent decay curves for several tem- 
peratures. Fractional photocurrent vs time after removal of ex- 
citation . \ex = 3650 A and f= 108 cps. 
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or fast part. The decay was, however, more generally 
composed predominantly of the fast part. The lumin- 
escence decay did not exhibit a variation for different 
regions of one sample. This photocurrent data indicates 
that the samples were not homogeneous and results of 
this sort were not found for Kodak or Harshaw AgCl. 
The results for annealed Cornell AgCl are given below. 
The decay curves were also found to depend on the 
intensity and wavelength of the exciting radiation and, 
in the case of the photocurrent, the magnitude and 
frequency of the applied voltage. While the decays are 
not very sensitive to intensity, the decay times in all 
cases decreased with increasing intensity of excitation, 
thus suggesting that the recombination probability 
increases with the density of mobile charges. The wave- 
length dependence is as might be expected since there 
is a change in effective intensity because the absorption 
constant is a function of wavelength. The dependence 
of the photocurrent on voltage and frequency is com- 
plicated by polarization and by a dispersion in the 
dielectric properties.'® However, the photocurrent 
decay curves are fairly insensitive to both the frequency 
and the voltage. The dependence of the luminescent and 
photocurrent decay on all of the above parameters is 
further complicated by the fact that the decay curves 
can generally be broken up into two or more sections 
which depend on the parameters in different ways." 


Dependence of Decay Properties on Annealing 


To further study the dependence of the decay times 
on annealing conditions, wafer-type samples of Cornell 
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Fic. 6. Luminescence and photocurrent decay times vs tem- 
perature. ex = 3650 A and f= 10% cps. 


17 4 more complete discussion of this is given in the author’s 
thesis.5 
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material were annealed either in vacuum or in a 
chlorine atmosphere at 400°C for roughly 8 hours and 
cooled at the rate of 33°C per hour.'* During the an- 
nealing process, the sample rested on a polished quartz 
shelf in a quartz tube in such a way as to be shielded 
from visible and ultraviolet radiation. A pressure of 
10-> mm of mercury was maintained during vacuum 
annealing by a mercury diffusion pump with a cold 
trap, and a continuous flow of commercial chlorine gas 
was maintained for annealing in a chlorine atmosphere. 

Decay curves, as a function of annealing conditions, 
were taken only at 77°K. After annealing Cornell AgCl 
in vacuum, the luminescence and photocurrent decay 
times were found to be larger and similar to those for 
the Kodak and Harshaw materials. Since Waldner’ 
found the photocurrent and luminescence decay times 
generally to be of the same magnitude before annealing, 
these results indicate a larger change in the photo- 
current than the luminescence decay time. Although 
the photocurrent decay after annealing was found in 
one case to be a function of position on the sample as 
observed by Waldner for the unannealed material, the 
photocurrent decay time was always much larger than 
the luminescence decay time. 

Immediately after annealing in a chlorine atmosphere 
the luminescence decay was composed of an initial fast 
portion which was not always significantly different 
from the system decay curve, and a slower component. 
However, this state was not stable. The initial portion 
of the luminescence decay curve changed with time 
after chlorine annealing and approached that found 
after vacuum annealing. While the photocurrent decay 
was not observed immediately after chlorine annealing, 
it was found to be the same as after vacuum annealing 
at a time when the luminescence decay was the same 
as after vacuum annealing. These observations suggest 
that the photocurrent decay changed with time after 
annealing in a chlorine atmosphere. 

Qualitative measurements failed to indicate any large 
change in the luminescence emission spectrum as a 
result of vacuum annealing. After chlorine annealing a 
yellow color of luminescence was observed in addition 
to the green-blue band, and the intensity of this yellow 
luminescence decreased with time after annealing. 


Luminescence vs Wavelength 


If the luminescence process occurs in isolated centers, 
such as that considered by Seitz,' there should be an 
absorption band for exciting the luminescence corre- 
sponding to an optical transition between two discrete 
energy levels. However, attempts to find such an 
absorption band at liquid nitrogen temperature have 
failed. The luminescence was observed as a function of 
exciting wavelength between 4000 A and 2700 A for 
equal numbers of incident quanta per second. While the 
18 The author is indebted to Mr. Glen Slack for making the 
annealing furnace available. 
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luminescent efficiency is low at 4000 A, it was found to 
rise abruptly at roughly 3600 A and to remain constant 
for further decreases in wavelength to 2700 A. Because 
the manufactures calibration curve of phototube 
current vs incident wavelength was used in determining 
the exciting intensity, this data can only be taken as 
approximate. However, similar results were obtained by 
using two different types of phototubes to measure the 
incident intensity. More recently Colwell and Sack" 
have found that both the photocurrent and the lumi- 
nescence increase abruptly at the onset of the funda- 
mental absorption band, and that the luminescence does 
not decrease appreciably down to 2600 A. These results 
indicate that there is no absorption band for luminescent 
excitation separate from the fundamental absorption 
band and thus that luminescence and photocurrent are 
excited by whatever process is responsible for the 
fundamental absorption band. 


Rise Measurements 


Measurements have also been made of the rise of the 
luminescence and photocurrent. Waldner? and Wood‘ 
found that at 77°K the rise of the luminescence and 
photocurrent in unannealed Cornell AgC! is dependent 
on the history of the sample immediately preceding the 
start of irradiation. If the rise curves were investigated 
by turning the irradiation on immediately following a 
prior irradiation, the rise times were not significantly 
different from the system rise time which was of the 
order of 50 usec in this case. However, if several minutes 
were allowed to elapse between irradiations, or if the 
sample was irradiated with infrared, or warmed to room 
temperature and recooled, the rise times were found to 
be much larger and to vary from 0.1 sec to 1.0 minute. 
In almost all cases the photocurrent rise was slower 
than the luminescence rise. 

After annealing in vacuum the luminescence rise was 
faster than the system rise time for all conditions of 
measurements described above, while after annealing 
in a chlorine atmosphere the rise was similar to that 
before annealing. The photocurrent rise, in contrast, 
was found to be roughly independent of annealing. If, 
as suggested by the work of Waldner and Wood, the 
rise is due to the necessity of filling trapping states, then 
the different dependence of these rise characteristics on 
annealing for the luminescence and_ photocurrent 
suggests that different traps are involved in the two 
processes. 


IV. MODELS FOR TEMPERATURE-DEPENDENT 
DECAY CURVES 


The temperature dependence of the decay curves can 
be explained by the simple model represented in Fig. 
7(A), which is treated in detail in the Appendix. In this 
model the density of recombination centers, ¢, is 
assumed to be much greater than the density of free 
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carriers, #, and is considered constant during the decay. 
All quantities are assumed independent of position. 
While the capture probabilities at the recombination 
and trapping centers are taken as independent of tem- 
perature, the escape probability from the trap has the 
usual exponential temperature dependence. If retrap- 
ping during the decay is neglected, a solution to the 
differential equations which describe the decay is 


n=nol (1—S) exp(—t/71) +S exp(—t/72)], (2) 


where mp is the density of electrons at the start of the 
decay process, and 7, 72, and S are given by the relations 


7,=1/probability per second for capture at a re- 
combination center, (3a) 
t2=1/probability of thermal ionization of a trap 
per second 


= 1/b,=(1/bo) exp(E/kT), (3b) 


bokoNr 
Sa —-, (3c) 
(kic— be) (kono tbe) 


Nr is the total density of trapping centers, &; is the 
probability of capture at a recombination center per 
second per unit center density, and k is the corre- 
sponding probability for a trapping center. Therefore 
the decay is composed of two exponential terms and the 
time constant of one, and the magnitude of both are 
temperature dependent. Decay curves calculated from 
Eq. (2) as a function of temperature are given in Fig. 8. 

Two points are of interest in Fig. 8: (1) The time 
required to decay to some value m increases and then 
decreases with increasing temperature. (2) The decay 
curves cross each other. The observed dependence of 
the time constant 79 on temperature may then be a 
direct consequence of trapping effects. As shown in 
Fig. 6, both the luminescence and the photocurrent 
time constants have maxima as a function of tem- 
perature, and the decay curves are made up of ex- 
ponential sections for some conditions. In addition, the 
luminescence decay curves cross in the same manner 
(see Fig. 4). The fact that the luminescence decay 
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curves are not composed of exponential sections suggests 
that the model in the form considered is too simple, and 
that the capture processes are not strictly monomo- 
lecular. However, it should also be noted that the curves 
of Fig. 8, which are the sum of two exponential sections, 
are not clearly broken up into these sections for the 
time range given. 

Qualitatively the behavior of the decay curves may 
then be understood by the following considerations. At 
a low temperature, such that the lifetime of electrons in 
the conduction band is much shorter than that of 
electrons in traps, and at a high temperature, such that 
the inverse holds, the initial parts of the decay curves 
which are of interest here are determined by the lifetime 
of free electrons. However, at some intermediate tem- 
perature, where the lifetime of trapped electrons is of 
the same order of magnitude as that of the free elec- 
trons, the decrease of the density of free electrons 
during the decay is slowed because of replenishment 
from the trapping states. Thus an increase and decrease 
of the decay time with increasing temperature is 
observed. This mechanism is treated in a qualitative 
fashion by Garlick and Wilkins.” 

As pointed out by Garlick and Wilkins, there should 
be a thermoluminescent glow peak associated with each 
of the maxima in the curve of luminescence decay time 
vs temperature. While Moore? did not make measure- 
ments below liquid nitrogen temperature, he did observe 
glow peaks at 80°K and 240°K. The glow peak at 80°K 
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Fic. 8. Decay curves from Eq. (2). Increasing subscripts of 7), 
etc. indicate increasing temperature. 


2” G. Garlick and M. Wilkins, Proc. Roy. Soc. (London) A184, 
408 (1945). 


LUMINESCENCE 59 


may therefore be associated with the maximum at 
about 80°K in Fig. 6. 

If the simple considerations of the model of Fig. 7(A) 
apply, the luminescence magnitude should be directly 
proportional to the density of electrons in the conduc- 
tion band so that the luminescence decay should be the 
same as the photocurrent decay. As indicated in Figs. 
4, 5, and 6 and in the above discussion, the decay times, 
the forms of the decay curves, and the annealing de- 
pendence of the decay times for luminescence and 
photocurrent differ. However, it must also be pointed 
out that the differential equations of Model A also 
apply to another model, that of Fig. 7(B). In this 
model, which only concerns luminescence, the tem- 
perature-independent lifetime of state @ and the tem- 
perature-independent transition probability from a to 
b replace the probabilities for capture at the lumines- 
cence center and the trap, respectively, while the tem- 
perature-dependent transition probability from } to a 
replaces the escape probability from the trap. The 
number of centers in the excited state, a, of Fig. 7(B), 
and thus the luminescence, which is proportional to 
this number, is then given by a relationship of the same 
form as (2). Therefore, while the temperature de- 
pendence of the photocurrent decay time can be 
explained by the mechanism of Model A, the temper- 
ature dependence of the luminescence decay time can 
be attributed to the mechanisms of either Model A or 


Model B. 
V. DISCUSSION 


The experimental results indicate that the complete 
luminescence process most probably does not take place 
in an isolated center such as that of Model B, Fig. 7. 
No excitation band characteristic of a luminescent 
center was found; the luminescence is excited by the 
same wavelengths which produce photocurrent in the 
region of fundamental absorption. This alone is a 
rather strong argument against isolated centers. How- 
ever, there are also other facts which support this point 
of view. In the first place, annealing changes the 
luminescence decay and rise characteristics without 
seriously altering the luminescent emission band. In 
addition, the parameters associated with the nonradi- 
ative competing recombination process are the same 
for different materials and independent of the decay 
time. It seems rather doubtful that it could be possible 
to alter the metastable states associated with the 
luminescent center without altering the whole elec- 
tronic configuration of the center, and thereby pro- 
ducing a change in the emission band and the energy 
and jump frequency associated with the nonradiative 
transition. It should also be noted that this luminescent 
center would have to be rather complex since it must 
account not only for the nonradiative transition, but 
also for the two metastable states associated with the 
two maxima in the curve of decay time vs temperature 
(Fig. 6). Quantum efficiency measurements at low tem- 
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peratures can be taken as further evidence that isolated 
luminescence centers are not acceptable. Meidinger*! 
found the luminescence quantum yield to be close to 
unity for silver halide emulsion, while Lehfeldt!® found 
the quantum yield for photoelectrons in crystalline 
AgCl to be 0.5. In addition, Moore? found the ratio of 
luminescence quanta to number of photoelectrons to be 
approximately 10~* at 198°K. However, as shown in 
Fig. 1, the luminescence efficiency increases by a factor 
of 2.5 10* with decreasing temperatures between 198° 
and 40°K, indicating a ratio of luminescence quanta to 
photoelectrons of about 0.25 at the low temperature. 
These measurements suggest that many of the exciting 
quanta producing mobile electrons must also be effective 
in producing luminescence, and that luminescence is a 
major form of energy dissipation. It therefore appears 
that the luminescence transition must take place when 
either a mobile electron or hole is captured. 

Before discussing the possible relationship between 
the luminescence and the photoconductivity if lumin- 
escence does occur when mobile charges are captured, a 
remark is necessary concerning the photocurrent. The 
frequency dependence of the photocurrent can be inter- 
preted in terms of a polarization at the electrodes which 
influences the internal electric field.!* Therefore, the 
photocurrent decay is a measure not only of the 
decrease of the density of mobile carriers, but also of 
changes in the polarization and internal field. While 
direct measurements of the internal field were not 
made, several observations indicate that polarization 
does not influence appreciably the initial part of the 
decay which is of interest here. In fact, the decay time 
is practically independent of frequency between 2.0 X 10? 
cps and 2.0X10° cps at 77°K while the conductivity 
changes by a factor of about 20, presumably due to a 
variation in polarization. This seems to indicate that 
the photocurrent decay is not influenced by changes in 
polarization during the decay but is a measure of the 
decay of the density of mobile charges. In addition, the 
conductivity increases approximately linearly with in- 
tensity and as the square route of the applied voltage 
while the initial decay is fairly insensitive to these 
quantities. 

If luminescence occurs when mobile electrons are 
captured at a center such as c of Fig. 7(A), then for a 
simple monomolecular recombination process the |umi- 
nescence and photocurrent decay should be the same. 
Yet, as already noted, the time constants and the forms 
of the decay curves are different, thus indicating that 
the model, at least in this simple form, is not correct. 
In addition the time constants changed by different 
amounts with vacuum annealing, and under most con- 
ditions the luminescence decays faster than the photo- 
current. However, if the recombination process is more 
complex, e.g., if it is bimolecular, then differences in the 
decay curves can be expected. For other than mono- 
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molecular recombination the time constants should be 
intensity dependent and the magnitudes of the lumi- 
nescence and photocurrent should not depend on inten- 
sity in the same functional way. In the present work 
the time constants were found to be relatively insen- 
sitive to the exciting intensity and both the lumines- 
cence and photocurrent increased in the same functional 
way with intensity, thus suggesting that the recom- 
bination processes are essentially monomolecular and 
that luminescence does not occur as a result of electron 
capture. 

It is also possible that there are several types of 
centers, such as c in Fig. 7(A), at which electrons may 
be captured, but that visible luminescence occurs only 
at one of these. However, the quantum efficiency 
measurements cited above suggest that at low tem- 
peratures there may be only one important recom- 
bination center, the one at which the luminescence 
occurs. More accurate quantum efficiency measure- 
ments are needed. Finally, the rise characteristics of 
the luminescence were altered appreciably by anneaiing, 
whereas the rise characteristics of the photocurrent 
were altered little, if any, by the same treatment. If 
this rise time is interpreted as the time required to fill 
traps, then the traps associated with the luminescence 
rise cannot be the same as the electron traps associated 
with the photocurrent rise. 

While it cannot be conclusively argued that the 
luminescence does not occur when mobile electrons are 
captured, all of the above considerations seem to indi- 
cate that it does not. It is therefore suggested that 
luminescence occurs when a hole is captured at a 
recombination center as illustrated in Fig. 9. Recom- 
bination may then take place by the capture of a hole 
at the center with the emission of a luminescent 
quantum, followed by the capture of an electron to 
complete the recombination process. It is possible to 
obtain a self-consistent interpretation of the observa- 
tions by such a model. The temperature dependence of 
the luminescence and photocurrent decays are then 
determined by the hole and electron lifetimes and 
trapping times, respectively, with the possibility of 
coupling via the recombination center.” The tem- 
perature dependence of the decay times may then be 
explained by the trapping mechanism considered in 
connection with Model A, Fig. 7. For instance, Pr 
and Pr in Fig. 9 indicate two hole-trapping levels to 
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be associated with the two maxima in the curve of 
luminescence decay time vs temperature of Fig. 6. 

The magnitudes of the luminescence and photocur- 
rent decay times of Kodak, Harshaw, and annealed 
Cornell AgCl indicate on the basis of the model of Fig. 9 
that the hole lifetime may be considerably shorter than 
that of the electron. This is in agreement with the 
observations of Lehfeldt,!® Waldner,’ Brown,”* Werman,” 
and others whose measurements indicate that electrons 
give a much larger contribution to the photocurrent 
than holes. However, there is still an unresolved 
question concerning the mobility of holes in Ag(Cl. 
While Brown has been unable to observe mobile holes 
and has placed an upper limit on the hole range of 1/10 
that of the electron range for equal mobility of holes 
and electrons between 86° and 150°K, Moore? and 
Werman have found evidence of mobile holes at 198° 
and 77°K, respectively. Werman, however, observed a 
hole schubweg of less than 1/10 that of the electron. 

The increase of both the luminescence and photo- 
current decay times with annealing indicates a decrease 
in the density of the recombination centers and/or a 
change in the density of traps. The fact that the photo- 
current decay changed by a larger amount could be due 
to the different effects of annealing on electron and hole 
traps. The dependence of the rise-time measurements 
on annealing seem to support this hypothesis. The 
recombination centers and trap densities may be 
decreased because of an annealing out of imperfections 
or increased because of a diffusion in of impurities from 
the surface. The similarity of the annealed Cornell 
material and the as received Kodak AgCl suggest the 
former explanation. 

If luminescence does occur when a mobile charge is 
captures, the increase of the photocurrent with tem- 
perature between 14° and 50°K cannot be ascribed to 
a temperature-dependent generation efficiency of mobile 
charges since the luminescence does not increase in the 
same temperature range. This increase must then be 
ascribed to effects such as polarization, mobility, or 
lifetime. The temperature dependence of the dielectric 
properties indicates that it is not due to polarization.'® 
The data of Allemand and Rossel,2> and Brown and 
Dart*® indicate an increase in the drift mobility with 
temperature between 40° and 80°K, so that the 
observed increase in photocurrent may be due to 
mobility considerations. The increase of drift mobility 
can be associated with either impurity scattering or 
trapping. The decrease of the photocurrent decay time, 
zo, in the temperature range from 28° to 40°K could 
indicate a decrease in the electron lifetime. However, 
this decay time is also influenced by trapping and if the 


F.C. Brown, Phys. Rev. 97, 355 (1955). 

#4 M. Werman, thesis, Cornell University, Ithaca, New York, 
1956 (unpublished); M. Werman, Office of Naval Research 
Technical Report No. 1, Contract No. Nonr-401(16) NR 017-402, 
September 15, 1956 (unpublished). 

26 C, Allemand and J. Rossel, Helv. Phys. Acta 27, 212 (1954). 

26 F.C. Brown and F. Dart, Phys. Rev. 108, 281 (1957). 


density of traps is sufficiently large the complete ob- 
servable decay will be determined by the rate of escape 
from traps. The large decrease of ro between 28° and 
40°K suggests a trapping mechanism. Therefore inde- 
pendent measurements of electron lifetime and micro- 
scopic mobility as a function of temperature are neces- 
sary before a conclusion can be reached. 

The author would like to advance tentatively the 
idea that the recombination centers are silver ion 
vacancies, which are known to exist in the silver halides. 
If this is the case, the hole lifetime might be expected 
to be shorter than the electron lifetime, since holes will 
be atrracted by a Coulomb-like force while after hole 
capture there will be no long-range forces of attraction 
for electrons. Annealing might be expected to decrease 
the density of colloidal silver. The observed increase in 
the decay times after vacuum annealing can then be 
accounted for by this mechanism. The work of Luckey” 
indicates that chlorine can be taken up and evolved 
from AgCl. Chlorine may be absorbed by an increase in 
the density of holes and silver ion vacancies in the 
lattice. When the external chlorine atmosphere is 
removed after annealing, the chlorine will tend to 
escape, thus decreasing the density of silver ion vacan- 
cies. The effect of annealing in a chlorine atmosphere 
on the decay times and the change in the decay times 
with time after the annealing can then be explained at 
least in a qualitative fashion by these considerations. 
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APPENDIX 


In considering the model of Fig. 7(A) the following 
assumptions have been made: 

(1) The excitation and the charge distribution are 
independent of position in the crystals. 

(2) The density of recombination centers is much 
larger than m and so can be considered constant, inde- 
pendent of the state of excitation. 

The differential equations of balance are then 

dn/dt= R—k,cn—kon(Nr—n,)+bon, 


dn,/dt= kon(Nr—n.) — beni, 


(4a) 
(4b) 


t Note added in proof.—Recent measurements by K. Kobayashi 
and F. Brown (private communication) show that the Hall 
mobility decreases continuously with increasing temperature 
above 20°K, thereby indicating that the increase in photocurrent 
between 20° and 50°K is due to trapping rather than microscopic 
mobility considerations. 

#7 G. Luckey (private communication). 
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where R is the excitation rate of free charge, m; is the 
density of trapped electrons, and the other terms have 
been defined earlier. Equations (4) are nonlinear simul- 
taneous differential equations. As a first approximation 
let us assume that the retrapping term kon(Nr—m;) is 
small during the decay. Then with R=0 at ¢=0, Eqs. 
(4) may be rewritten as 


dn/dt= —k,cn+bom, 
dn,/dt= aie bon:. 


(5a) 
(Sb) 


A solution of these equations is 


(- 


N= N,,€~°™, (6a) 


)\e~ 
ion bs) (Rotto-+-b») 


bok.Nr 
a Pk es a (6b) 
(kic— be) (Rono+be) 


where mp and m,, are the values at /=0 and the rela- 
tionship between them is obtained from setting (4b) 
equal to zero for the steady-state condition (8). 
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The assumption that the retrapping term can be 
neglected is valid if 

kycn>>kon(Nr—- 

bon >kon(Nr—n:). 


(7a) 
(7b) 


Nt), 


Equation (7a) may be readily satisfied at low tem- 
peratures since then m,,~ 7 and m, changes slowly with 
time during the decay. Equation (7b) is certainly not 
valid at the start of the decay because at equilibrium 


(8) 


However, at low temperatures m decreases much faster 
than m, during the decay, so that (7b) will be satisfied 
for times shortly after the start of the decay. 

By considering the temperature dependence of the 
time, 4:, for m to decay to some constant value m, it 
can be shown that ¢; has a maximum as a function of 
temperature at temperatures such that 


bon, = kono(Nr—ni). 


kic> be. (9) 


Equation (9) is satisfied at low temperatures. 
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Length and Resistivity Changes in Germanium upon Low-Temperature Deuteron 
Irradiation and Annealing*} 
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Simultaneous measurements of the length change and resistivity 
of high-purity germanium single crystals were made upon ir- 
radiation and annealing. The specimens were initially irradiated 
at 25°K with deuterons of average energy 10.2 Mev to an inte 
grated flux of 6.2X10'® deuterons/cm? and annealed to room 
temperature. The specimens were then irradiated at 85°K to an 
additional flux of 9.2 10'* deuterons/cm? and annealed to 364°K. 
The specific length expansion for both bombardments ‘was 
AL/L= (1.5+0.3) X10°*!/(deuteron/cm*?). The annealing after 
both irradiations showed a gradual recovery of the expansion 
which was observable only after warming to above 200°K. The 
precise determination of the onset of annealing was limited by 
the accuracy of the expansion measurements (~20%). Recovery 
was ~50% complete by 300°K and ~85% complete by 360°K. 


I. INTRODUCTION 


ADIATION damage produced in semiconductors 
by high-energy particle irradiation has been the 
subject of considerable interest in recent years.’~® 


* A portion of this paper was submitted by Frederick L. Vook 
to the Graduate College of the University of Illinois in partial 
fulfillment of the requirements for the degree of Doctor of 
Philosophy in May, 1958. 

t This work was supported by the 
mission. 

t Now at Sandia Corporation, Albuquerque, New Mexico. 

1 F. Seitz and J. S. Koehler, in Solid State Physics, edited by 
F. Seitz and D. Turnbull (Academic Press, Inc., New York, 
1956), Vol. 2, p. 305. 
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The resistivity measurements agreed generally with previous 
results. A large increase in resistivity occurred during the low- 
temperature bombardments. The specimens became p-type after 
bombardment and annealing. On the first warmup after the 
bombardment at 25°K the resistivity decreased irreversibly by a 
factor of 10° between 65°K and 300°K with a large part of the 
decrease coming apparently between 150°K and 225°K. On the 
warmup from the second bombardment at 85°K an irreversible 
resistivity increase occurred on warming to 140°K. The resistivity 
then decreased irreversibly by a factor of 10° between 150°K and 
200°K. Extensive resistivity annealing, therefore, occurred in an 
earlier stage of the recovery process than did the experimentally 
observable length change annealing. 


Electrical measurements have been the prime tool in 
the great majority of investigations because of their 
sensitivity to lattice defects. Unfortunately, electrical 

2 J. W. Glen, in Advances in Physics, edited by N. F. Mott 
(Taylor and Francis, Ltd., London, 1955), Vol. 4, p. 381. 

3H. Brooks, in Annual Review of Nuclear Sciences (Annual 
Reviews, Inc., Stanford, 1956), Vol. 6, p. 215. 

*H. Y. Fan, in Solid State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1955), Vol. 1, p. 283. 

5H. Y. Fan and K. Lark-Horovitz, in Report of the Bristol 
Conference on Defects in Crystalline Solids, July, 1954 (The 
Physical Society, London, 1955), p. 232. 

®G. J. Dienes and G. H. Vineyard, Radiation Effects in Solids 
(Interscience Publishers, Inc., New York, 1957). 
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measurements alone do not lead to an unambiguous 
interpretation of the defect state (see the following 
paper’). Of major interest is the structure of the 
damaged material, and further experiments with other 
physical properties which yield information about the 
structural nature of the damage in germanium are, 
therefore, required. The present experiment was 
designed to (1) make simultaneous measurements of 
both volume changes and electrical resistivity changes 
produced by deuteron irradiation near helium tempera- 
ture, and (2) study the annealing processes by making 
similar measurements during warming after irradiation. 
Measurements of volume changes under irradiation 
have been made for copper* and yield valuable informa- 
tion about the damaged state. The simultaneous 
measurement of resistivity was planned to allow a 
direct correlation of the two types of measurement on 
similar specimens subjected to the same treatment. 
Irradiation was carried out at low temperature in 
order to retain the damage. Many previous experiments 
at higher temperatures are difficult to interpret since 
unknown amounts of annealing may have occurred. 
In addition, high-purity germanium was used in an 
effort to eliminate possible complications in the ir- 
radiation and annealing caused by impurities. In 
several previous investigations the concentrations of 
chemical impurities have been comparable to the 
expected defect concentrations introduced by irradia- 


tion. Experiments with heavily doped material do give 
sensitive effects, however, since defect levels introduced 
by the damage occur near the Fermi levels for these 
materials. 


II. EXPERIMENTAL 


The length and electrical resistivity measurements 
were made on several thin, bar-shaped single crystals 
mounted side by side in a helium temperature cryostat. 
The irradiation and annealing studies were carried out 
with the specimens in place, and all specimens were 
subjected to essentially the same treatments. The 
measurement of length changes upon cyclotron ir- 
radiation at low temperatures involves considerable 
difficulty since the fractional changes are small (10~ in 
the present case). The rather specialized techniques 
used in these measurements are, therefore, described 
in the following. 


1. Apparatus 


The irradiation was performed in vacuum using a 
slightly modified form of the helium cryostat which 
has been employed previously by the University of 
Illinois radiation damage group.’ The cryostat consists 
essentially of a liquid helium vessel surrounded by a 
7. L. Vook and R. W. Balluffi, this issue [Phys. Rev. 113, 
72 (1959)]. 

8 R, W. Vook and C. Wert, Phys. Rev. 109, 1529 (1958). 

9D. E. Mapother and F. E. L. Witt, Rev. Sci. Instr. 26, 843 
(1955). 
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Fic. 1. Specimen block assembly. L=length specimen, ML 
=monitor length. 7C=thermocouple, R,=resistance specimen 
Rn, Rp=resistance specimen R,, /=beam intensity outline, 
d=open door on block, Pt=platinum resistance thermometer, 
h=heater. 


liquid nitrogen jacket. Four single-crystal specimens of 
the same orientation and similar geometry were 
mounted on a heavy block at the bottom of the helium 
Dewar in line with the deuteron beam (Fig. 1). One 
specimen was used for the length measurement (ZL), 
two specimens were used for the resistivity measure- 
ments (R, and R,), and the fourth specimen (MZ) was 
used as a monitor for measuring the temperature. The 
lower half of ML, not containing the thermocouple, 
was removed at an intermediate stage of annealing in 
Run II (7 < 308°K) for x-ray lattice parameter measure- 
ments.” The upper half of MZ was removed at the end 
of the present experiments for further lattice parameter 
measurements. The block and specimens were in good 
thermal contact with the liquid helium reservoir and 
were conduction cooled. The specimen block assembly 
was immediately enclosed by a copper thermal radiation 
shield which was conduction cooled to liquid nitrogen 
temperature. A final outer manifold (or “‘sump’’) 
maintained the vacuum. A set of ports and doorways 
was constructed to accommodate the deuteron beam 
and to allow the length measurement. A top view of the 
entire arrangement is shown in Fig. 2. The collimated 
deuteron beam entered the sump, passed through the 
specimens, and was stopped in the radiation shield. 
The cryostat Dewars and the radiation shield were 
electrically insulated from the sump and formed a 
Faraday cage which was used to measure the deuteron 
flux during bombardment. The charge accumulated on 
the cage was leaked to ground through a standard 
resistor. The potential across the resistor was recorded 


10 These measurements were carried out by Simmons; see the 
following paper [R. O. Simmons, Phys. Rev. 113, 70 (1959)] 
for further details. 
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Fic. 2. Top-view schematic diagram of apparatus. d= deuteron 
beam, BPC=beam port collimator used in aligning specimens, 
SC=beam collimator for sump, S=sump, D=door closed during 
alignment to prevent specimens from being pre-irradiated at room 
temperature, NS=nitrogen shield, SB=specimen block, W 
= window, M=front surfaced mirror, J=30 watt AO illuminator, 
MS=microscope, C=camera. 


on a Leeds & Northrup recording potentiometer 
giving a record of the cyclotron beam current. 

Specimen alignment in the cyclotron beam was a 
critical problem, since the irradiated specimen length 
was comparable to the half-width of the vertical 
intensity profile of the beam. In order to measure the 
beam profile and place the specimen in the optimum 
position, the entire apparatus was mounted on a 
telescoping stand that could be moved up or down 
while the cyclotron was in operation. 


2. Length Measurement 


Since the length change was expected to be small, a 


refined measuring technique was necessary. The 
change in length was observed directly by measuring 
changes in distance across a gap cut transversely 
through the mid-point of the length measurement 
specimen as shown in Fig. 1. In this arrangement the 
two halves are free to expand and the change in length 
may be measured by observing only the narrow gap 
region. The optical technique described by Vook and 
Wert® was adopted. This method consists of photo- 
graphing the gap region with a Leitz Makam Camera 
through an adapted Gaertner creep test microscope 
having a long working distance. This optical system 
had a magnification of 125. Distances on the photo- 
graphic plates were then measured by means of a 
coordinate comparator. This technique allowed length 
change measurements to +2X10~-° cm on virtually 
strain-free crystals. 
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The arrangement is shown schematically in Fig. 2. 
The length measurement crystal and temperature 
monitor were obliquely illuminated through a port in 
the sump and open doors in the nitrogen and helium 
radiation shields. The gap was photographed in a 
front-surface mirror set at 45° to the specimen and 
open doors. The distance across the gap was measured 
between reference marks near the adjacent ends of 
the two half-crystals. The crystal surfaces were first 
polished to a mirror-like surface, and the reference 
marks were then lightly scratched into the surface 
parallel to the gap. With the oblique illumination the 
polished surface of the crystal appeared dark since 
most of the light intensity was reflected out of the 
viewing direction. However, small irregularities in the 
scratches produced bright diffraction spots against the 
dark background, and a number of these spots were 
used for measuring purposes. A reproduction of a 
typical photographic plate is shown in Fig. 3. The 
spots numbered are those used in the measurements. 
The coordinates of each spot were read with a Gaertner 
x-y comparator which reads to 1 micron in both the 
x and y directions. The length change was calculated 
from the relative motions of the spots. The x-y co- 
ordinate positions of the six spots were determined 
relative to a common coordinate system having its 
origin at spot 1 and y axis passing through spot 2. 
Changes in the length of the specimens were, therefore, 
given by changes in the x coordinates. The y coordinates 
served as a check on possible lateral movement of one 
half of the crystal relative to the other. 

In order to separate irradiation and temperature 
dilation on annealing, the gap spacing as a function of 
temperature before irradiation was determined. The 
temperature dependence of this spacing is a function 
of the differential expansion of the germanium crystal 
and the block material. Molybdenum was used for the 
block since its thermal expansion closely matches that 
of germanium. The unirradiated thermal background 
curve is shown in Fig. 4. In the annealing studies this 
background curve was subtracted from the measured 








Fic. 3. Reproduction of typical photographic plate. 
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effects to give the actual length changes associated 
with the annealing. 

Unless suitable precaution was taken, it was possible 
to condense sufficient vapor on the specimens during 
the runs to obscure the reference marks. The condensa- 
tion problem was particularly difficult during annealing, 
since pressure bursts occurred during the warmups 
from low temperature. These bursts were associated with 
the liberation of condensed vapors from the cold metal 
surfaces when certain critical evaporation temperatures 
were reached. To prevent rapid condensation on the 
specimen during bursts and to prevent slow condensa- 
tion over long periods at low temperature, it was 
necessary to surround the crystal with the cold radiation 
shields at the block temperature and at liquid nitrogen 
temperature shown in Figs. 1 and 2. The doors in these 
shields were opened only to make optical measurements 
when the cryostat pressure was <5X10~° mm of Hg. 
Several other precautions were taken. A 0.001-inch- 
thick Dural foil was used to separate the cryostat 
vacuum from the cyclotron thereby keeping out vapors 
from the cyclotron pumps and cyclotron arc. High- 
speed pumps were also used on the cryostat to reduce 
the pressure bursts. 


3. Resistivity Measurement 


The resistance was measured by a standard four-pole 
potentiometric method using field strengths of <5 
volts/cm. The resistances of two specimens designated 
R,, and R, were measured on bombardment and during 
subsequent annealing. Small-diameter Kovar wires 


were used as leads and soldered to the specimens. In 
the case of the R, specimen, an antimony-doped tin 
solder was used. In the case of the R, specimen, pure 
indium solder was used. The purpose of the different 
solders was to insure ohmic contact to at least one of 
the specimens at all times. However, it was found later 
that the difference in the type of solder had no effect 
on the resistance measurements. Although the speci- 
mens before irradiation were intrinsic at room temper- 
ature, they were n-type at low temperatures with 
approximately 5X10" donors/cm*. Upon bombard- 
ment and annealing the specimens were converted to 
p-type. The sign of the majority carrier was determined 
by the sign of the photo emf between the tip of the 
temperature monitor specimen and the block. Because 
of the expected conversion, the electrical contacts 
were placed in the irradiated section of the specimen 
in order to eliminate internal barriers. Satisfactory 
ohmic contacts were obtained at low temperatures 
before irradiation. Upon irradiation and during sub- 
sequent annealing the contacts became excellent for 
both specimens at all temperatures. 


4. Crystal Preparation and Mounting 


The small range of the 12-Mev deuterons in 
germanium precluded the use of massive samples 
since homogeneously damaged specimens were desired. 
Specimens were cut from a germanium single crystal 
obtained from the Eagle Picher Company. They were 
ground, mechanically polished, and cut plane and 
parallel to a bar shape approximately 2.3 cm long, 
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0.046 cm wide, and 0.011 cm thick. The surfaces were 
then polished to a mirror finish. The resistance speci- 
mens were then given a light etch in CP-4 (without 
the bromine) to remove a possible disturbed surface 
conducting layer. The length specimens were left 
unetched to protect the polished surface and reference 
marks. X-ray diffraction line profiles were obtained 
from these unetched surfaces, and the resulting line 
widths appeared to be consistent with a high crystal 
perfection.” The specimen arrangement is shown in 
Fig. 1. The deuterons were incident normal to the 
specimen surfaces along the (211) crystal direction. 
The longitudinal and lateral directions of the specimens 
were (110) and (111), respectively. Because of the 
fragility of the length specimen it was impractical to 
measure the temperature by direct attachment of a 
thermocouple. Therefore, a temperature monitor speci- 
men having the same geometry as the actual length 
specimen was mounted in an adjacent position (Fig. 1). 
The block was first annealed and lightly nickel plated 
and the two specimens were then attached with pure 
indium solder insuring good rigidity and excellent 
thermal contact. After soldering, the 0.015-cm-wide 
transverse gaps were cut through by means of a micro- 
sandblaster. An annealed copper-constantan thermo- 
couple was then soldered to the tip of the temperature 
monitor with pure indium. The tip of the monitor 
containing the thermocouple was shielded from the 
deuteron beam by a small copper shield. The two 
resistance specimens were mounted on the block and 
insulated by applying a thin coat of Krylon, then a 
0).0005-inch-thick sheet of mica, and then attaching 
the specimens with another thin Krylon coat. 


5. Temperature Measurement 


The annealed copper-constantan thermocouple on 
the temperature monitor was calibrated in place vs a 
Leeds & Northrup platinum resistance thermometer 
which was completely imbedded and glued into the 
molybdenum block. This platinum resistor was pre- 
viously calibrated against a similar one calibrated by 
the National Bureau of Standards. All temperatures 
listed in this paper were obtained from this thermo- 
couple. It is possible that the temperature of the 
resistance specimens was a few degrees higher than the 
temperature monitor, since the thermal contact of the 
soldered monitor was somewhat better. These differ- 
ences were not judged to be of any importance. The 
temperature of the monitor was a minimum with the 
beam off and both doors closed. When the beam was 
turned on the temperature rose a few degrees. Before 
the reference marks were photographed, the beam was 
turned off, the doors were opened, and the illuminator 
was turned on. During photographing the temperature 
rose several degrees relative to the beam-off, doors- 
closed temperature. In addition to these effects, the 
various temperatures increased gradually with increased 
irradiation as a result of the decreased thermal con- 
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ductivity of the specimen. These perturbing effects 
were greater in the lower-temperature, Run I. The 
maximum temperature reached at any point before 
the warmup in Run I was 26.6°K. The corresponding 
maximum temperature in Run II was 85.0°K. 

During the irradiation and annealing the block con- 
taining the specimens formed a completely closed 
radiation shield all at essentially the block temperature. 
The section of the shield through which the deuterons 
entered was a 0.0005-inch-thick aluminum foil. The 
opposite exit section of the shield was a 0.0005-inch- 
thick copper foil. The heat flow to the block at low 
temperatures with the beam off was primarily down 
the thermocouple wires, the platinum resistance 
thermometer leads, and the resistance specimen leads. 
To minimize this heat flow, small-diameter wires were 
used for leads and cooled to liquid nitrogen temper- 
atures before being run to the block. The leads were 
also cooled to the block temperature before being led 
to the specimens. A heater was attached to the bottom 
of the block and was used during the annealing to give 
a uniform heating rate and to allow warming above 
room temperature. 


III. RESULTS 


Length change and resistance measurements were 
made on the same set of specimens during two successive 
runs. In Run I liquid helium was used in the cryostat, 
and the specimens were bombarded at temperatures 
between 10°K and 25°K. Annealing was then carried 
out at temperatures up to 305°K. In Run II liquid 
nitrogen was put in the cryostat and the same specimens 
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Fic. 5. Radiation expansion of germanium on bombardment. 





LENGTH 


were bombarded again at temperatures maintained 
between 80°K and 85°K. Annealing studies were then 
made up to 364°K. 


1. Length 
The specimens were observed to expand upon 
bombardment, and the specific length changes, AL/L, 
during bombardment in Runs I and II are given in 


Fig. 5. The expansion appears to vary linearly with” 


flux within experimental error, and the expansion per 
unit flux is the same for both runs. A value of 
AL/L= (1.5+0.3)X10-" per (deuteron/cm?2) was ob- 
tained from the slopes of the bombardment curves. 
After the Run I bombardment the specimens were 
annealed to room temperature (305°K). A constant 
heating rate of 5°/hr was used up to 85°K. Above 
85°K the rate was increased to 10°/hr. Continual 
length change measurements were made during the 
warmup and are plotted in Fig. 6. Gaps in the length 
change data occur in temperature regions where pres- 
sure bursts prevented opening of the protective doors 
in the radiation shields. After reaching room temper- 
ature the specimens were cooled back to 10°K for 
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Fic. 6. Thermal recovery of irradiation-induced 
expansion (Run I, 25°K). 


low-temperature measurements which confirmed the 
annealing observed in the warmup. The samples were 
then again warmed to room temperature and remained 
there for about 60 hours before being cooled to liquid 
nitrogen temperature for Run II. During this period 
20% more annealing took place. The annealing pro- 
cedure after Run II was somewhat more complicated. 
Warming and cooling rates of 10°/hr were used through- 
out. The specimens were warmed to 143°K, cooled 
back to 85°K, warmed to 364°K, and cooled back to 
300°K. After being held for } hr at 300°K, the speci- 
mens were cooled back to 85°K for final low-tempera- 
ture measurements. The annealing curve is shown in 
Fig. 7 and is quite similar to the Run I curve. Annealing 
is 50% complete at room temperature and 85% 
complete at 364°K (the temperature limit of our 
system). 

In an ideal experiment of this type the specimens 
would be uniformly irradiated throughout and would 
be free to expand in all directions. It was impossible to 
meet these requirements exactly because of the finite 
thickness of the specimens, the restraints imposed by 
the clamping at the ends, and the nonuniformity of 
the cyclotron beam. These inhomogeneous effects are 
discussed in the following and are shown to be of minor 
importance. 
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Fic. 7. Thermal recovery of irradiation-induced 
expansion (Run II, 85°K). 


The energy of the deuterons dropped from 11.4 Mev 
to 9.0 Mev upon traversing the specimen. If the damage 
varies as 1/E,'"' then the specimens should have 
become bent"! due to the differential expansion between 
front and back. The error in the length measurement 
due to this effect is estimated to be 7X 10-7 cm and is, 
therefore, negligible. The effects due to the constraints 
at the clamped ends were also very minor. The speci- 
mens were free to expand in the measuring direction, 
and any elastic strains would have been localized at 
the clamped regions which constituted only a small 
fraction of the total length. The nonuniformity of the 
cyclotron beam was determined before bombardment, 
and it was found that the specimen length was approxi- 
mately equal to the beam width at one-half maximum 
intensity. The gap between the two crystal halves was 
then positioned at the intensity maximum. The varia- 
tions in the damage resulting from the nonuniformity 
of the beam along the specimen length would produce 
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(Run I, 7~16°K). 


: uR, O. Simmons and R. W. Balluffi, Phys. Rev. 109, 1142 
(1958). 
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only internal strains which should not have made any 
appreciable contribution to the integrated length 
changes. 


2. Resistivity 


The resistivity increase during the Run I irradiation 
is shown in Fig. 8. The resistance increased very rapidly 
and soon became too high to measure with the available 
apparatus and our requirement that the field strength 
be less than 5 volts/cm. Upon annealing to about 
65°K the resistivity became measurable, and the 
annealing curve for the R, specimen is shown in Fig. 9. 
The curve obtained by cooling back to the low temper- 
ature is also indicated and shows that a large irreversi- 
ble resistivity annealing took place during the warming. 
The resistivity of the R, specimen showed identical 
behavior. The photovoltage was first measured during 
the warming at 180°K, and the specimens were found 
to have been converted to p-type. Subsequent measure- 
ments indicated that the specimens remained p-type 
from then on. The corresponding curves for Run II are 
shown in Figs. 10 and 11. The resistance rose rapidly 
during bombardment and reached a value which seemed 
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Fic. 10. Resistivity increase on bombardment 
(Run II, 7~80°K). 
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to barely exceed measuring capabilities. An appreciable 
difference was observed between the resistance meas- 
ured with the cyclotron beam on and the beam off. 
This effect was particularly noticeable for the higher 
resistivities and is shown in Fig. 10. The resistivity 
became readily measurable soon after bombardment 
upon annealing near 80°K. 

The lowest-temperature resistance annealing ob- 
served in the present work was found in the irreversible 
resistance increase obtained in the Run II cycling 
between 85°K and 140°K (see Fig. 11). Upon further 
annealing the resistivity decreased irreversibly by a 
factor of 10° between 150°K and 200°K. 


IV. DISCUSSION 


The result that germanium undergoes a length 
expansion during low-temperature deuteron bombard- 
ment is in qualitative agreement with the work of 
Wittels’ where a lattice parameter expansion was 














Fic. 11. Thermal recovery of resistivity (Run II, R,). AB=re- 
sistivity after Run I and annealing to room temperature, CD 
=initial warmup, DE=cool down 140°K—80°K, EF=second 
warmup 80°K-140°K, FG=continuation of warmup, GH = final 
resistivity of specimen after Run IT anneal. 


found after heavy reactor irradiation at 40°C and 140°C. 
However, it should be noted that length changes and 
lattice parameter changes are not necessarily equal 
(or even of the same sign).*:! The failure of Kleitman 
and Yearian" to observe an irradiation-induced length 
expansion in germanium was probably due to the 
relatively small magnitude of the effect and the fact 
that their measurements were made at room temper- 
ature. The irradiation-induced length change in 
germanium is generally similar to that reported for the 
close-packed metal copper with regard to the sign and 
magnitude of the effect and is quite different from 
results reported for III-V compounds having the 
diamond structure. Copper shows a length expansion® 
which is about twice as large as the present result for 
germanium. The III-V compounds reportedly contract 


2M. C. Wittels, J. Appl. Phys. 28, 921 (1957). 
81), Kleitman and H. J. Yearian, Phys. Rev. 108, 901 (1957). 
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under certain conditions, and the length changes are 
larger by at least an order of magnitude." :"4 

Possible anisotropy in the expansion is not excluded 
by the present experiment, since only the expansion in 
the (110) direction was measured. A variation in damage 
with bombardment direction in germanium has been 
found for electrons near the threshold energy.!* How- 
ever, these variations disappeared on room-temperature 
irradiation at higher energies. It appears likely that 
such effects were small in the present experiments. 
The bombardment curves appear linear within probable 
experimental error. 

The annealing curves indicate that, within the 
experimental error of about 20%, no annealing of the 
irradiation-induced expansion occurs below 200°K. The 
bombardment curves are in agreement with this result 
since irradiation at the two different temperatures 
produced the same expansion per unit flux within this 
experimental error. Above 200°K very gradual anneal- 
ing becomes perceptible and continues to above room 
temperature. At room temperature a small residual 
expansion remains. X-ray lattice parameter measure- 
ments, discussed in the following paper,'’ also reveal 
a small residual lattice parameter expansion at this 
temperature. It is likely that an appreciable annealing 
out of the length change corresponds to an annealing 
out and annihilation of irradiation-induced defects. In 
the case of copper it is currently believed*:"""* that the 
annealing of the irradiation-induced length expansion 
is due to the mutual annihilation of vacancies and 
interstitials. A detailed discussion of possible models 
for the radiation damage in germanium is presented in 
the following paper.’ 

The resistivity measurements agree generally with 
previous results.® The initially n-type specimens were 
converted to p-type upon bombardment and annealing, 
and the resistivity increased by several orders of 
magnitude on bombardment. The resistivity increase 
was unusually large in the present work because of the 
relatively high purity of the undoped specimens, and 
it was not possible to measure the resistance throughout 
the entire experiment. Unfortunately, the gaps in our 
resistivity data do not allow us to conclude whether 
resistivity changes occurred in the annealing range 
between 26°K and liquid nitrogen temperature. Other 
4 U. Gonser and B. Okkerse, Phys. Rev. 109, 663 (1958); Bull. 
Am. Phys. Soc. Ser. IT, 2, 157 (1957). 

15 W. L. Brown and W. M. Augustyniak, Bull. Am. Phys. Soc. 


Ser. II, 2, 156 (1957). 
16 Magnuson, Palmer, and Koehler, Phys. Rev. 109, 1990 (1958). 
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workers have reported measurements in this range 
after other types of bombardment. Cleland and 
Crawford!’ have observed comparatively little resistiv- 
ity annealing below 90°K after fast-neutron bombard- 
ment of chemically doped n-type germanium. Gobeli!® 
has lightly irradiated degenerate n- and p-type 
germanium at 4.2°K using 3.73-Mev alpha particles 
and has observed two distinct annealing processes 
which occur in the vicinity of 32°K and 66°K. At 78°K 
recovery of the carrier concentration was 25% complete 
for n-type and 22% complete for p-type. These results, 
however, are not necessarily in contradiction as pointed 
out in a footnote added to reference 16, since the 
results may be sensitive to the doping and to the type 
and amount of irradiation used. The resistivity increase 
due to annealing in the temperature range 85°K to 
140°K and the resistivity decrease in the range 150°K 
to 200°K have been observed by others.® 

Of major interest is the correlation of the resistivity 
changes with the length changes and with the structure 
of the bombarded and annealed material. A result of 
interest is the observation that irreversible resistivity 
changes occur during annealing at temperatures 
(7<135°K) which are considerably lower than the 
temperatures at which appreciable length change 
annealing occurs (7>200°K). Further discussion of 
these phenomena and a proposed model of the damage 
are given in the following paper.’ 
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A lattice expansion of 3X 10~* was measured in germanium irradiated by 1.5X 10"? 9-Mev deuterons/cm? 
at low temperature and annealed to 320°K. Thus residual specimen length expansion (as measured by Vook 
and Balluffi in similar samples) and lattice parameter expansion are small and nearly equal after annealing 
to room temperature. Thermal recovery to 380°K occurred parallel to that of macroscopic length changes, 
but near 380°K the (211) interplanar spacing had contracted about 3X 10~ relative to unirradiated crystal. 
The lattice parameter returned to that of unirradiated crystal at 430°K. No appreciable diffraction line 
broadening was observed. These results provide confirmatory evidence that structural damage in deuteron- 
irradiated germanium consists of well-localized centers of dilatation. 


TRUCTURAL study of irradiation damage in 

germanium crystals has been relatively neglected 
while detailed phenomenological pictures of the changes 
in electrical properties have been constructed. Clearly, 
further investigations of both types will be required to 
elucidate fully the origin and character of these effects, 
as well as their relation to lattice defects naturally 
present or occurring under other conditions such as 
plastic deformation, quenching, and chemical doping. 
The work reported in the preceding paper’ (hereafter 
referred to as I) is an attempt to correlate macroscopic 
volume and resistivity changes under carefully con- 
trolled deuteron irradiation and thermal annealing 
conditions, and the present measurements of lattice 
parameter changes of similar samples complement the 
effects described there. Lattice expansions in germanium 
and silicon subjected to very heavy neutron bombard- 
ment have been reported elsewhere*® together with a 
brief outline of other related work. 


METHOD 


An account of the nature, preparation, irradiation, 
and thermal treatment below room temperature of the 
germanium crystals which were used in this investiga- 
tion appears in I. Briefly, the thin polished samples 
were irradiated with 6.2X10'* deuterons/cm* near 
25°K, warmed slowly to 308°K, then irradiated with 
9.2 10'* deuterons/cm? near 85°K and warmed slowly 
to room temperature. Various considerations limited 
the measurements at temperatures below room tem- 
perature to length and resistivity changes, hence the 
principal x-ray sample (lower half of MZ of Fig. 1 of I) 
was removed at 305°K so that parallel annealing studies 
could be made above this temperature. The measure- 
ments were begun at about 320°K because the samples 
had been stored at room temperature for 10 months 
after irradiation. X-ray study of a different sample 
(upper half of MZ of Fig. 1 of I) was also made at 


*This work was supported by the U. S. 
Commission. 

1F. L. Vook and R. W. Balluffi, preceding paper [Phys. Rev. 
113, 62 (1959). 

2M. C. Wittels, J. Appl. Phys. 28, 921 (1957). 


Atomic Energy 


temperatures above 364°K, the limit of the length 
change measuring apparatus. 

A high-angle back-reflection rotating-single-crystal 
technique was employed for measurements of changes 
in lattice parameter. The general features of the 
technique, together with an error analysis, have 
appeared elsewhere.* The observed change in position, 
x, of the Laue-Bragg line on a film is given by 
x=2(Ad/d)L tané, where the Bragg angle 6 (about 
823° at 30°C) is deduced from the known lattice 
parameter of germanium‘ and the wavelength of the 
incident x-rays (CrKa), L is the specimen-to-film 
distance (853 mm) and (Ad/d) is the relative change 
in the (422) interplanar spacing. A gaseous helium 
path reduced the necessary exposure time to 20 minutes 
for 40’ angular rotation of the sample. Measurements 
were made near room temperature and the lattice 
parameter changes measured relative to an unirradiated 
homologous sample maintained as a comparison stand- 
ard and subjected to identical annealing treatment. 

The precision was somewhat improved over that of 
previous work® by the use of a narrower x-ray col- 
limating slit (angular divergence 0.21°) and can be 
judged from Fig. 1 which shows thermal expansion of 
a standard sample. The linear thermal expansion 
coefficient was found to be (5.7+0.1) X 10~* per degree 


RELATIVE LATTICE EXPANSION 
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Fic. 1. Linear thermal expansion of germanium. 


3R. O. Simmons and R. W. Balluffi, Phys. Rev. 109, 1142 
(1958). 
4M. E. Straumanis and E. Z. Aka, J. Appl. Phys. 23, 330 (1952). 
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near 300°K,® and all measured (Ad/d) values were 
suitably corrected for differences in sample temperature. 
The sample was annealed in air for two hours at 
successively higher temperatures between each series 
of measurements; the times and temperatures thus 
simulate the warm-up rate of 10 degrees per hour of I. 
After each annealing treatment the shape of the (422) 
crystal reflection curve was measured using a Xe-filled 
proportional counter of large aperture. In each case, 
the irradiated sample face examined was that from 
which the deuterons emerged during irradiation, the 
deuteron energy there being about 9 Mev. 


RESULTS 


The measured relative changes in (211) interplanar 
spacing after each anneal are shown in Fig. 2. Each 
value is the mean of three or more separate measure- 
ments and the uncertainty is the combined sample and 
reference probable errors, usually near +7 parts per 
million. It is clearly apparent that the lattice constant 
has been increased slightly by irradiation and annealing 
to 320°K. Further, a comparison with Fig. 7 of I 
(showing thermal recovery of macroscopic length 
changes) reveals that while thermal recovery of the 
lattice parameter in the range 320 to 380°K closely 
parallels that of the macroscopic length, the residual 
effect appears to be smaller in magnitude, becoming in 
fact a slight lattice contraction at the latter temper- 
ature. The lattice parameter returns to its normal value 
after annealing at about 430°K. 

It is to be noted that the entire range of the effects 
reported here is minute. The sensitivity of the x-ray 
measurements for detecting residual structural changes 
near room temperature is somewhat greater than that 
of the length measurements of I, but the apparent 
disagreement is near the sum of the respective estimated 
experimental errors. Also, the length and lattice parame- 
ter changes were measured along perpendicular direc- 
tions and these effects, even in unconstrained samples 
like these,® might depend upon the direction of deu- 
teron bombardment. 

Curves of crystal (422) diffracted x-ray intensity 
versus crystal angular orientation, taken after each 
annealing treatment, showed no appreciable change in 
shape or breadth or any difference from the results 


5 This agrees closely with a recent interferometer value obtained 
by D. F. Gibbons [Phys. Rev. 112, 136 (1958) ] which is 5.75 X 1076 
at 300°K, but is appreciably less than the value of 5.92 10-6 
reported in reference 4 for material of lower purity. 

6 Work on GaSb and InSb [U. Gonser and B. Okkerse, Phys. 
Rev. 105, 757 (1957); 109, 663 (1958); D. Kleitman and H. J. 
Yearian, Phys. Rev. 108, 901 (1957)], where expansion effects 
may be one or two orders of magnitude larger, has not yet given 
any quantitative comparison for those materials. In such experi- 
ments very complex constraints were present on the irradiated 
crystal. 
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FG. 2. Thermal recovery of lattice expansion in 
deuteron-irradiated germanium. 


obtained from the polished face of the standard sample. 
The Ka; line width at half-maximum intensity re- 
mained at 16’, more than 75% of which was contributed 
by spectral and instrumental broadening. 

The general character of the x-ray effects reported 
here is consistent with the presence in the irradiated 
material of well-localized centers of dilatation.’ In the 
absence of detailed calculations of crystal lattice relax- 
ation around possible defect models, however, no 
numerical comparison can be made at present with the 
predictions of irradiation displacement theory. The 
absence of appreciable line broadening indicates that 
no systematic long-range strains have been introduced, 
and the apparent rough correspondence of the small 
length and lattice parameter changes makes improbable 
the existence of gross mutually compensating effects 
leaving only moderate dimensional changes. The 
apparent decrease of lattice spacing below the normal 
value is perhaps not too surprising in such a loosely 
packed solid and suggests that the annihilation of 
defects during thermal recovery may not be merely a 
simple process such as interstitial-vacancy recombina- 
tion but may involve more complex structural inter- 
actions. Observation of lattice expansions in heavily 
neutron-irradiated samples? do not necessarily contra- 
dict the present results in which a lattice contraction 
appears centered near 380°K because of the rather 
different irradiation conditions in the two cases and 
also because the neutron-irradiation temperatures of 
about 310 and 410°K straddle the present minimum. 

Further x-ray studies of this type carried out at low 
temperature might resolve the question of possible 
structural annealing below’ 85°K and determine 
whether the length and lattice parameter changes 
during irradiation and annealing are congruent. 

The author gratefully acknowledges the very helpful 
cooperation of Dr. F. L. Vook and Professor R. W. 
Balluffi in obtaining the samples studied as well as in 
the discussion of their results prior to publication. 

7J. D. Eshelby, in Solid State Physics, edited by F. Seitz and D. 


Turnbull (Academic Press, Inc., New York, 1956), Vol. 3, p. 79. 
8G. W. Gobeli, Phys. Rev. 112, 732 (1958). 
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The structure of deuteron-irradiated germanium is discussed in the light of the following recent experi- 
ments: (1) simultaneous measurements of the change in length and resistivity upon low temperature 
bombardment and annealing, (2) measurement of lattice parameter changes after annealing near room 
temperature, and (3) low-angle x-ray scattering measurements at liquid nitrogen temperature and above. 
A model of the damage at liquid nitrogen temperature consisting of separated clusters of vacancies and 
interstitials, is proposed. The model yields a comparatively small length increase and fairly strong low- 
angle x-ray scattering in agreement with experiment. The model also appears capable of explaining the 
experimental observation that resistivity annealing occurs in an earlier stage of the recovery process than 
appreciable length-change annealing. The clusters must be formed, at or below liquid nitrogen temperature, 
either by diffusive motion of the defects or by displacement processes directly upon bombardment. If the 
latter mechanism holds, present theory greatly underestimates displacement distances in germanium. 


Additional critical experiments are proposed. 


I. INTRODUCTION 


HE damage induced in crystals by fast-particle 
irradiation is not completely understood at pres- 
ent, and its detailed nature will be elucidated only by 
extensive investigation of the different physical proper- 
ties of the damaged state. Electrical measurements have 
been the prime tools used to investigate radiation- 
damaged germanium because of the sensitivity of these 
measurements to the induced defects. However, the 
electrical effects are difficult to interpret and do not 
lead to an unambiguous interpretation of the physical 
structure of the defect state. Recently several investi- 
gations of other properties of deuteron-damaged ger- 
manium have been made. Vook and Balluffi! have made 
simultaneous measurements of the length and electrical 
resistivity after low-temperature irradiation and anneal- 
ing. Simmons? has carried out accurate measurements 
of lattice parameter changes of deuteron-irradiated 
germanium during annealing in the vicinity of room 
temperature. Fujita and Gonser® have measured fairly 
strong low-angle x-ray scattering from deuteron-irradi- 
ated germanium near liquid nitrogen temperature. 
These measurements, which were made on specimens 
irradiated under similar conditions on the University of 
Illinois cyclotron, extend the range of physical measure- 
ments which are currently available for deuteron- 
irradiated germanium. The purpose of the present 
paper is to discuss the significance of these results and 
to construct a model for the damage which is consistent 
with the presently available experimental results. 


* A portion of this paper was submitted by Frederick L. Vook 
to the Graduate College of the University of Illinois in partial 
fulfillment of the requirements for the degree of Doctor of Phi- 
losophy in May, 1958. 

t This work was supported by the U. S. Atomic Energy Com- 
mission. 

t Now at Sandia Corporation, Albuquerque, New Mexico. 

1 See F. L. Vook and R. W. Balluffi, this issue [Phys. Rev. 113, 
62 (1959) ]. 

2See R.O. Simmons, preceding paper [Phys. Rev. 113, 70 
(1959). 

3 F, E. Fujita and U. Gonser (to be published). 


II. EXPERIMENTAL OBSERVATIONS 


A brief review of the experimental results available 
for deuteron-irradiated germanium is given below. 


1. Electrical Measurements 


Many measurements of the electrical properties of 
germanium irradiated by fast particles have been made. 
We shall restrict our attention here mainly to the 
experiments using deuteron bombardment at liquid 
nitrogen temperature or below. In several other places 
reference will be made to pertinent results involving 
electrons or neutrons. Fan and Lark-Horovitz‘ found 
that n-type germanium was converted to p type upon 
9.6-Mev deuteron bombardment at liquid nitrogen tem- 
perature and became even more p type upon subse- 
quent annealing to room temperature. Heavily doped 
p-type germanium, however, became less p type upon 
low-temperature deuteron bombardment. These results 
indicate that both donors and acceptors are introduced 
by the bombardment. Vook and Balluffi' irradiated 
relatively pure germanium (5X 10" donors/cm*) with 
11.4-Mev incident deuterons in two successive irradi- 
ations at 25°K and 85°K. Their results agree generally 
with the work of the Purdue Group.‘ The work is of 
special interest, however, since simultaneous measure- 
ments of the specimen length were also made, and since 
irradiation was carried out at lower temperatures 
(25°K). Rapid increases in resistivity occurred upon 
both bombardments. After the first bombardment at 
25°K an irreversible resistivity decrease by a factor of 
107 was observed on annealing between 60°K and 
300°K. By far the largest part of the decrease (10°) 
seemed to occur between 150 and 225°K. After the 
subsequent bombardment at 85°K an irreversible re- 
sistivity increase occurred on annealing between 85 
and 140°K. The resistivity then decreased by a factor 


4H. Y. Fan and K. Lark-Horovitz, Report of the Bristol Confer- 
ence on Defects in Crystalline Solids, July, 1954 (The Physical 
Society, London, 1955), p. 232. 
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of 10° between 150°K and 200°K. Complete thermal 
recovery of the resistance of deuteron-irradiated ger- 
manium has required annealing to 450-500°C.4 

Electrical measurements, consisting mainly of elec- 
trical resistivity, Hall effect, and mobility measure- 
ments, have generally led to the accumulation of much 
valuable data which focus attention on the energy band 
diagram and the position and type of levels introduced 
into the forbidden band by the defect state.‘ However, 
the structure of the damaged material is of major 
interest, and the difficulty of deducing this structure on 
the basis of electrical measurements alone has already 
been noted. The electrical effects are particularly com- 
plicated since the defects not only reduce the mobility 
of the carriers but can also produce changes in carrier 
concentration of many orders of magnitude and even 
changes in the type of carrier conduction. The re- 
sistivity may be affected by thermally unstable trapping 
processes, changes in defect distribution, changes in the 
number and type of defects, and also by the normal 
equilibrium thermal ionization of donors and acceptors. 
The low temperatures required to freeze-in the damage 
during bombardment cause difficulties in electrical 
measurements since the approach to carrier equilibrium 
may become very slow. Fan and Lark-Horovitz ob- 
served changes in the carrier concentration in n-type 
germanium which was electron-irradiated and subse- 
quently illuminated at liquid nitrogen temperature.‘ 
The changes which occurred after the illumination was 
removed were far from complete 21 hours later. This 
means that electronic processes in bombarded ger- 
manium cannot be assumed to be in thermal equilibrium 
at all times. 

2. Length Measurements 


A comparatively small expansion has been found to 
occur upon irradiation at 25°K and 85°K.! The expan- 
sion was linear with flux and was the same at both tem- 
peratures [AL/L= (1.50.3) X 10- per deuteron/cm’ ]. 
This expansion is at least an order of magnitude less 
than that found in the III-V compounds’ ° and is about 
one-half that found in copper.’ The radiation-induced 
expansion exhibited little or no annealing upon warming 
below 200°K (within the experimental accuracy of 
20%). Recovery of the expansion was ~50% complete 
at 300°K and ~85% complete at 360°K. Simul- 
taneous measurement of electrical resistivity! indicated 
that large irreversible changes in electrical resistivity 
occurred in the annealing temperature range below 
200°K where little or no length-expansion annealing 
occurred. Electrical resistivity annealing, therefore, 
appeared to occur in an earlier stage of the recovery 
than the length-change annealing. 


5D. Kleitman and H. J. Yearian, Phys. Rev. 108, 901 (1957). 

6U. Gonser and B. Okkerse, Phys. Rev. 109, 663 (1958); 
Bull. Am. Phys. Soc. Ser. II, 2, 157 (1957). 

7R. W. Vook and C. Wert, Phys. Rev. 109, 1529 (1958). 
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3. Lattice Parameter Measurements 


Lattice parameter measurements have been made? in 
germanium which was first given the following treat- 
ment: (1) deuteron bombarded at ~25°K and then 
warmed to 308°K; (2) bombarded at ~85°K and 
warmed to 320°K. A small residual lattice expansion 
[Ad/d= (+3.0+0.7)X10-*] was found at 320°K after 
this treatment. This expansion annealed out completely 
upon further warming to ~350°K and an apparent 
slight contraction was observed in the annealing tem- 
perature range 350°K-420°K which never exceeded 
Ad/d= —2X10~. The original lattice parameter was 
restored by warming to ~430°K. No appreciable line 
broadening of the (422) x-ray reflection was observed. 


4. Low-Angle X-Ray Scattering Measurements 


Fujita and Gonser® have measured the low-angle 
scattering of x-rays from deuteron-irradiated ger- 
manium. The specimens were irradiated at ~90°K 
with incident 8-Mev deuterons (6.5 Mev average) to a 
flux of about 1X10!" deuterons/cm?. The x-ray scatter- 
ing was then measured at ~90°K using a line-focused 
monochromator technique employing Cu Ka x-rays. 
The scattered intensity was measured on photographic 
films and was measured over scattering angles ranging 
between about 7X 10~ and 30X 10~* radian. The curve 
of scattered intensity versus the square of the scattering 
angle was approximately Gaussian over the angular 
range investigated, indicating that regions having a 
different electronic density from the matrix were 
present with a radius of gyration of about 23 A (see 
Appendix B). The scattered intensity was fairly strong, 
and the intensity extrapolated to zero angle was about 
3X10” /.,5 where J, is the intensity which would be 
scattered at zero angle by one electron (see Appendix B). 
Further measurements were made after annealing to 
room temperature, and it was found that the scattered 
intensity decreased by about a factor of 5. 


III. MODELS 


The chief possible models for deuteron-irradiated 
germanium that might be discussed are the following: 
(I) isolated vacancies and interstitials distributed 
homogeneously throughout the entire volume, (II) clus- 
tered vacancies and interstitials,’ (III) displacement 
spikes consisting of small regions where the atoms are 
in a different structure than the matrix,’ and (IV) com- 
binations of the above. 

We first discuss evidence which indicates that 
homogeneously distributed interstitials and vacancies 
(model I) are probably not the sole defect configuration 
produced by irradiation. James and Lark-Horovitz" 


8 F. E. Fujita and U. Gonser (private communication). 

9J. A. Brinkman, Am. J. Phys. 24, 246 (1956). 

10H. M. James and K. Lark-Horovitz, Z. physik. Chem. 198, 
107 (1951). 
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have given arguments that interstitials and vacancies 
introduce localized energy levels in the forbidden gap 
of a semiconductor. The James-Lark-Horovitz model 
proposes specifically that isolated interstitials may act 
as donors and that isolated vacancies may act as 
acceptors, not just for one electron but for several. 
Interpretations of radiation damage in germanium and 
specifically resistivity and Hall measurements have 
generally been made in terms of this model. Electrical 
evidence is available which indicates that model I 
probably does not apply. Measurements of the Hall 
mobility at liquid nitrogen temperature after room- 
temperature neutron bombardment" show carrier scat- 
tering effects which Brooks" attributes to the existence 
of defects in clusters. Erratic and strongly temperature- 
dependent carrier mobility effects in room-temperature 
neutron-irradiated specimens have been observed!!~* 
and are attributed by Cleland and Crawford!! to the 
clustering of defects. Carrier mobility effects are not as 
striking in deuteron- and electron-bombarded material. 
However, an appreciable reduction in mobility intro- 
duced by deuteron irradiation at liquid nitrogen tem- 
perature remains after annealing to room temperature.‘ 
Electron irradiation with comparable fluxes, on the 
other hand, shows almost complete recovery of the 
reduction in mobility after annealing to room tem- 
perature. This type of behavior is consistent with 
clustering since the production of defects in clusters 
would be expected to be very large in neutron-bom- 
barded specimens, to occur to a lesser degree in deu- 
teron-bombarded specimens, and to be negligible in 
electron-bombarded specimens. 

The low-angle x-ray scattering experiments of Fujita 
and Gonser® also constitute strong evidence for the 
existence of defects in clusters. These results indicate 
that regions of approximately 20-30 A in radius, having 
a different electronic density from the matrix, are 
present. 

The above considerations tend to eliminate model I 
as the sole effect and center interest in models II, ITI, 
and IV. In the following discussion we analyze in some 
detail various models of types II and III. It turns out 
that the possibilities which are consistent with all the 
experimental results are fairly restricted. Several types 
of damage may be distinguished. For model II vacancies 
and interstitials may be present in clusters in which 
they are finely intermixed, or they may be concen- 
trated in separated vacancy and interstitial clouds. In 
model ITI the atoms may be stirred up in the displace- 
ment process and homogeneously rearranged on a fine 
scale in a different crystal structure with a different 
coordination number from the matrix. Either a rela- 
tively uniform density may be retained, or density 


1 J. W. Cleland and J. H. Crawford, Jr., Phys. Rev. 98, 1742 
1955). 
12H. Brooks, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Stanford, 1956), Vol. 6, p. 215. 

13 Cleland, Crawford, and Pigg, Phys. Rev. 99, 1170 (1955). 
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gradients may be developed by directed mass dis- 
placements associated with the primary knock-on. 

We would like first a model of reasonable structure 
at liquid nitrogen temperature that is capable of explain- 
ing both the small length changes upon irradiation! and 
the fairly strong low-angle x-ray scattering intensity 
from the damaged material found by Fujita and 
Gonser.* The density changes and over-all volume 
changes associated with the various postulated models 
may be calculated approximately using Eshelby’s re- 
sults“ if the defect regions are considered as centers 
of dilatation embedded in an elastic matrix. In defect 
regions where mass is not conserved, the region may 
be divided into subregions each of which has-gained or 
lost atoms rather uniformly over its volume. A defect 
region may be constructed in the following way: (1) 
cut out each subregion to be damaged; (2) produce 
the defects by atomic rearrangement and the addition 
or subtraction of mass, thereby causing a relatively 
uniform strain, €; (3) force the material back into the 
original cavity. Calculations giving the approximate 
density changes and over-all volume changes which are 
associated with such subregions possessing spherical 
symmetry are given in Appendix A. These defect re- 
gions will cause low-angle x-ray scattering since their 
electronic density differs from the matrix. The scatter- 
ing from a general configuration consisting of a pair of 
associated subregions separated by a distance a is calcu- 
lated in Appendix B. These results will be used to 
discuss several configurations. We will use the simplify- 
ing assumption that the defect regions in each case 
are of a uniform size. It will be shown later that the 
presence of a range of sizes will not greatly change the 
conclusions reached. 

Case A: single uniformly damaged spheres containing 
either finely mixed interstitials and vacancies (model II), 
or a homogeneous phase transformed structure (model 
III). From Eqs. (A.3), (A.7), and (B.3), an expression 
may be found relating the strain, e, to the scattered 
x-ray intensity which is proportional to No(An)?, the 
length change, AL/L, and the volume of the defect 
region, v. If po is the normal electronic density, An the 
excess or deficit number of electrons in v over the normal 
number in an equal undamaged volume, and No the 
number of single spheres per cc, then 


e=A/(1—2A); A=No(An)2/[4(AL/L) p02]. 


Since the defect regions are taken to be spheres, the 
observed* radius of gyration of 23X10-* cm implies 
that v= 1.1X10— cm*. The bombardment consisted of 
1X10'? deuterons/cm? of average energy about 6.5 
Mev.’ This treatment should have produced an expan- 
sion of 2.35X10~ using the length change results! and 
the E~ correction for the dependence of damage on 

“J. D. Eshelby, J. Appl. Phys. 25, 255 (1954); Solid State 


Physics, edited by F. Seitz and D. Turnbull (Academic Press, Inc., 
New York, 1956), Vol. 3, p. 79. 
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energy.'®:!® From these values and No(An)?=3X 1075,8 
and using po=1.4X10™ electrons/cm*, we find that 
e= 0.19. This large value of € tends to reject single uni- 
formly damaged regions as a possible model since it is 
difficult to imagine structural changes which would 
produce the ~57% volume expansion implied by this 
strain in the loosely packed diamond cubic lattice. For 
example, the rearrangement of germanium atoms on 
melting produces a volume contraction of 5%. 

Case B: a configuration consisting of randomly dis- 
tributed vacancy clusters and interstitial clusters. In 
this case we shall find it possible to satisfy the require- 
ment of small length change and strong low-angle 
scattering without the necessity of postulating un- 
reasonably large strains. This comes about since the 
clouds of vacancies and interstitials represent negative 
and positive centers of dilatation, respectively, and 
their contributions to the length change tend to cancel 
out. However, both types of clusters tend to contribute 
additively to the low-angle scattering intensity. At 
nitrogen temperature no length-change annealing was 
observed, and it seems reasonable to make calculations 
for the case where equal numbers of vacancies and 
interstitials are present. For order-of-magnitude pur- 
poses we assume the particularly simple case where 
equal numbers of vacancy and interstitial clusters are 
present and where each cluster is of the same size and 
possesses .V point defects. Letting Q; be the volume in- 
crease of the crystal when a germanium atom not 
originally belonging to the crystal is added as an inter- 
stitial, and letting 2, be the corresponding change in 
volume when an atom is completely removed from the 
crystal leaving a vacancy, we find that 

Av/v;0= 3€;= NQ;/2;0, 
Av, ‘Vp 0= 3e,= NQ, ‘U0, 
and from (A.7), 
AL/L= NoN (Q;4+2,)/3. 
Here No is the number of vacancy clusters per unit 
volume. A consideration of (B.5) shows that the mutual 
interference term will disappear for a random dis- 
persion of clusters and that the Fujita and Gonser value 
of 3X10 may be set equal to Nof (An,)?+(An,)? ]. 
From (B.3), 
An;= 
An,= — Nz— 2pov.0€v= N (— 2— 32,0). 


Nz- 2 p00 i0€; = N(zs— 20.p0), 


Then 
NoL(An,)?+(An,)?] 


6 © saa [s?— 2200(Q; Q,)+ §p07(2,2+2,°) ] 
a (2;+2,) 


16 F. Seitz and J. S. Koehler in Solid State Physics, edited by 
F. Seitz and D. Turnbull (Academic Press, Inc., New York, 1956), 
Vol. 2, p. 305. 

16R. O. Simmons and R. W. Balluffi, Phys. Rev. 109, 1142 
(1958). 
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where z is the atomic number of germanium, 32. All of 
the parameters of the model may be calculated from 
the above relations if we assume reasonable values of 
Q; and Q,. Unfortunately, no calculations of those 
quantities have been made for germanium as they have 
for copper.'? However, if 2;=+0.52 where Q is the 
atomic volume of germanium and 2, = 0.0, then V = 318, 
No=3.3X 10" cm™, €;= +3.1X 10’, «, =0 using AL/L 
=2.35X10. If 2;=+0502 and 2,=—0.20 then 
N=231, No=7.6X10" cm“, ¢-=+2.3X10, «= 
—8.0X10-, and AL/L=2.35X10~ as above. We see 
that the model of clustered interstitials and vacancies 
can more satisfactorily explain both the small-angle 
scattering and the observed volume changes with 
reasonable values of Q;, 2,, V, and No. It is worth 
noting that the assumed magnitudes of 2; and Q, are 
generally consistent with the predictions of the simple 
displacement theory.'® Simple displacement theory pre- 
dicts V,= 1.4410” Frenkel pairs/cm* for 10!" deu- 
terons/cm? of average energy 10.2 Mev, using!* Ea= 30 
ev and an average of 6 progeny per primary. Using the 
observed length change in 


we find that 0; +2,= +0.14. 

Case C: a case similar to B except that the vacancy 
and interstitial clouds are paired in dipole or concentric 
shell configurations.’ The length change will be the 
same as in Case B. At moderately large scattering angles 
the intensity will not be greatly different from Case B. 
However, the scattering intensity will be reduced at 
low angles because of interference effects between the 
highly correlated positive and negative regions in each 
pair (we may assume that the pairs themselves are 
randomly distributed). Inspection of (B.5) shows that 
mutual interference in the dipole case causes the 
scattering versus ¢ curve to go through a maximum as 
sin(2ray/X)/(2ra¢g/X)~0. This condition is met for 
2rag/A~5x/6. As an example, for copper Ka x-rays, 
this occurs for a=60X 10~8/C and g= 1.1 10-?C where 
C~1 is a constant and can be determined if either a or 
the angle of the maximum intensity ¢ is known. For the 
spherical shell case the scattering intensity goes through 
a maximum at an angle given by 


3X? In(Ri/ Re) 
m(R,?— R,”) ; 


9 


max = 


Fujita and Gonser found no maximum in the scatter- 
ing curve. However, the region of low angles is not 
easily accessible experimentally. It is conceivable that 
if dipoles were present the separations were such that 


17 Ludwig Tewordt, Phys. Rev. 109, 61 (1958). 
18 E. E. Klontz, Atomic Energy Commission Report AECU 
2267, 1952 (unpublished). 
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an intensity maximum occurred at an angle smaller 
than their limit of observation. However, in the con- 
centric sphere model of reasonable size, typical calcu- 
lations indicate that ¢max should have been observed. 
Some doubt is therefore cast on the latter model. 


IV. DISCUSSION 


The sample calculations which we have carried out 
for these idealized models indicate generally that a 
model consisting of displaced positive and negative 
clouds of imperfections is consistent with the small 
length change and rather strong low-angle scattering. 
Other models of somewhat different cluster geometry 
based upon the same general picture may be visualized. 
Further discussion of detailed structure on the basis of 
presently available results does not seem warranted. 

The formation of such clusters near liquid nitrogen 
temperatures could come about in two different ways. 
One mechanism would be the direct production of the 
clusters upon bombardment. In this mechanism the 
interstitials would be displaced over appreciable dis- 
tances in the knock-on process leaving the vacancies 
behind. The values of No in Cases B and C should then 
be small compared with the number of primaries calcu- 
lated from the simple displacement theory (3.4 10'%/ 
cm! for 6.5-Mev average energy deuterons). The fitting 
of the length and scattering data gave No values con- 
sistent with this requirement. The clusters could also 
form by the grouping together of defects by diffusive 
motion after bombardment. 

There are difficulties associated with the production 
of separated clusters on the basis of either of the 
mechanisms suggested above. The direct production of 
clusters separated by distances on the order of 60-90 A 
during bombardment is difficult to understand on the 
basis of previous displacement theory.’® It might be 
postulated that focusing effects analyzed by Silsbee” 
could play a role. One would not expect as much focus- 
ing in germanium as in copper since copper has close- 
packed rows of atoms whereas germanium does not. 
A range of cluster sizes should be expected in the direct- 
production model. We may assume approximately that 
v« N« F, where £ is the primary knock-on energy.’ 
The number of clusters with volumes between 7 and 
v+dv then varies as v~*. The presence of such a distribu- 
tion of cluster sizes will not greatly change the general 
conclusions previously reached on the basis of an as- 
sumed uniform cluster size. Detailed calculations taking 
into account the size distribution indicate that the 
larger clusters make a relatively larger contribution to 
the total observed low angle x-ray scattering intensity 
than they do to the total observed length change. The 
X-ray measurements also tend to measure the radius of 
gyration of the larger clusters." The calculations indi- 


1 R. C. Bradley, Bull. Am. Phys. Soc. Ser. II, 3, 193 (1958). 

” R. H. Silsbee, J. Appl. Phys. 28, 1246 (1957). 

21 A. Guinier and G. Fournet, Small Angle Scattering of X-Rays 
(John Wiley and Sons, Inc., New York, 1955). 
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cate that the strains calculated from the data on the 
assumption of a uniform cluster size are, if anything, 
somewhat smaller than the true strains. The conclu- 
sions rejecting Case A are, therefore, still valid. The 
fact that the x-rays measure mainly the large clusters 
may be taken as further evidence that focusing is not 
primarily responsible for the large apparent cluster 
spacing since the large clusters should be formed by 
the high-energy knock-ons where focusing is expected 
to be weak. Some difficulty is also encountered with 
the clustering mechanism based on diffusive motion. 
It is highly probable that appreciable annihilation of 
the irradiation-induced defects is accompanied by a 
considerable volume change. Since appreciable recovery 
of the length change is not observed below 200°K, we 
may conclude that only a relatively small fraction of the 
defects can be annealed out below this temperature. The 
diffusive clustering mechanism, which requires con- 
siderable movement of the defects at or below 90°K, 
must occur without the large-scale annihilation of the 
defects. It may be possible that interstitials and va- 
cancies repel each other in certain configurations and, 
therefore, avoid mutual annihilation at low tempera- 
ture. This is yet to be demonstrated, however. 

The vacancy-interstitial displaced cloud model at 
liquid nitrogen temperature, however produced, must 
be capable of explaining the resistivity annealing data 
above nitrogen temperatures where large irreversible 
resistivity changes were observed before appreciable 
length changes occurred.! Two main mechanisms could 
account for this behavior: (1) rearrangement of the 
vacancies and interstitials in various configurations by 
diffusive motion without appreciable annihilation, and 
(2) establishment of electronic equilibrium without 
structural rearrangement. Interstitials are generally 
believed to contribute donor states and vacancies to 
contribute acceptor states. The resistivity annealing 
below 140°K gives an increase in resistivity of the 
specimens as a result of either thermal defect annealing 
or the emptying of minority-carrier (electron) traps. 
We might identify defect annealing with a change in 
the cluster configuration of the interstitials. The empty- 
ing of electron traps would correspond to the establish- 
ment of electronic equilibrium. The first explanation 
agrees with the suggestion of Cleland and Crawford!" 
for neutron irradiation. The large decrease of resistivity 
observed between 140°K and 200°K, due to the anneal- 
ing or emptying of majority-carrier (hole) traps, could 
also be identified with the rearrangement of the cluster 
configuration of the vacancies or the re-establishment 
of thermal electronic equilibrium. Annealing processes 
continue up to 364°K as shown by the length-change 
annealing curves.! 

In discussing these mechanisms it should be men- 
tioned that carrier trapping processes may tend to 
stabilize the defect and that once the carrier is released 
the mobility of the defect could be changed. Also, the 
high dielectric constant of germanium causes the simple 
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Bohr orbit model for carriers to predict electronic 
interaction at relatively great distances between defects. 
This means that electronic effects produced by re- 
arrangement can take place at distances where elastic 
forces tending to promote annihilation are small. Above 
200°K the resistivity annealing may be attributed to 
the above mechanisms and also to defect annihilation. 
It is known that the conductivity does not anneal to its 
original value until the specimen is heated to 450- 
500°C. Therefore, the annealing spectrum is spread 
over a very broad temperature range. 

The detailed mechanisms of the defect annihilation 
cannot be deduced from the presently available results. 
In copper, it is observed that the irradiation-induced 
length increase, the electrical resistivity, and the lattice 
parameter increase anneal out in closely parallel 
fashion.’ This behavior may be taken as evidence 
that most of the vacancies and interstitials anneal out 
by mutual annihilation.’:!® In the case of germanium 
the residual length change and lattice parameter change 
after annealing to 320°K are both small and of roughly 
the same magnitude.!:? This result is, therefore, con- 
sistent with mostly parallel (and possibly mutual) 
annihilation of the vacancies and interstitials. The fact 
that the reported residual lattice-parameter expansion 
is somewhat smaller than the residual length-change 
effect may be a result of the experimental procedure 
and is further discussed in the preceding paper.” The 
observation that the residual lattice-parameter effect 
becomes slightly negative in the annealing range 350°K- 
420°K? indicates that all of the defects may not be 
destroyed by mutual annihilation. Apparently some 
extra vacancies remain causing a slight lattice param- 
eter contraction. The observed lack of line broadening 
in the x-ray work? is consistent with the presence of 
point defects. 

The previous models, which must be regarded as 
tentative, appear capable of explaining qualitatively 
the experimental results in irradiated germanium at 
the present time. The models are not unique, of course, 
and other more complicated arrangements may be 
involved. The vacancy-interstitial cluster model has 
the advantage that it is relatively simple and seems to 
require the least number of arbitrary assumptions. It 
would be rather difficult to account for the uniform 
nature of the length-change annealing on the basis of a 
number of independent annealing processes which 
would be inherent in more complicated models. Further 
work must be done to establish a unique model. Of 
particular interest would be information about the 
dilatation due to vacancies and interstitials, information 
dealing with the electrical interactions of point defects, 
further measurements of low-angle scattering at very 
low angles and low temperatures, and further x-ray 
lattice parameter measurements over a wide tempera- 
ture range which could be correlated with the available 
length change results. 
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APPENDIX A. DENSITY AND VOLUME CHANGES 
ASSOCIATED WITH DAMAGED REGIONS 

We wish to calculate the density and volume changes 
associated with the center-of-dilatation models de- 
scribed in Sec. IV, 2. Following Eshelby," and using 
his notation, we consider first a spherical region of 
original radius ro and volume v which has been strained 
an amount ¢ and placed in a spherical cavity of radius r, 
in the center of a spherical body of radius R. The radial 
displacement is 


ref tu /ro\? 
ulr)=""| 14 ( ) | 
¥ 3K\R 


The displacement at the surface of the body is 


(A.1) 


ere? P 4u ere? 
uiR)="“]1+—]- 
yRL 3K) R? 


The volume changes of the defect region and of the 
entire body are then 


(A.2) 


(A.3) 
(A.4) 


Av= 4aro?u (10) = 30/7 = 2ev0, 
AV = 4rR?u(R) = 3e2. 


In order to obtain expressions for the density differ- 
ence between the defect region and the matrix, we 
first establish that the density changes in the matrix 
are negligible compared to changes in the defect re- 
gion. The displacement ero*/7R? in (A.2) is divergence- 
less and does not change the density in the material 
surrounding the defect region. The displacement 
(ero’/yR*) (4u/3K) causes a very small uniform dilata- 
tion and the density in the matrix is, therefore 


do 


_ (A.5) 
1+ [ 300€(¥ _ 1), Vor | 


dm _ ~ do, 


when Vo>>v. However, the density in the defect ele- 
ment differs appreciably from do. For an element gaining 
mass M and undergoing the volume change 2ev 


d— do= (1/v) (M — 2dovve). (A.6) 


So far we have considered the special case where the 
defect region is at the center of a spherical body. We 
are interested in the general case where a large number 
of defect regions are distributed more or less randomly 
throughout a body of arbitrary shape. For this case 
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Eshelby™ has shown that 


AV/V=3AL/L=3eN, (A.7) 


where No is the number of defect regions per unit 
volume. In addition, we conclude that the difference in 
density between the matrix and the defect regions in 
various parts of the body is still given by (A.6) to 
sufficient accuracy for present purposes. 


APPENDIX B. SMALL-ANGLE X-RAY SCATTERING 
FROM DAMAGED REGIONS 


We shall calculate the low-angle x-ray scattering 
from a defect region consisting of two associated 
subregions, one of which has gained mass from the 
other. For concreteness, we take a specific case where 
the two regions have spherical symmetry and are 
separated by a. Let p; be the electronic density in sub- 
region 1 which has gained mass M, p» the electronic 
density in subregion 2, and po the electronic density in 
the matrix. Using the notation of reference 21, the 
scattered amplitude from a defect region is then 


A(h) 
A,(h) 


=(ov-pi) J exp(—ih-r)dr 
a | 


+(o-o:) f exp(—ih-ndr, (B.1) 


where A,(h) is the scattering amplitude produced at 
zero angle by an electron at the origin. 
Carrying out the integration and making the Guinier 
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exponential approximation, we obtain 


A (h)/A,(h) = An, exp(— 22? ¢?R,?/3d?) 


+ An, exp(— 2x’ ¢?R,?/3d*) exp(—ih-a), (B.2) 


where R, and R;2 are the radii of gyration of the sub- 
regions, and ¢ is the scattering angle (the angle be- 
tween the incident and scattered beams). For a spherical 
shell, R is related to the inner and outer radii by 

R?= 3(15—12°)/5(11°—12°). 
An, and An, are given (from Appendix A) by 


Any= n— 2p0010€1, 
. spied (B.3) 


An2= — n— 2por20€2, 
where m is the number of transferred electrons. The 
scattered intensity is then 
I(h)/I.(h) = (An)? exp(—4?g?R,2/3X?) 
+ (Anz)? exp(— 42? ¢?R2?/3d?)+ 2An Ang 
X {exp[ — 29? ¢?(Ry°+ R2”)/3A7 ]} cos(h- a). (B.4) 
The intensity for Vo damaged regions is then 
I (h)/T.(h) = Nol (Am)? exp(— 42? ¢?R1?/3d?) 
+ (Anz)? exp(— 4m? ¢?Ro?/3A7) +2 (Am) (Ane) 
X {exp(— 22y?(R:?-+R2?)/3d2)} 


Xsin(2rag/d)/(2rag/d) ], (B.5) 


if we assume that a is randomly orientated. It is 
noted that sin(2rag/\)/(2ra¢/d) falls to zero when 
(2ag/X) 21 and approaches unity as ¢ goes to zero. 
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Electron Spin Resonance of Mn*+ in Alkali Chlorides: Association 
with Vacancies and Impurities 


GrEoRGE D. WATKINS 
General Electric Research Laboratory, Schenectady, New York 
(Received September 12, 1958) 


The spin resonance of Mn** in LiCl, NaCl, and KCl is described. In NaCl, five different spectra are 
observed. Designated I, IT, III,, II», and IV, these arise from Mn** ions in five different environments. 
These are identified as (I) Mn** ions in an aggregated or precipitated state, (II) isolated Mn** ions which 
are not near any defect, (III,) Mn** ions with a positive ion vacancy bound in the nearest cation site, 
(III:) Mn** ions with a vacancy bound in the next-nearest site, and (IV) Mn** ions paired off with a 
chemical impurity charge compensator. In LiCl and KCI only the two vacancy-Mn** pairs (III; and 
IITs) are studied. In all three salts the nearest and next-nearest vacancy-Mn** pairs are approximately 
equally stable. By studying the spectra in NaCl as the temperature is raised, the thermal dissociation of 
the Mn**-vacancy pairs is observed, with a corresponding increase in the number of isolated Mn** ions. 
This follows a simple mass action law giving a binding energy for the Mn**-vacancy pairs of approximately 
0.4 ev. An ionic point charge model of the crystalline field produced by the defects is successful in explaining 
several features of the spectra. However, the magnitude of the field predicted in this manner appears to be 
a factor of ten too low if the recent theory of Watanabe is used. This discrepancy is attributed to the role 


of overlap of the ion cores and/or covalency. 


I. INTRODUCTION 


HEN divalent metal impurity ions are incor- 
porated into an alkali halide lattice, they go in 
substitutionally for alkali ions.' Because of the extra 
positive charge of these ions, and the requirement of 
charge neutrality, an equal number of negatively 
charged defects must also be simultaneously introduced. 
In a pure alkali halide, the positive-ion vacancy is the 
easiest defect to form that satisfies this requirement. 
As a result, in the absence of other chemical impurities, 
divalent cation addition will be accompanied by the 
introduction of an equal number of positive-ion 
vacancies.! This is illustrated in Figs. 1 (a) and (b). 
Because controlled numbers of positive-ion vacancies 
can be introduced in this manner, alkali halides doped 
with divalent cations have been studied extensively in 
the past in order to determine the properties of the 
positive-ion vacancy.' However, a complete interpreta- 
tion of these experiments has not been possible because 
the importance of interaction between the divalent 
cations and the vacancies has not been known. A 
positive-ion vacancy, being a missing positive charge, 
can be considered as carrying an effective negative 
charge in the lattice. It will experience a Coulomb 
attraction to the extra positive charge of a divalent ion 
and may tend to pair off with it, as shown in Fig. 1(b). 
(This complex is called a simple associated pair. Com- 
plexes involving more than two defects are also possible.) 
The pair of Fig. 1(b) will usually contribute differently 
to the physical property being measured than the 
isolated defects of Fig. 1(a). Therefore, in order to 
interpret the experiments properly, it is necessary to 
know the degree to which association occurs. Detailed 
1 For a review of the influence of divalent impurities in alkali 
halides, see F. Seitz, Revs. Modern Phys. 26, 11 (1954). See also 


A. B. Lidiard, Handbuch der Physik (Springer-Verlag, Berlin, 
1957), Vol. 20, p. 246. 


79 


understanding will also require knowledge of the types 
of complexes involved. 

This problem has been given considerable attention 
in the literature. Theoretical estimates have been made 
indicating that significant association should occur.?~ 
Experimental evidence of association has also been 
cited in ionic conductivity,' dielectric loss,' diffusion,! 
optical coloration,® and nuclear resonance® measure- 
ments on these or similar crystals. However, these ex- 
periments are relatively indirect and do not lend them- 
selves to unambiguous interpretation. In some cases, 
the results even appear contradictory.” 
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Fic. 1. Divalent ion incorporation in an alkali halide lattice. 
Charge compensation may arise from positive-ion vacancies 
either (a) separated, or (b) bound to the ion. Possible charge 
compensation by another chemical impurity is shown as (c). 
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Electron spin resonance presents a powerful tool for 
this study. Because the spin resonance of a paramagnetic 
impurity is quite sensitive to its environment, its 
spectrum will reflect the presence of nearby defects. If 
the ion is a divalent cation, such as Mn**, we have a 
tool that allows us to look directly at the ion in question 
and to determine its state of association. 

The first experimental use of spin resonance in 
this type of study was reported by Schneider and 
co-workers."*"" They observed three distinct spectra 
for Mn** in NaCl. They suggested that one arose from 
aggregated Mn**, one from isolated Mn**, and the 
third, a complex, orientation dependent spectrum, from 
Mn?** associated with a vacancy. This third spectrum 
was first analyzed by the author and Walker.” We found 
that it could be further divided into two different 
types of spectra. We identified them as arising from two 
types of vacancy-divalent ion pairs, one with a vacancy 
in the site nearest the Mn**, the other with a vacancy 
in the next nearest site. Our analysis has since been 
confirmed by Schneider'** but because the spectrum 
identified with the nearest vacancy pair departs so 
strongly from axial symmetry, he has suggested that 
these spectra may arise from some sort of array of 
complexes rather than the simple pairs. He points out 
that in his measurements on quenched crystals, no 
evidence of thermal dissociation of the complexes is 
observed, which he feels also confirms this view. 


In this paper, the author will attempt to show that 


these spectra are correctly identified with simple 
vacancy-Mn** pairs. Arguments will be given to show 
that the symmetries of the spectra are indeed what one 
would expect for these complexes. In addition, a study 
of the intensity of the spectra vs temperature will be 
presented that indicates that thermal dissociation does 
occur, and in the manner predicted by simple associa- 
tion theory. Similar spectra will also be reported for 
Mn?*>* in LiCl and KCl. 

Evidence for the thermal reorientation of the 
complexes is observed and is reported in the paper 
immediately following this one.'® Dielectric loss meas- 
urements are also reported there which directly cor- 
relate with this motion. The good quantitative agree- 
ment achieved in B also represents strong evidence for 
this identification. 

Charge compensation for the divalent cations may 
also occur by the simultaneous introduction of other 
chemical impurities. In NaCl:Mn another spectrum 
will be presented which is tentatively identified as Mn** 


ad E. E. Schneider and J. E. Caffyn, Defects in Crystalline 
Solids (The Physical Society, London, 1955), p. 74. 

uP, A. Forrester and E. E. Schneider, Proc. 
(London) B69, 833 (1956). 

2 A preliminary report of this work was given by G. D. Watkins 
and R. M. Walker in Bull. Am. Phys. Soc. Ser. IT, 1, 324 (1956). 

13 FE. E. Schneider, Arch. sci. Geneva 10, 120 (1957). 

4 EF. E. Schneider (private communication). 

16 G. D. Watkins, following paper [Phys. Rev. 113, 91 (1959). ] 
Hereafter this will be referred to as B. 
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associated with a divalent negative impurity (such 
as O?-) substituted in a nearest chlorine site.'® Evidence 
will be presented to suggest that another defect is also 
involved in the complex. 


Il. EXPERIMENTAL PROCEDURE 


A block diagram of the spectrometer is shown in 
Fig. 2. It is of conventional design, using a reflection 
cavity and straight bolometer detection.'’ The klystron 
is a Varian V40B and is stabilized to the sample cavity 
at 20 kMc/sec. The magnetic field is produced by a six- 
inch Varian magnet, and 15-cps modulation is achieved 
by additional coils around the outside of the poles. 
The bolometer detector is used as one arm of a dc bridge 
and the 15-cps signal is amplified, lock-in detected, and 
recorded. 

For measurements up to 600°C, a noninductively 
wound oven is slipped over the cavity which is operated 
in the cylindrical TEo,; mode and a water-cooled jacket 
protects the magnet pole faces. The jacket is filled 
with argon to prevent oxidation of the cavity. The 
sample is sealed off in an evacuated quartz envelope 
and mounted in the center of the cavity. It is attached 
to a quartz rod, which is brought outside the cavity and 
cooling jacket for rotation of the sample. 

With magnetic field modulation, small with respect 
to a line width, the recorded signal is proportional to 
the derivative of the absorption. The relative number 
of absorbing ions in a spectrum was determined by 
double integration of the record with a mechanical 
recording planimeter. The absolute sensitivity of the 
spectrometer was calibrated in a_ straightforward 
manner" by measuring the VSWR in arm 1 of the tee 
(see Fig. 2), the incident microwave power, the Q of 
the cavity and the sensitivity of the bolometer detector. 
With this the integrated records were used to determine 
the absolute number of absorbing ions. 

Magnetic field measurements were made with a 
Numar nuclear resonance magnetometer; g values were 
measured by comparison of the spectra to the resonance 
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_ 16A preliminary report of this work was given by the author 
in Bull. Am. Phys. Soc. Sec. II, 3, 135 (1958). 
17 G. Feher, Bell System Tech. J. 36, 449 (1957). 
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of polycrystalline di-phenyl picryl hydrazil with 
g=2.0036.'8 

Most of the crystals studied were grown by pulling 
from a melt!® into which 10-*-10~ mole fraction of 
MnCl, had been added. The melt was contained in a 
quartz crucible and the crystal was grown in a helium 
atmosphere. The starting materials were of reagent 
grade purity. In the case of NaCl: Mn, samples were 
also prepared from single crystals obtained from Har- 
shaw Chemical Company. One method was to diffuse 
manganese into the crystal. For this a quantity of 
MnCl, was applied to one surface of a crystal equal to 
approximately 0.1-mole fraction of the crystal. The 
crystal was then heated at 750°C for approximately one 
week in either an argon or a helium atmosphere. A 
second method was to use the Harshaw crystals as a 
high-purity source of NaCl and regrow, doping in the 
melt. 


III. THEORY OF THE SPECTRUM 


The Mn** spin resonance spectrum has been dis- 
cussed in considerable detail in the literature.”° Briefly, 
the Mn** ion ground state is °S; and is only slightly 
affected by its environment. Because of this, in ionic 
solids, its g value is isotropic and close to the free 
electron value, crystalline field splittings*are relatively 
small, and relaxation times are relatively long. Mn°°, 
one hundred percent abundant, has a nuclear spin 3 
and, as a result, each electronic transition is split into 
six hyperfine lines. The hyperfine constant is also 
nearly isotropic. 

The spin Hamiltonian for the ion in an external 
magnetic field H, and including the hyperfine interaction 
can be written 


K=g8H-S+I1-A-S. (1) 


The magnetic field for the M—M-—1 transition is 
given to second order in A/Ho by” 


gGH (M=M—1) = hvy—Km— (A?/2g8H») 
XL +1) —m?+m(2M—1)]. (2) 


Here vo is the klystron frequency, J the nuclear spin, 
1 . . 

and m the nuclear and M the electronic azimuthal 

quantum numbers. K is given by 


K?=A/nP+Aene+A yn;, (3) 


where the n’s are the direction cosines of the applied 
magnetic field to the principal axes of the hyperfine 
tensor. The anisotropy in A is small and has not been 
included in the second-order terms. In these terms A 
is defined as 


A=[}(ArP+A2+4A9) }}. 


18 Holden, Kittel, Merritt, and Yager, Phys. Rev. 77, 147 (1950). 

19 J, Czochralski, Z. physik Chem. 92, 219 (1917). 

” B. Bleaney and D. J. E. Ingram, Proc. Roy. Soc. (London) 
A205, 336 (1951). 

21 B. Bleaney, Phil. Mag. 42, 441 (1951). 
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In the alkali halide, the Mn** substitutes for an 
alkali ion and the cubic crystalline environment will 
add a small term to the Hamiltonian: 


Heubic= $a (S.'+S,'+S,‘). (4) 


This gives terms which must be added to Eq. (2) and 
are given to first order in a by”® 


gBdH (+$—+3) = F2pa, 
gBAH (+$—+})= + (§) pa, (5) 
gBAH (+4—+F3)=0. 


Here p= 1—59, d=n/n/7+n/7n2+n2ZnZ, and nz, ny, Nz 
are the direction cosines of the magnetic field with 
respect to the cubic axes (x,y,z) of the crystal. 

A defect near the ion destroys the cubic symmetry 
and a somewhat larger field splitting can occur. This 
additional interaction may be written?’ 


Knoncubic= DS?+E (S? sae S;?) , (6) 


There are also terms quartic in S, but they should be 
small and will not be considered here. This interaction 
gives rise to terms which must also be added to (2) and 
(5) and are given to second order in D and E by 


gBAH (+3 —+$3) = F4@o— (32@;°—16@.")/g8Ho, 

gBAH (4$—+}) = F2Q0+ (44°—20@,*)/g8Ho, (7) 

gBAH (4+3—F}) =+ (16@:°—32@,*)/gBHo. 

Here, 

2Q@o= D(3n?—1)+3E(n?—n;?), 

@?= Dn? (1—n’) +E (1—n) — (n2—n)?] 
—2DEn;(n?—n;7), (8) 

16@°= D?(1—n?)?+ E-[4n?2+ (n2—n;?)* ] 

+2DE(n?+1) (n2—n3?). 


It is these noncubic terms that reveal the presence 
of a defect in close proximity to the Mnt*. 


IV. EXPERIMENTAL RESULTS 


In Fig. 3, the temperature dependence of the Mntt 
spectrum in NaCl is illustrated. At room temperature, 
prior to heating, a simple, broad line is observed with 
a width between maximum derivative points of about 
130 gauss. Superposed on this line can be seen a weak 
complex spectrum. At 175°C the broad line has dis- 
appeared and the intensity of the complex spectrum 
has increased by a factor of roughly 60. [The sensitivity 
in Fig. 3(a) is a factor of 20 higher than for the other 
temperatures, which have approximately constant sensi- 
tivity. ] As the temperature is raised, most of the 
structure disappears, six central lines grow and at 
450°C only the six central lines remain. Upon returning 


% The distortion producing this interaction will also determine 
the anisotropy in the hyperfine interaction and the principal 
axes of Eqs. (3) and (6) will be identical. 
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Fic. 3. Spectrum of NaCl: Mn vs temperature. The magnetic field is parallel to a cubic axis. 


to room temperature, the spectrum is predominantly 
the complex spectrum of Fig. 3(b). This quenched-in 
spectrum slowly reconverts to the broad line over a 
period of several days. This quenching and recovery 
behavior has been studied in detail by Schneider ef al.!°." 

Within the accuracy of measurement (+15%), the 
integrated intensity of the six lines at the highest 
temperature studied (600°C) is equal to that of the 
complex spectrum at 175°C. Similarly, the same in- 
tensity (30%) is found in the broad line plus com- 
plex structure at room temperature shown in Fig. 3(a). 
This suggests that a constant number of Mn** ions is 
involved and that changes in the spectrum arise from 
a change of environment for these ions. This is sub- 
stantiated by the comparison of the estimate of the 
Mn** concentration determined by chemical means 
with that from the resonance. In the sample used for 
the detailed intensity checks, the concentration esti- 
mated from the resonance was (2.5-F-0.9)X10-> mole 
fraction. The concentration estimated from emission 
spectrographic analysis was (3.1-F0.6)X10~°. Within 
the limits of error, this is consistent with the assumption 
that all of the Mn** present is accounted for in the 
resonance spectra. 

The same general features are observed vs tempera- 
ture in the LiCl and KCI samples. However, in KCI an 
additional strong resonance is observed which does not 


TABLE I. Spin Hamiltonian constants for Mn** 


D 


A 
System Spectrum g (10-* cm~) (10-4 cm~) 


— 784 
+ 6943 


—81.440.4 
—80.8+ 0.5 


2.00184 0.0002 
2.0016 0.0002 


LiCl: Mn Illi 


Ile 


NaCl: Mn I 2.0043 0.0006 
II 2.0016 0.0006 
Ik 2.0021 0.0002 


—82.3+0.3 
Ai = —82.90.2 
Az2= —82.6F0.2 
III 2.00224 0.0004 —81.3+0.4 
IV 2.0016 0.0004 Ai = —78.7F0.4 
A: =As= —79.6F0.4 


—13542 


+1314 
—512+11 


—198+5 
+1744 


—81.8+1.0 
—81.7+1.0 


2.0018 0.0002 
2.0017 0.0002 


KCI: Mn Ill; 


III2 


convert to the other spectra as the temperature is 
raised. The resonance is Lorentzian in shape with a 
width of approximately 45 gauss between half-maximum 
points." The presence of this resonance can be correlated 
with the existence of a white cloudiness of the crystal. 
This could be caused by regions in which KysMnCl, had 
formed.” In the crystal as grown a sharp demarcation 
existed between the seed end, which was clear, and the 
other end, which was cloudy. In the cloudy portion, 
this line completely dominated the spectrum. In the 
clear portion, well away from the demarcation, only a 
very weak spectrum was observed. The sample studied 
was cleaved out of the clear part of the crystal close 
to the demarcation line. In this sample only a small 
amount of this additional resonance existed, and the 
intensity of the other spectra of interest was quite 
adequate for study. However, after repeated tempera- 
ture cycling this resonance had grown at the expense 
of the other spectra. The complication introduced by 
this precipitated phase explains why Schneider ef al."! 
found no evidence of the complex spectrum in this 
system. 

Figure 4 shows the spectra at room temperature in 
quenched samples of the three salts. The dominant 
lines of each are made up of two distinct types of 
spectra. These are designated III, and IIIs, and the 


spectra in alkali chlorides at 25°C.*:> 


No. of | Pk.-pk. deriv. 
such axes width (gauss) 


Typical 1, 2, 3 


4 a 
(10-4*cem~) (10-4 cm™~) axes 


+472 [100], [011], [011] 6 
=0 ee [100], — 3 


11.9 0.3 
11.90.3 


vee 130 10 

as (-1) ie ee 

+40.7+ 1.0 (—1.3) [100], (011), [011] 9.10.2 
=0 tee [100], — 

+192 rotate cubic axes 

about [100] (2 axis) 

by 1.340.1° 


9.10.2 
8.40.5 


(100), [011], [011] 
[100], — 


8.6+ 0.4 
8.64 0.4 


+4142 
0+ 3 


« g has been determined with respect to 2.0036 for DPPH. The indicated errors do not include the uncertainty in the absolute value for DPPH, which 


is +0.0002 (see reference 18). 
>» A has been assumed to be negative. 


% This possibility was pointed out to the author by P. D. Johnson of this laboratory. 
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Fic. 4. Room-temperature spectrum in quenched crystals of (a) LiCl: Mn, (b) NaCl: Mn, and (c) 


KCl: Mn. 


The magnetic field is parallel to a cubic axis. 


spin Hamiltonian constants are given in Table I.* (A 
has been assumed to be negative since this is the sign 


* The Roman numeral designation of the spectra used in this 
paper was chosen so as to conform with that used by Schneider." 

* Note added in proof.—Morigaki, Fujimoto, and Itoh [J. Phys. 
Soc. (Japan) 13, 1174 (1958) ] have reported a study of spectrum 
III, in aqueous grown NaCl. Their results are in agreement with 


found in all cases which have been investigated.?®) 
Columns 8 and 9 give the principal axes of the interac- 


ours, the apparent difference in D and E resulting from a different 
choice of principal axes. 

26 See, for example, K. D. Bowers and J. Owen, Reports on 
Progress in Physics (The Physical Society, London, 1955), Vol. 18, 
p. 304. 
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tions. These spectra are produced by distortions from 
the normal cubic environment, and all equivalent dis- 
tortions will occur with equal probability. This means 
that each spectrum is comprised of a superposition of 
several spectra which are identical except that they have 
different sets of equivalent principal axes. 

Spectrum III, has six equally probable sets of 
principal axes. Each set is made up of one of the three 
cubic axes (the 1 axis) and one of the two possible sets 
of [110] axes at right angles. For instance, ([100], 
[011], [011]) makes one such set. Six sets with five 
electronic transitions, each split into six lines by the 
hyperfine interaction, gives 180 lines to the spectrum 
for an arbitrary orientation of the crystal with respect 
to the magnetic field. The spectrum was studied by 
rotating a crystal both around a [100] axis and a [110] 
axis perpendicular to the magnetic field. (Around these 
axes, the number of lines is reduced to 120.) In LiCl, the 
spread of the spectrum is greatest with H, parallel to a 
[110] direction. Convention would normally dictate 
that this be labeled the 1 axis. However, for clarity in 
comparison with the other salts, the 1 axis is still 
taken as a [100] direction in Table I. 

Spectrum ITI, is essentially axially symmetric around 
one of the three cubic axes and therefore gives rise to 
90 lines. In NaCl and LiC] the intensity in this spectrum 
was approximately 15% that in spectrum III, and the 
lines were clearly separable only in a narrow angular 
range around H, parallel to a cubic axis. Hence, a slight 
asymmetry (i.e., E>0O) could exist. In KCl, however, 
spectrum III, is 50% more intense than spectrum ITT, 
and E is found to be zero within the accuracy of the 
analysis. As a result, axial symmetry is assumed for 
LiCl and NaCl. 

Discrepancies between the experimental spectra and 
those predicted by Eq. (6) indicate the existence of 
small terms quartic in S. However, because of the com- 
plexity of the spectra, it was not possible to determine 
the exact nature of them. The indicated errors in D 
and E result mainly from the failure to include these 
terms. In NaCl, the quartic terms of Eq. (4) were in- 
cluded for spectrum IIT, and the maximum discrepancy 
between the calculated and observed position of any 
line in the spectrum could be reduced from #4 gauss 
to #2 gauss with a cubic field constant a= —1.310™ 
cm™'. This indicates that quartic terms still remain, 
with the symmetry of D and £, which are of the same 
order of magnitude. The value of @ is indicated in 
parentheses because it may not have been separated 
properly from the remaining quartic terms. 

The remaining spectra (I, II, IV) have been analyzed 
only in NaCl. The six-line spectrum dominant at 
elevated temperatures is designated spectrum IT. Except 
for small intensity variations, this spectrum is inde- 
pendent of the orientation of the crystal in the magnetic 
field. The intensity of the spectrum is weak at room 


temperature and it was not possible to separate it 
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from the other spectra at this temperature. As a result, 
the room-temperature value of A in Table I was 
estimated by measuring A as the temperature was 
lowered and extrapolating to room temperature. Since 
no facility was available for measuring the klystron 
frequency accurately, the g value was measured at 
150°C relative to that of spectrum III). The relative 
intensity of spectrum II increases in samples of low 
Mn** concentration and the study was made in low 
concentration samples. 

There is an asymmetric envelope to the six lines of 
spectrum II at elevated temperatures [see Fig. 3(d) ]. 
Each line is the superposition of the five electronic 
transitions, and second-order terms in the hyperfine 
interaction will tend to destroy their exact superposi- 
tion, the outside lines being broadened the most. This 
effect alone would cause a symmetrical envelope. In- 
cluding a cubic field interaction with a~ —1X10~ cm! 
could produce the asymmetry observed. The behavior 
of this envelope as the crystal is rotated also agrees 
closely with this model; the asymmetry goes through 
zero and reverses as the crystal is rotated from the 
magnetic field a!ong a [100] axis, to along a [110] axis. 
The value of a is given in parentheses in the table 
because the cubic field splittings are not resolved, 
and one cannot rule out other explanations for the 
asymmetry. 

The broad line of Fig. 3(a) is labeled spectrum I. The 
results agree approximately with those of Schneider,!?" 
Low,”* and Oshima e/ al.?’ in solution and melt-grown 
crystals. The g value given in Table I is slightly lower 
and closer to the free-electron value than that measured 
by these other workers at 3 cm. 

Spectrum IV is a complex spectrum, observed in 
NaCl, which has an order of magnitude lower intensity 
(see Fig. 5). It was present at approximately the same 
intensity in almost all crystals, whether melt- or 
diffusion-doped. The principal axes are those obtained 
by rotating 1.3°-F0.1° about the cubic axis designated 
the 2 axis. There are 12 sets of axes, giving rise to 
360 lines. 

In diffusion-doped crystals, a sharp concentration 
gradient existed, the Mn** concentration being down 
to less than 10-7, 3 cm from the surface. By sectioning 
the crystal the spectra could be studied at varying Mnt* 
concentrations. Spectrum IV grows first, saturating at a 
concentration usually around (1—3)X10~®. Additional 
Mn** gives rise to spectra I through III, with no 
increase in the intensity of spectrum IV. It appears 
that there exist in the crystal a fixed number of sites 
to which a Mn** is strongly attracted. These sites are 
filled first in the doping. The fact that a few crystals 
did not show spectrum IV suggests that the site may 
be a chemical impurity. Because of this initial selective 
population, low-concentration samples contained pre- 

26 W. Low, Proc. Phys. Soc. (London) B69, 837 (1956). 
mw Abe, Nagano, and Nagusa, J. Chem. Phys. 23, 1721 





ELECTRON SPIN RESONANCE OF Mntt 


ina 


M:-5/22-3/2 
m=— 5/2 




















5500 6000 
MAGNETIC FIELD (GAUSS) 


Fic. 5. NaCl: Mn spectrum at increased sensitivity showing part of spectrum IV. The low-field spectrum III; satellite is indicated 
for reference. All of the lines observed to the low-field side of the indicated ITI, satellite are part of spectrum IV. 


dominantly spectrum IV. (In Fig. 5, the relative in- 
crease in spectrum IV over spectrum III; compared to 
Fig. 4 is primarily because the sample of Fig. 5 has a 
lower Mn** concentration.) 

In NaCl, the individual satellite lines of spectra III, 
and III, broaden abruptly in a narrow temperature 
range (see Fig. 6). Similar effects occur in LiCl and KCl 
at slightly different temperatures. A detailed study of 
this effect is given in B. It is concluded there that the 
fine-structure splittings D and E are being averaged 
out due to a thermally induced motion of the defects 
producing the splittings. 

In spectrum IV, there is evidence of limited motion. 
In approximately the same temperature range as for the 
broadening of the spectra III, and III, satellites, the 
asymmetry, as measured by £, is motionally averaged 
out. D, however, is not averaged out to at least 400°C. 
The intensity in spectrum IV appears roughly constant 
up to approximately 400°C, at which point the spectrum 
disappears. It has not been determined whether the 
lines broaden as they disappear or not. On recooling, 
the spectrum reappears. 

In addition to the spectra I-IV in NaCl, which are 
clearly identifiable with Mn**, another very broad line, 
approximately 850 gauss wide, between half-maximum 
points was sometimes observed. The origin of this is not 
understood. In the sample for which most of the 
detailed intensity measurements were made, the inte- 
grated intensity of this line was approximately equal 
to the total intensity of the Mn** spectra I through IV, 
even though the derivative presentation made it 
practically unobservable. The close agreement between 
the chemical and resonance estimates (excluding this 
broad line) make it unlikely that it is due to manganese. 
The overlap of errors is sufficiently great, however, to 
accommodate the possibility. At least up to 450°C the 
line appears to be roughly constant in shape and area. 


To the degree that its intensity is constant, we can 
ignore its participation in the detailed balance between 
spectra I-IV vs temperature. 


V. MODELS FOR THE SPECTRA 
A. Spectrum I 


Spectrum I of NaCl has been considered in some 
detail by Schneider ef al.'°"" They point out that the 
absence of resolved hyperfine structure and the rela- 
tively narrow Lorentzian line shape indicates the exist- 
ence of strong exchange narrowing. They therefore 
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Fic. 6. Dependence of line width on temperature in NaCl: Mn. 
The circled points are for the M= —$—— }, m= —§ multiplet of 
spectrum III,; the triangled points are for the M=+ 3—+4, 
m=—§ multiplet of spectrum ITT, [see Fig. 4(b)]. 
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Fic. 7. Models of the spectra. The large circles are the anions, the small circles, the cations. The displacements of the anions around 
the vacancy are shown. There is also an inward displacement of the anions surrounding the divalent ion which is not shown. This 
displacement maintains the cubic symmetry and does not contribute to the fine structure splittings. 


conclude that the manganese ions are in close proximity 
to each other, aggregated at or near internal boundaries 
or dislocations. An additional verification is as follows: 
We have observed that quenched crystals with no 
spectrum I are much softer (blend upon cleaving) than 
those which have predominantly spectrum I. This 
suggests that the crystal is “precipitation hardened”’ 
by the aggregated manganese. Heating the crystal 
“dissolves” the manganese ions into the lattice and the 
crystal again becomes “soft.” (Similar heat treatment 
effects have been observed on the hardness of pure LiF 
crystals by Johnston and Gilman.** They conclude also 
that the effects are due to precipitation hardening by 
impurities.) The disappearance of spectrum I as the 
temperature is raised is interpreted as arising from the 
dissolving of the aggregated Mn** into the solid. The 
temperature range in which this occurs agrees with the 
solubility estimates of Haven® from ionic conductivity 
measurements on this system. 

The absence of resolved hyperfine structure and 
crystal field splittings arises from the exchange narrow- 
ing. However, these interactions are still present and 
shift the average center of gravity of the spectrum to 
lower field. From Eqs. (2), (7), and (8) we can esti- 
mate a shift of 


(AH) ~ —[0.63D2+ (5/12)A2/g8°Ho]. (9) 


This explains the different apparent g value re- 
ported here (2.0043) from those reported at 3 cm!*?627 
(2.010-2.015). Applying Eq. (9) with A~—82xX10~ 
cm, we can estimate from the measurements at the 
two different wavelengths an rms value for D in the 
precipitated state of ~0.03-0.04cm™, a reasonable 
value. 

The true g value, without the shift of Eq. (9), is 
therefore 2.001-F-0.001, in good agreement with the 
other spectra. 


28 W. G. Johnston and J. J. Gilman, General Electric Research 
Laboratory (private communication). 


B. Spectrum II 


Spectrum II is caused by manganese ions perturbed 
only by cubic fields. The spectrum therefore results 
from isolated Mn** ions, with no defect nearby. The 
increase in its intensity as the temperature is raised 
is due to an increase in the number of isolated ions. (The 
possibility that there is a defect nearby, but that its 
motion is so rapid that its effect is averaged out, is 
considered in Sec. VII and can be ruled out over the 
temperature range studied.) 


C. Spectrum III, 


We believe that spectrum ITI, is due to Mn** witha 
positive ion vacancy in the nearest cation site as shown 
in Fig. 7(a). The symmetry of the splittings due to the 
crystal field is consistent with this interpretation. In 
addition, the relative values of D and E can be shown 
to be consistent with a simple ionic point charge model 
for the effective crystalline field acting on the Mn** ion, 
as follows: Terms quadratic in S arise from terms in the 
Hamiltonian for d electrons which are quadratic in 1, 
the position coordinate. In a simple ionic model, this 
part of the Hamiltonian is given by >> [ — |e| V(r.) ], 
where V(r,) is the electrostatic potential at the ith 
electron produced by all of the surrounding ions. The 
quadratic terms, zero in cubic symmetry, arise both 
from the missing positive charge of the vacancy and 
from the electronic and displacement polarization of 
the ions surrounding the vacancy. Because the polariza- 
tion falls off as r~* from the vacancy, and because the 
contribution to the quadratic terms from a displaced 
charge also falls off as r~*, a reasonable approximation 
for the contribution of the polarization is to consider 
only the two chlorine ions adjacent to both vacancy 
and Mn**. The polarization of these ions can be repre- 
sented by a fractional displacement £ as shown in Fig. 
7(a). Considering the vacancy as a single negative 
charge V2a away and the chlorine ions as single negative 
charges displaced a distance a as shown, the quadratic 
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part of the potential may be written 


V=D'xP+E' (x2—2x;2)—4D'r, (10) 
where 


D!=3]\e| /8v2a', 
E'= (\e| /a®)[(3/8v2) —3€]. (11) 


D and E should be roughly proportional to D’ and E’, 
so that in order to explain the relative values of D and E 
for NaCl (Table I), £=0.115. This represents an in- 
duced dipole 0.115 ae, which is not unreasonable for the 
combined electronic and displacement polarization. 
Bassani and Fumi’ have calculated that in NaCl the 
displacement of the ions alone is 0.083 a. 

The agreement is better than one would expect. How- 
ever, the calculation does explain the large asymmetry 
in the crystal field splittings and shows that it arises 
primarily from the distortion of the nearest neighbor 
chlorine ions surrounding the Mn++.?*-*! 

A calculation of the relation between D and D’, etc., 
has recently been made by Watanabe.” His result 
states that 


D= —9,90A?X 10-°+3.62M’AX10-§ cm, (12) 


where 


A=—eD' (r’)/3he. (13) 


Here M’ is a measure of the spin-spin interaction 
between an electron in the 3d and 4s orbital states, (r?) 
is the average value of r? for a 3d orbit. M’ is difficult to 
estimate because it depends strongly upon the overlap 
of the 3d and 4s wave functions, but Watanabe suggests 
0.1-0.3 cm™ as a reasonable value. Taking M’=0.2 
cm™, and (r?)=0.4X 10~'* as determined from Hartree 
functions,*®* D=— 1410-4 cm™ for NaCl. The sign is 
correct, but the magnitude is a factor of ten too low. 
The main source of error may not be in Watanabe’s 
result but rather in the simple ionic point charge 
approximation to D’. Because of the strong exchange 
forces due to overlap with the charge clouds of its 
neighbors, the effective potential for the Mn** ion 
produced by displacements of its neighbors may be 


* Experimentally we cannot distinguish whether the vacancy 
is along the 2 or 3 axis. The preceding arguments suggest that it is 
along the 3 axis as shown in Fig. 7(a). 

%® Additional indirect evidence that this model for spectrum 
III, is reasonable is available from the double resonance measure- 
ments by Feher*! on the F center in KC]. He measured the nuclear 
quadrupole coupling at the chlorine ion nearest to the F center 
and found the same set of axes and a large asymmetry with 
D'/E'=—1.7. (The nuclear quadrupole coupling also measures 
the quadratic part of the potential, in this case at the position of 
the nucleus.) The negative-ion vacancy (which is the center of the 
F center) occupies the same position relative to the chlorine 
nucleus studied, as does the positive-ion vacancy to that of the 
Mn‘** ion, and there should be a high degree of similarity between 
the two. Because of the additional anisotropy in the magnetic 
hyperfine interaction, Feher can distinguish between the 2 and 3 
axes, and the negative value for D’/E’ is consistent with the 
identification here of the vacancy along the 3 axis. 

31 G, Feher, Phys. Rev. 105, 1122 (1957). 

% H. Watanabe, Progr. Theoret. Phys. Japan 18, 405 (1957). 

33D. R. Hartree, Proc. Cambridge Phil. Soc. 51, 126 (1955). 


considerably in excess of that predicted by the motion 
of hypothetical charges centered on the nuclei. Also 
covalent bond formation has been ignored. (It will be 
shown in Sec. VI that a significant amount of covalency 
does exist for the manganese ion.) It is possible that the 
crystal field splittings are very sensitive to a small 
amount of covalency in much the same way that nuclear 
quadrupole coupling constants often are.™ 

Although the point-charge model predicts field 
splittings a factor of ten too low, the preceding argu- 
ments concerning the ratio of D to E may still be con- 
sidered to have significance. In fact, we may obtain an 
indication of the importance of overlap and covalent 
effects by comparison of the ratio D/E observed in 
NaCl with that in the other two alkali chlorides. In 
LiCl, for instance, because of the larger ratio of anion 
to cation radii, the Mn** will have less overlap with 
its Lit neighbors. As a result, a missing Li* will not 
affect the Mn** as much and the spectrum will be deter- 
mined more by the polarization of its six nearest 
neighbors. From Eq. (11), this means a lower magnitude 
of D’/E’ (still negative), which is observed. The 
opposite will be true in KCI, where significant overlap 
with K* neighbors can occur. This also agrees with the 
observed spectrum. As a result, we may conclude that 
these effects are important. 

The rapid increase in line width could be caused by 
the diffusion of the vacancy from one bound site to 
another. Each time the vacancy jumps the spectrum 
will change, giving rise to a lifetime broadening of the 
individual lines. It is well known that the vacancy is 
highly mobile! and the line broadening in itself must be 
considered strong evidence that a vacancy is involved 
in the complex. This motion will be considered in detail 
in paper B. 

Finally, the simple vacancy-Mn** complex is ex- 
pected to exist and to be the most prevalent complex. 
It is natural then to identify it with spectrum IIh, 
which satisfies the necessary requirements. 


D. Spectrum III, 


Spectrum ITI, is identified as arising from Mnt*+ ions 
which are bound to a vacancy in the next-nearest 
possible position [see Fig. 7(b) ]. Because the vacancy 
is in a cube direction from the Mn**, both its direct 
effect and the polarization give rise to axial symmetry 
around this direction. Again considering only the dis- 
placement of the chloride ion adjacent to both vacancy 
and Mn** ion plus the direct effect of the vacancy, the 
simple ionic approximation gives 


D'!= — (\e| /16a*) (3+-72n), 
E'=0. 


(14) 


The 1 axis is along the cubic axis toward the vacancy, 
and na is the displacement of the bridging chloride 


4 Honig, Mandel, Stitch, and Townes, Phys. Rev. 96, 638 
(1954). 
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TABLE II. Relative stabilities of nearest neighbor (III,) and 
next-nearest neighbor (III;) vacancy complexes. 


Ei —E: E, —E: 
(Sr** theory)* 
ev 


ni/ne (spectra) 

(25°C spectra) ev 
LiCl 7.4 +0.034 
7.5 +-0.034 


NaCl 7.5 
KCl 0.65 —0.029 





+0.02 
—0.11 


« F. Bassani and F. G. Fumi, Nuovo cimento 11, 274 (1954);,M. P. Tosi 
and G. Airoldi, Nuovo cimento 8, 584 (1958). 


ion produced by the vacancy as shown in Fig. 7(b). 
Using »=0.048 as calculated by Tosi and Airoldi‘ 
for NaCl:Sr*+*, Eqs. (12) and (13) give, for NaCl, 
D=+21X10- cm™. As in spectrum IT], the sign is 
correct but the magnitude is almost a factor of ten 
too low. 

The multiplets of spectrum IIT, also broaden as the 
temperature is raised, as is shown in Fig. 6. This 
suggests that a vacancy is involved in this complex too. 
Finally, the model is the simplest complex that satisfies 
the symmetry of the spectrum. 

The ratio of the number of nearest to next-nearest 
complexes at room temperature, as determined from 
relative intensities is given in Table II. Assuming 
detailed balance between the two complexes and the 
same vibrational frequencies for the vacancy in each, 
this ratio is given by 


m;/n2= (12/6) exp[ (E:— E2)/kT J, (15) 


where 12/6 is the ratio of available nearest to next- 
nearest sites, and /; and £2 are the binding energies of 
the complexes. The values of £,— £2 required to give 
the room temperature ratios are also given in Table II. 
The difference in binding energies of the two complexes 
is small, and in KCl the next-nearest site is actually 
the more stable. 

It is surprising that the next-nearest site, a factor v2 
farther away from the Mn** than the nearest site, 
could be this stable. However, Tosi and Airoldi* have 
calculated the binding energy of a vacancy to Sr** in 
NaCl! and KCI for the next-nearest site. Comparing 
their values to those calculated by Bassani and Fumi® 
for the same ion in a nearest vacancy complex, they 
find that the energies are indeed comparable. In fact, 
their calculations predict that the next-nearest site is 
the more stable in KCI while the nearest is the more 
stable in NaCl. Although these calculations were per- 
formed for Sr**, it seems reasonable that they are 
representative of any divalent ion, and this agreement 
must be considered additional evidence in support of 
the identification of these spectra. 


E. Spectrum IV 


A model which can explain the properties of spectrum 
IV is shown in Fig. 7(c). In this model, one of the six 
nearest chloride ions has been replaced by a doubly 
negatively charged impurity ion (such as O*-, S*, etc.). 
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Because the impurity ion carries an extra negative 
charge and is next to the Mnt* ion, a large Coulombic 
binding energy is expected. This explains why these 
sites are populated first in the doping. The close prox- 
imity of the extra negative charge also explains the 
large crystal field splittings. The low-temperature width 
of the individual resonance multiplets is approximately 
10% less than those in spectra II, III,, and IIT, (see 
Table I). The width originates from hyperfine interac- 
tion with the neighboring chlorine nuclei (see Sec. VI) 
and the replacement of one ion by a magnetically inert 
group VI ion would reduce the width by about this 
amount. The failure to detect motional averaging of 
D up to 400°C is consistent with a relatively immobile 
substitutional impurity. 

The origin of the asymmetry is less clear. It was sug- 
gested in a preliminary report'® that the asymmetry 
might arise from a Jahn-Teller** distortion of the double 
negative ion. (This could arise as a result of partial 
electron transfer away from the X?~ leaving a partial 
hole whose orbital degeneracy could be lifted by the 
distortion.**) However, the barrier for motion for such 
a complex from one distorted position to another 
would probably be only a fraction of the Jahn-Teller 
energy, and therefore probably <0.1 ev. The tempera- 
ture range at which £ is averaged out indicates, if one 
assumes normal vibrational frequencies, a_ barrier 
energy ~0.6ev. As a result, it is now believed that 
another defect is probably present, perhaps in the cation 
site marked with a question mark in Fig. 7(c). A positive 
ion vacancy suggests itself, but it is not clear why it 
should be so strongly bound. (There is evidence that it 
is still bound at 400°C.) A more probable defect is a 
small substitutional impurity, bound to the double 
minus ion primarily by covalent forces. One possibility 
is (OH)-, with the oxygen in the anion site and the 
hydrogen in the cation site. The smallness of the hydro- 
gen would allow it to diffuse around the oxygen with 
essentially the same mobility as the positive ion 
vacancy it occupies. 

Using the simple point-charge model of a single extra 
negative charge located at the position of a nearest 
chlorine site, the value of D’ in Eq. (10) is —3|e|/2a*. 
This value, with Eq. (12), gives D=+67X10~ cm“, 
which is of the wrong sign and an order of magnitude 
too low. However, in Watanabe’s equation there is a 
quadratic term which will reverse the sign if D’ is larger. 
Solving Eq. (12) for the required D’, we find that it must 
be a factor of eleven larger than that given by the point 
charge model. A factor of this size has also been re- 
quired to explain the splittings observed in spectra ITI, 
and ITI». As a result, if one estimates that the crystalline 
potential is approximately ten times that given by the 
simple point charge model, the field splittings of all 


85H. A. Jahn and E. Teller, Proc. Roy. Soc. (London) A161, 
220 (1937). 

36 The origin of the degeneracy was pointed out to the author 
by Professor Morrel H. Cohen, University of Chicago. 
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three spectra agree with those predicted by the models 
of Fig. 7. The factor of ten may arise from the effect 
of overlap and covalency. 


VI. LINE WIDTH 


At room temperature the individual resonance 
multiplets of spectra ITI, and ITI: are approximately 
Gaussian in shape with the peak-peak derivative widths 
shown in Table I. Dipolar fields from the nuclear mag- 
netic moments of neighbors can be shown using Van 
Vleck’s formula*’ to contribute only about one gauss 
or less. The widths are insensitive to the physical 
perfection of the crystal and of the Mn** concentration 
over a wide range. As a result, the broadening can be 
considered to be due to hyperfine interaction with the 
neighboring chlorine nuclei. There are two isotopes of 
chlorine each with spin $ giving such a large number of 
hyperfine arrangements that they are not resolved. 

The magnitude of the widths is reasonable for this 
mechanism as can be seen by comparison with results 
of Tinkham** for Mn** in ZnF». Here the hyperfine 
interaction with the six fluorine neighbors was resolved. 
Following the approach of Van Vleck, Stevens,” and 
Owen." Tinkham considered the smeared-out magnetic 
orbitals as linear combinations of the 3d wave functions 
on the central maganese ion and a small amount of 
a and = orbitals around the six attached ions. In order 
to account for the observed structure, he concluded 
that each of the five magnetic electrons spends approxi- 
mately 6% of its time in n= 2 orbitals on the neighbor- 
ing F~ ions. A similar analysis here gives the identical 
result for n=3 orbitals on the Cl ions. The o orbitals 
are assumed to have 20% 3s character, for which 
Hartree functions” give a probability density at the 
nucleus of |W3.(0){?= 70 10-* cm-.) 


VII. VACANCY-Mn** BINDING ENERGY IN NaCl 


Study of the relative integrated intensities of spectra 
II, III,, and III, vs temperature should allow the 
determination of the binding energy of the vacancy 
to the manganese. This assumes that spectrum II is 
correctly interpreted as arising from isolated Mn** ions. 
Another interpretation of spectrum II must first be 
ruled out, namely, whether it could arise from spectra 
III, and III, which have been motionally narrowed 
due to the diffusional motion of the attached positive-ion 
vacancy.* This would occur in three distinct steps. 
First, there might be an apparent increase of the six 
central lines due to the averaging of the second and 


37 J. H. Van Vleck, Phys. Rev. 74, 1168 (1948). 

38 M. Tinkham, Proc. Roy. Soc. (London) A236, 535 (1956). 

39 J. H. Van Vleck, J. Chem. Phys. 3, 807 (1935). 

0K. W. H. Stevens, Proc. Roy. Soc. (London) A219, 542 (1953). 

41 J. Owen, Proc. Roy. Soc. (London) A227, 183 (1955); Dis- 
cussions Faraday Soc. 19, 127 (1955). 

4D. R. Hartree and W. Hartree, Proc. Roy. Soc. (London) 
A156, 45 (1936). 

48 The arguments given here are abbreviated. For a detailed 
discussion of the effect of vacancy motion on the spectra, see B. 
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higher order shifts of the M=+4——} transitions. 
This would occur in the same temperature range as 
does the onset of broadening for the M= +3—+3 satel- 
lite studied (Fig. 6). However, with the magnetic field 
parallel to a 100 direction, these shifts are at their 
minimum and such an effect will be small and can be 
neglected. The next two steps would occur when first 
the M=+3—+3 and then the M=+$—+3 first-order 
shifts are averaged out. These transitions will not be 
mistaken for spectrum IT until they have been narrowed 
to the approximate width of the spectrum IT lines. The 
point at which this will occur can be estimated by 
reference to the work of Gutowsky, McCall, and 
Slichter.“* As the jump time 7 becomes short, the 
spectrum that they studied, originally made up of two 
lines separated by 2Af, is replaced by a single central 
line whose width is given by the original unbroadened 
line width of the satellites plus a Lorentz broadening 
with 1/72= 277A f*r. This can be derived from Eq. (41) 
of their paper. Solving for a 7, broadening equal to the 
spectrum IT width, and using for the present case Af? 
averaged over all of the nearest and next-nearest sites, 
7=2X10-" second for the M=+$—+3 transition. 
The M=+$—+3 requires 7 a factor of four shorter. 
From Eq. (7) of reference B, a temperature of 750°C is 
required for r~2X10~" sec. We conclude that this is 
not important in the temperature range studied (up to 
600°C), and that spectrum II is correctly identified as 
arising from isolated Mnt** ions. 

Unfortunately, because of the broadening of the 
spectrum ITT, and ITT, satellites, it is not possible to use 
the resonance to determine the number of Mn** ions 
in these complexes above ~ 300°C. However, the in- 
tensity of the central six lines has been measured up to 
600°C. If we assume that a constant number of Mnt+ 
ions are divided between spectra II, ITI;, and IIT, (I 
does not exist at these temperatures and IV is negligible), 
the increase in spectrum II will be accompanied by a 
corresponding decrease in spectra III, and ITIy. There- 
fore, by measuring the total intensity at,200°C"for 
example, the relative number of associated and un- 
associated Mn*+ ions can be computed from the in- 
tensity of the central six lines vs temperature. Defining 
p as the percentage of Mn** ions associated with a 
vacancy (nearest and next nearest), and (1— p) the 
percentage that are isolated, the intensities of the 
various spectra are given by 


I central = c( = $)-F (9 35) p \o, Niny+nn= plo. 


The term containing 9/35 represents the intensity of 
the M=+4—-—3 transitions of spectra IIT, and IIT, 
which also contribute to the central six lines. (The 
almost identical values of g and A for the three spectra 
and the small second-order shifts for the central com- 
ponents of spectra III; and III, allow simple addition 
of their intensities.) 


(16) 


“4 Gutowsky, McCall, and Slichter, J. Chem. Phys. 21, 290 
(1953), 
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Fic. 8. Degree of association vs temperature for Mn** in NaCl. 
The solid line is a simple mass action law where p gives the 
percentage of Mn** ions associated with vacancies. The triangled 
points are estimates of p from the intensity of spectra III, and 
III. The circled points are estimates of (1— ) from the central 
six lines. 


The results of a detailed analysis in one crystal of 
NaCl: Mn using Eq. (16) is shown in Fig. 8. The curve 
is a simple mass action law with a binding energy for 
the nearest vacancy pair £,=0.39 ev. The mole frac- 
tion c was taken as 60 ppm, and £,— F2 was taken as 
+0.034 ev (see Table IT). 

Although the scatter of points is rather large, the 
data indicates that the complexes are thermally dis- 
sociating and that a simple mass action law can describe 
the process. The value of the binding energy is con- 
sidered tentative for two reasons: (1) Emission spectro- 
graphic analysis has revealed that 29-6 ppm of Ca** 
exist in the crystal in addition to the 31-6 ppm Mn**. 
The Ca** apparently was an impurity present in the 
NaC] starting material. Since Ca** ions are also com- 
peting for vacancies, this could upset the detailed 
balance between the Mn** and its vacancies. If the 
binding energy for Cat** is the same as that for Mn**, 
the analysis is valid so long as the combined concentra- 
tion is used in the mass action formula. This was done 
to arrive at £,=0.39 ev. Although one expects essen- 
tially the same binding energy for the two, Ca** has 
been reported to behave curiously,’~* and this may in- 
troduce some error. (2) The sample also exhibited a 
broad unidentified resonance, described in Sec. IV, of 
intensity about equal to that in the other spectra. Since 
its intensity appeared constant up to at least 450°C, its 
presence should not affect the detailed balance argu- 
ments for the other spectra in this range. However, the 
accuracy of the intensity measurements on this broad 
line is not very good, and if it were due to Mn**, some 
of the increase in spectrum IT could have been produced 
by an undetected decrease in the intensity of this line. 
In other words, if this arises from Mn** in some pre- 
cipitated state, it may act as a source of Mn** ions at 
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higher temperature, and the assumption of constant 
concentration would not be valid. 

The present result lends support to the assumption 
that simple association theory is applicable in these 
solids. The binding energy of approximately 0.4 ev 
agrees with theoretical estimates.‘ It is planned to 
repeat this experiment on samples of higher purity 
and of varying concentrations of Mn**. Ionic conduc- 
tivity measurements will also be performed on these 
samples, and the results will be reported in a subsequent 


paper. 
VIII. SUMMARY 


A detailed study has been made of the Mn** spec- 
trum in NaCl. Five different environments have been 
identified for the ion. At room temperature, most of the 
Mn? is not in solution but is in some type of aggre- 
gated state. At elevated temperatures, or after quench- 
ing, the manganese is dissolved into the lattice, sub- 
stituting for Nat ions. Some of these ions are isolated 
in the lattice; others are paired off with positive-ion 
vacancies. A smaller fraction are paired off with a 
chemical impurity which has not been identified. Both 
nearest and next-nearest vacancy-Mn** pairs have 
been observed, and their binding energies are almost 
equal. By studying the relative number of bound and 
unbound ions vs temperature, the binding energy of 
the nearest pair can be estimated to be ~ 0.4 ev. 

The vacancy pairs were also studied for Mn** in 
LiCl and KCl. Here again the nearest and next-nearest 
vacancy sites are approximately equally stable. 

The crystalline field theory developed by Watanabe 
is successful in explaining the fine structure produced 
by the vacancy and impurity complexes only if the 
values of the crystalline field are taken to be approxi- 
mately ten times that estimated on a simple ionic 
point-charge model. This is interpreted as a failure of 
the point-charge model, the larger fields arising from 
charge cloud overlap forces and/or covalency. Differ- 
ences in the fine structure for the three alkali chlorides 
indicate the importance of these effects. 
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Motion of Mn++-Cation Vacancy Pairs in NaCl: Study by Electron Spin 
Resonance and Dielectric Loss 


GeorcE D. WATKINS 
General Electric Research Laboratory, Schenectady, New York 


(Received September 12, 1958) 


Thermal motion of the bound positive ion vacancy around a Mn** ion in NaCl has been detected as a 
broadening of some of the multiplets in the Mn++ spin resonance spectrum. In addition, dielectric loss 
measurements at radio frequencies reveal a Debye loss peak which can be directly correlated with this 
motion. Analysis of these experiments gives the lifetime of the vacancy in the cation site nearest the Mn** 
to be 1/r=1.2X10" exp(—E/kT), with E=0.63-F0.05 ev. Near 300°C, the lifetime of the vacancy in the 
next nearest site is approximately one-third less. The Mn**-vacancy interchange is not detected in the 
resonance and therefore does not set in first. The magnitude and form of the loss peak is in good agreement 
with the recent theory of Lidiard if the effect of both nearest and next nearest pairs is considered. 


I. INTRODUCTION 


HEN divalent metal impurity ions such as Mn++ 
are incorporated in an alkali halide lattice, they 
go in substitutionally for the alkali metal ions.' In a 
crystal free of other chemical impurities, an equal 
number of positive ion vacancies are created to main- 
tain charge neutrality. A positive ion vacancy is a 
missing positive charge, and will experience a Coulomb 
attraction to the extra positive charge of a Mn** ion. 
As a result there should be a tendency for the vacancies 
and Mn** ions to form pairs. 
In the preceding paper,’ it was shown that spin 
in the alkali chlorides can 
give detailed information about this pairing. It was 


+4 


resonance studies of Mn 


possible to identify the spectra arising from two different 
types of simple Mn**-vacancy pairs. Some of the lines 
in these spectra broaden abruptly at elevated tempera- 
tures. It will be shown that this broadening arises from 
the motion of the bound vacancy from one site to 
another in the vicinity of the Mn** ion. A study of this 
broadening will be presented for one of the resonance 
lines of each type of Mnt**-vacancy pair in NaCl. From 
this study it is possible to estimate the lifetime of the 
vacancy both in the cation site nearest the Mnt* ion 
and in the site next nearest the ion. 

Divalent ion-vacancy pairing and the vacancy 
motion can also be studied by the measurement of 
dielectric loss. Because a divalent ion-vacancy pair is 
an electric dipole, it will give rise to a Debye loss peak,* 
which has a characteristic maximum when the fre- 
quency of the applied electric field is approximately 
equal to the rate at which the dipole can reorient. 
Dielectric loss peaks have been observed in divalent 

1 For a review of the properties of divalent ions in alkali halides, 
see F, Seitz, Revs. Modern Phys. 26, 11 (1954). See also A. B. 
Lidiard, Handbuch der Physik, edited by S. Fliigge (Springer- 
Verlag, Berlin, 1957), Vol. 20, p. 246. 

2G. D. Watkins, preceding paper [ Phys. Rev. 113, 79 (1959) ]. 
Henceforth this paper will be referred to as A. 


3P. Debye, Polar Molecules (The Chemical Catalog Company, 
New York, 1929), Chap. V. 
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ion-doped alkali halides by several workers.4~"' How- 
ever, a detailed interpretation of these experiments has 
not been possible because the type and number of 
complexes contributing to the loss has not been known. 

The spin resonance study reported in A gives the 
information necessary to interpret dielectric loss meas- 
urements. The dominant types of vacancy-Mnt* 
complexes were identified and the fraction of the Mn*+* 
ions in each of these complexes was determined vs 
temperature. Dielectric loss measurements were per- 
formed on the NaCl:Mn samples, and these will be 
reported in this paper. With the information available 
from the resonance measurements, it is possible to give 
a complete analysis of the loss peaks. In addition, the 
information about the motion of the vacancy obtained 
from the loss measurements can be correlated directly 
with that determined from the broadening of the 
resonance multiplets. 


II. SPIN RESONANCE MEASUREMENTS 
1. Experimental 


The spin resonance spectrometer and the oven for 
elevated temperature studies have been described in A. 
The source of the crystals is also described in that 
reference. 

Figure 1 shows the spectrum of Mn++ in NaCl at 
room temperature in a crystal quenched from about 
450°C. It is comprised primarily of three spectra, 
designated IT, III,, and IIIs, which were analyzed in A. 
Spectrum II is identified as arising from isolated Mnt* 


4R. G. Breckenridge, J. Chem. Phys. 18, 913 (1950); Imper- 
fections in Nearly Perfect Crystals (John Wiley and Sons, Inc., 
New York, 1952), p. 219. 

5 Burstein, Davisson, and Sclar, Phys. Rev. 96, 819 (1954). 

6 Y. Haven, J. Chem. Phys. 21, 171 (1953); Report of the Bristol 
Conference on Defects in Crystalline Solids, 1954 (The Physical 
Society, London, 1955), p. 261. 

7G. Jacobs, Naturwissenschaften 42, 575 (1955). 

8G. Jacobs, J. Chem. Phys. 27, 217 (1957). 

9J. S. Dryden and R. J. Meakins, Discussions Faraday Soc. 
No. 23, 39 (1957). 

10 J, O. Thomson (unpublished). This work was communicated 
to the author by Professor R. J. Maurer, University of Illinois. 

1 J. Pasternak, Bull. Am. Phys. Soc. Ser. II, 2, 343 (1957). 
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Fic. 1. Room-temperature spectrum in a quenched crystal of NaCl: Mn. The multiplets studied of the nearest (III14, 8) and 
next nearest (III24) vacancy-Mn** pair spectra are indicated. The magnetic field is parallel to a cubic axis. 


ions, III,, from Mn*+-vacancy pairs with the vacancy 
in the nearest cation site, and III», from pairs with the 
vacancy in the next-nearest site. The line width of one 
multiplet from each Mn**-vacancy pair spectrum was 
studied and these mutliplets are indicated in Fig. 1. 


2. Theory of the Line Width 


The positive ion vacancy can jump from one bound 
position to another around the Mnt* ion. This motion 
either changes the orientation of the Mnt*-vacancy 
pairs in the magnetic field or changes the Mn**- 
vacancy separation, or both. As a result, each time the 
vacancy moves the spectrum may be completely 
changed resulting in a lifetime broadening of those 
transitions which are split by the presence of the 
vacancy.” When the jump rate of the vacancy becomes 
comparable with the low-temperature width of the 
resonance line being observed, the line will begin to 
broaden, and, as the temperature is raised, the width 
of the line will become dominated by this motion. 

It is shown in the Appendix that for the multiplets 
studied, this motion causes a Lorentzian line shape, as 
is usually encountered for lifetime broadened spectral 
lines, 


g(v)=27/[1+42?7?(v— 9)? ]. (1) 


It is concluded there that this should be valid over the 
full range of temperature studied. Here 7 is the lifetime 
of the vacancy in the position giving rise to the reso- 
nance multiplet being observed, where only jumps 


® Motional narrowing is perhaps the more familiar concept. In 
a broad sense this is motional narrowing also, since the total 
spectrum is narrowed. In the initial stages of this narrowing, 
however, the individual components of the spectrum broaden. 
This has been treated rigorously by Gutowsky, McCall, and 
Slichter [J. Chem. Phys. 21, 290 (1953) ] for what is equivalent 
to the case of jumping between two possible resonance multiplets, 
and most of the features of the arguments given here are borne 
out in their special case. 


which change the spectrum are considered as contrib- 
uting to r. 

The twelve vacancy positions nearest to a Mn** ion 
and the six next nearest are shown in Fig. 2. Measure- 
ments were made with the magnetic field parallel to a 
cubic axis of the crystal (@=0°). For this orientation, 
there are only two sets of nearest neighbor sites which 
give nonequivalent spectra. One set is made up of the 
four sites designated 1A and 1B, the other, of the eight 
sites designated 1C and 1D. Similarly, there are two 
nonequivalent next nearest sites designated 2A and 2B. 
The nearest neighbor multiplet studied arises from 
Mn** ions with a vacancy in one of the 14 or 1B sites. 
The other multiplet studied arises from ions with a 
vacancy in one of the 24 sites. 

A vacancy jumps by interchange with an adjacent 
cation. As a result, all jumps from the 24 site are to 
nonequivalent sites and therefore r for the next nearest 
multiplet gives the lifetime of the vacancy in that site. 
All jumps from the 14 or 1B sites are to nonequivalent 
sites except the possible interchange with the Mn** 
ion. Therefore, + for the nearest neighbor multiplet 
gives the lifetime of the vacancy in the nearest site, 
excluding interchange jumps with the Mn**. 

The interchange with the Mn** must be considered 
separately. This motion does not change the spectrum, 
and therefore does not contribute to the broadening. 
However, this motion tends to average out the hyperfine 
interaction with neighboring chlorine ions which con- 
tributes to the normal line width. If this motion occurs 
first, a narrowing will be observed prior to the broad- 
ening caused by the other motion. If the interchange 
and other motion occur at about the same rates, a 
slight modification of the curve of width vs temperature 
may occur but only in the transition region where the 
broadening and narrowing motions can compete. 
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Fic. 2. Model showing the twelve nearest (1) and six next 
nearest (2) possible cation vacancy sites surrounding the Mn** 
ion. The larger circles are the anion sites. 


Above the transition region, the interchange will have 
no effect. 


3. Results and Discussion of Line-Width 
Measurements 


Figure 3 shows a plot of the logarithm of the line 
width vs 1/T for each of the satellites indicated in Fig. 
1. The lines are approximately Gaussian at low tem- 
perature and appear Lorentzian within the accuracy of 
measurement at high temperature. 

In order to analyze the data in the transition region, 
it was assumed that the observed line shape G(v) was 
given by the convolution of the unbroadened line shape 
h(v) and the lifetime broadened function g(v) given by 
Eq. (1). Assuming a Gaussian h(v), the peak-peak 
derivative of G(v) was calculated as a function of r. 
Using this, + was determined from the observed 
derivative line width. The values determined in this 
way for the nearest neighbor satellite can be approxi- 
mated by the straight line in Fig. 3, giving, for the 
lifetime of the vacancy in the nearest site (excluding 
Mn** interchange), 1/7= 1.310" exp(— E/kT), with 
E=0.52 ev. 

The estimate of 7 is considered accurate to within 
20% near 300°C. The higher temperature estimates 
are somewhat less reliable because the satellite lines 
overlap. In the transition region the estimate of 7 is 
quite sensitive to the assumed low-temperature line 
shape (which is only approximately Gaussian). Also, 
the possible role of Mn*+-vacancy interchange in this 
region is not known. Because of these uncertainties, the 
activation energy of 0.52 ev may be in error by 30%. 
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Fic. 3. Dependence of the peak-peak derivative line width on 
temperature. The circled points are for the multiplet studied of 
the nearest neighbor Mn*+-vacancy pair. The triangled points 
are for the multiplet of the next-nearest neighbor pair. Estimates 
of the lifetime 7 of the vacancy in the nearest site from line-width 
analysis and from dielectric loss measurement are also shown. 


Since there is no evidence of an initial narrowing we 
conclude that the Mn**-vacancy interchange does not 
set in first. 

The data on the next nearest vacancy satellite are 
insufficient to estimate the curve for it. However, from 
the line breadth we conclude that the lifetime in the 
next nearest site is approximately two thirds of that 
in the nearest site at about 250°C. 


4. Relaxation Time 


The motion of the vacancy around the Mnt* ion 
can also cause relaxation of the spin system. Following 
the method of Bloembergen, Purcell, and Pound," in 
which the fluctuating crystal field splittings are ana- 
lyzed into their Fourier spectra, etc., this contribution 
to the relaxation time for the M= —3——3 nearest 
neighbor multiplet is estimated to be ~ 700 r. 

T, was measured for this multiplet by the saturation 
method" and found to be approximately constant from 
100°C-—250°C at 7,;,=6X10-7 second. At 250°C this is 
still a factor of ten shorter than that calculated above, 
and we conclude that the vacancy motion is not the 
dominant relaxation mechanism at least up to this 
temperature. 

13 Bloembergen, Purcell, and Pound, Phys. Rev. 73, 679 (1948). 

‘4 Tt was assumed that the spin packet line shape was deter- 
mined by the vacancy motion and given by Eq. (1). Above about 
200°C, the saturation behavior was that of a homogeneously 
broadened line."* Below this temperature it was that of an inhomo- 

eneously broadened line [A. M. Portis, Phys. Rev. 91, 1071 
71953) At room temperature, assuming 7, = 7’; (because r>7)), 
one obtains 7,;=2X 1077 second. 
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III, DIELECTRIC MEASUREMENTS 
1. Experimental 

Most previous dielectric loss measurements on NaC] 
have been made in the temperature range 50-125°C so 
that the loss peaks would fall in the audio-frequency 
range. From the spin resonance study in A, it is ap- 
parent that this temperature range is a particularly bad 
one for NaCl: Mn. In this temperature range the solu- 
bility of the Mn** ions is low and only a small fraction 
of the ions are in solution as simple Mn*t*-vacancy 
pairs. On the other hand, the temperature is probably 
too high to quench in an excess of pairs long enough for 
reliable measurements. 

As a result, the measurements reported here were 
performed in the temperature range 170°C-265°C, 
where essentially all of the Mn** ions were in solution. 
An additional advantage of this temperature region is 
that it overlaps the region in which the vacancy motion 
is detected in the resonance line width. A direct cor- 
relation is then possible between the two experimental 
approaches. 

The dielectric loss measurements were performed by 
a substitution method using a Boonton type 160A 
Q-meter. The crystal to be studied was placed between 
two flat silver electrodes which terminated a 6-inch-long 
silver-plated stainless steel coaxial line. The assembly 
was leak tight and a slight excess pressure of helium 
was maintained in the holder. The sample was heated 
by placing an oven over the electrodes, the stainless 
steel lines providing the necessary thermal isolation. 
Careful shielding of the rf coils and the Q-meter 
terminals was found to be necessary. 

The crystals were cleaved to the approximate di- 
mensions 0.5 in.X0.5 in.X0.030 in. and presented a 
capacity of about 10 yuf. Ignoring the series inductance 
of the holder, the loss factor of the sample is given by 

tané= (Co/C,)A(1/Q). (2) 
Here C» is the total resonating capacity, C, the capacity 
of the sample, and A(1/Q) the difference between the 
reciprocal Q’s with the sample holder and with the 
reference condenser in its place. Above 30 Mc/sec a 
small correction to Eq. (2) is required because of the 
series inductance of the holder. 

The dielectric measurements were made on single 
crystals which were pulled from the melt. Harshaw 
single crystals were remelted as a high purity source of 
NaCl and MnCl, was added in the melt. Spectographic 
analysis indicated negligible Ca** or other divalent 
impurity present other than Mnt**, 


2. Theory of Dielectric Loss 
The theory of the dielectric loss produced by a 
vacancy-divalent ion complex has been presented by 
Lidiard.'® For a simple pair in which the vacancy spends 
16 A. B. Lidiard, Report of the Bristol Conference on Defects in 


Crystalline Solids, 1954 (The Physical Society, London, 1955), 
p. 283. 
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significant time only in the twelve equivalent sites 
nearest the divalent ion, a Debye loss peak occurs with 
the loss tangent given by 

@WTD 


a 





(tané),.= (3) 


8ra’e’N ( 


3ekT 


Here, a is the nearest anion-cation distance, ¢ the static 
dielectric constant, V, the number of pairs per cubic 
centimeter, and w the angular frequency. The relaxation 
time rp is given by 
1/rp=2(v1+ 72), (4) 
where v; and v2 are the field free probabilities per unit 
time that the vacancy will jump to another particular 
nearest site position or that it will interchange with the 
divalent ion, respectively. In deriving Eq. (3) no local 
field correction was applied, and the correct numerical 
constants might be slightly different from those given. 
One also has loss due to unbound vacancies, which, 
for a low concentration of vacancies, is given by 


— 16ma’e’yNy /1 
(tané),=— ———( ) 
kT \e 


Here vp» is the field free probability that a vacancy will 
jump to a particular adjacent position and NV, is the 
concentration of unbound vacancies. The losses of Eqs. 
(3) and (5) are separable because of the different fre- 
quency dependencies, and the frequency of the maxi- 
mum in the loss peak gives 7p which can be related to 
vy; and v2 by Eq. (4). 

Lidiard has extended the calculation to include next 
nearest vacancy positions.!® The main effect is to shift 
the position of the maximum and change its magnitude 
slightly. Lidiard includes a table from which the shifts 
can be estimated. 


(5) 


3. Results 


Loss measurements in a crystal containing 63-10 
ppm Mn** (by spectrographic analysis) are given in 
Fig. 4. After subtracting the 1/w term due to free 
carriers, the dotted loss peaks are obtained. Inspection 
of these loss peaks reveals: (1) The curves are simple 
Debye loss peaks within the accuracy of measurement. 
There is no evidence of a long tail on the high-frequency 
side as has been observed by several workers in the 
audio range.®7:'° (2) The amplitudes of the peaks show 
a slight decrease as the temperature is increased. This 
decrease is expected once all the Mn** ions are in 
solution because of the thermal dissociation of the 
complex, and because of the 1/T dependence of Eq. 
(3). This has not generally been observed in the past, 
most observers reporting the opposite effect.6.7"" 


16 The decrease of the loss peak amplitudes is still not quite as 
large as expected over this temperature range. This suggests that 
some of the Mn** ions are not in solution at the low-temperature 
end. 
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Fic. 4. Dielectric loss in NaCl containing 63--10 ppm Mn*+, 
The dashed curves are the extracted loss peaks, the arrows indi- 
cating the maxirna. 


Figure 5 is a plot of the frequency of the loss peak vs 
temperature. Included are values published by Haven® 
and Breckenridge’ for loss peak measurements in 
NaCl:Mn in the audio-frequency range. The curve 
drawn through these points is given by 


fp=5.5X 10" exp(— E/kT), 


where E=0.63 ev. The curve has been drawn through 
the audio-frequency point of Breckenridge. Although 
the accuracy of the measurements might accommodate 
a curve through Haven’s point, there is reason to feel 
that it may be less accurate. His experiment was per- 
formed at 110°C and definite evidence of a high- 
frequency tail existed. Breckenridge’s result was 
obtained at a lower temperature in quenched crystals, 
and simple vacancy complexes may have remained 
long enough for the measurement. 


4. Discussion of Results 


These loss peaks may be analyzed using the in- 
formation about the state of the Mn** ions obtained 
from the spin resonance. Since the relative numbers of 
nearest and next nearest pairs are known from reso- 


nance measurements, Lidiard’s treatment!> which 
includes the effect of both pairs can be used. His results 
are expressed in terms of the quantities = 7pv3 and 
f=exp(—AE/kT), where rp is the Debye time con- 
sidering only nearest neighbor positions [Eq. (4) ], vs 
is the field free probability per unit time that a vacancy 
at a next nearest position will jump to a particular 
nearest position, and AE is the difference in binding 
energy between the two sites. If we assume 
v3=v, exp(AE/2kT), and ignore the Mnt+-vacancy 
interchange v2, we obtain f~0.4-0.5 and £+0.78—0.72 
over the temperature range studied. (We have used 
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Fic. 5. Frequency of the loss peak maximum vs temperature. 


Included are audio-frequency measurements by (a) Haven® and 
(b) Breckenridge.‘ 


AE= 0.034 ev as given in Table II of A.) From Table 
II of Lidiard’s paper we can estimate that the curve 
will be displaced 20% to high frequencies, i.e., 
fp=(1.2)/(247p), and the amplitude of the peak will 
be increased 35% over that of Eq. (3) for the nearest 
pairs alone. The low values of / and € insure negligible 
departure from a simple Debye peak. 

From the amplitude of the 239°C peak of Fig. 4, and 
using the 35% correction to Eq. (3), we estimate a 
concentration of 37--4 ppm nearest neighbor pairs at 
this temperature. The total concentration of Mn** in 
this sample was determined by spectrographic analysis 
to be 63-10 ppm. Assuming that the number of pairs 
is given by a simple mass action law (see A), this gives 
an effective binding energy for the nearest neighbor 
pair of £,=0.41 (+0.07, —0.04) ev. In another sample 
containing 38-5 ppm, loss peak analysis gave 20-2 
ppm nearest neighbor pairs, and £,;=0.41 (+0.04, 
—0.03) ev. This is in good agreement with the value 
estimated from the spin resonance study in A (~0.4 ev) 
and theoretical estimates!?!* which also give #,~0.4 
ev. This suggests that no local field correction is 


Lidiard. 

Comparison with the estimate of vacancy lifetime 
determined from the resonance can be made as follows: 
The lifetime of the nearest vacancy is given by 


1/7= 401+ vot 2044+4 05+ 6. 


17 F, Bassani and F. G. Fumi, Nuovo cimento 11, 274 (1954). 
18 M. P. Tosi and G. Airoldi, Nuovo cimento 8, 584 (1958). 
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Here v; and v2 are, as before, the probabilities per unit 
time of a jump to a particular other nearest site or of 
interchange with the Mn**, respectively. v4, vs, and ve 
are the corresponding jump frequencies to a particular 
adjacent site 2a, 64a, and 84a away from the Mn** ion, 
respectively. The multiplicative factors represent the 
number of such adjacent sites, the total being twelve. 
We assume, as before, that the jump rate to any par- 
ticular site is given by v; exp(—AE/2kT) where AE is 
the difference between the binding energy in the site 
nearest the Mn** and the one in question. We estimate 
the relative binding energies of these more distant sites 
using a simple homogeneous dielectric shielding model. 
This approximation should be fairly good, since the 
binding energy for the next nearest site is already very 
close to the Coulombic value. The result is, at 275°C, 


1 ‘7= 74> 18f>. (6) 


The 20% shift of the loss peak to higher frequency has 
been included, but interchange of the Mn** with the 
vacancy has not. 

Using Eq. (6), the data of Fig. 5 gives 1/7=10" 
Xexp(— E/kT), where E=0.63 ev. 

This has been plotted in Fig. 3 along with the results 
of the line-width measurements. The difference in 
activation energy of the two estimates of 1/7 is con- 
sidered within the accuracy of the value determined 
by the line-width measurements. Otherwise the agree- 
ment is excellent. This leaves little doubt that the loss 
peaks and the line broadening arise from the same 
mechanism. 


IV. SUMMARY AND CONCLUSIONS 


Diffusion of the bound vacancy around a Mn** ion 
has been detected as a broadening of some of the 
multiplets in the spin-resonance spectrum. Dielectric 
loss measurements at radio-frequencies have revealed 
a Debye loss peak that can be correlated with this 
motion. The good quantitative agreement between the 
two experiments is considered strong evidence that the 
dielectric loss originates from simple Mn**-positive ion 
vacancy pairs, which have been identified by spin- 
resonance measurements. 

Combining the results from both experiments, the 
best estimate of the lifetime of the vacancy in the cation 
site nearest the Mn** ion is given by 


1/r=1.2X10" exp(— E/kT), (7) 


with E=0.630.05 ev. These values are considered 
accurate to within = 20% near 300°C. At this tempera- 
ture, the lifetime of the vacancy in the next nearest 
site is approximately one-third less. 

The Mnt+-vacancy interchange motion is not de- 
tected in the resonance and as a result does not set in 
first. This is reasonable because the extra charge of the 
Mn?** ion will pull the neighboring chlorine ions inward, 
which should make it harder for the Mn** ion to squeeze 
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out. This pulling in of the chlorine ions should also 
“open up” the lattice around the ion making the 
vacancy motion in the vicinity of the ion easier than 
elsewhere in the lattice. The activation energy for 
vacancy motion not near a defect is generally estimated 
to be in the range 0.7-0.9 ev.! The lower value deter- 
mined here of 0.63 ev may indicate the importance of 
this effect. 

This is the first demonstration of dielectric loss peaks 
which can definitely be identified as arising from simple 
divalent ion-positive ion vacancy pairs. The measure- 
ments in the radio-frequency range reported here 
connect fairly well to the audio-frequency measure- 
ments made by others on this system. This would tend 
to confirm that these audio-frequency loss peaks also 
originate from the simple complexes, as had been 
generally assumed. However, any partially bound 
vacancy will give rise to a loss peak of sorts. Spin 
resonance has shown that a good fraction of the Mn++ 
ion-vacancy pairs are not in solution at the lower 
temperatures usually employed, and some loss may 
therefore arise from the Mnt** ions and vacancies in 
the precipitated state. Such effects could account for 
the long tails to the high-frequency side of the peak 
often observed in the audio measurements. 

The intensity of the loss peaks reported in this paper 
is in good agreement with that predicted by Lidiard.!® 
This suggests that the poor agreement generally found 


in the past for the audio measurements arises from the 
low solubility of the complexes. This poor agreement 
appears to exist in most divalent ion-alkali halide 
systems reported. The low solubility in this temperature 
range may be a rather general property of these systems. 
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APPENDIX 


In the resonance experiment, the magnetic field and 
klystron frequency are adjusted to resonance for a 
particular transition and a particular position of the 
vacancy. As the vacancy jumps the precessing Mnt* 
spin is sometimes brought into resonance, and, on a 
subsequent jump, is removed from resonance. If phase 
coherence in the precession is lost by the time the 
vacancy has returned to the resonant position, we may 
treat these periods on resonance as independent. With 
a vacancy jump probability independent of time, this 
gives a simple exponential correlation function for the 
precessing spin resulting in a Lorentzian line shape for 
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the line’®.° 
g(v)=27/[1+42?7?(v— v9)? ]. (1) 


Here 7 is the average lifetime of the vacancy in the 
position giving rise to the resonance line being observed, 
where only jumps which change the spectrum are 
considered as contributing to 7.4 

If we observe a resonance line at frequency v; which 
is produced by a vacancy in the ith site, the require- 
ment for losing phase coherence during the time the 
vacancy is away can be estimated as follows: The 
average time spent at site 7 before the vacancy returns 
can be determined by simple detailed balance argu- 
ments and is given by 7;p;/p;. Here 7; is the average 
lifetime in the 7th site and ; and p; are the probabilities 


19M. C. Wang and G. E. Uhlenbeck, Revs. Modern Phys. 17, 
326 (1945). 

%T. Yokota, Progr. Theoret. Phys. (Japan) 8, 380 (1952). 

*1 We assume that the time required for the jump is very short 
compared to the time between jumps. As a result possible phase 
accumulation during the jump is not considered. 
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of finding the vacancy in the jth and ith site, respec- 
tively. The average phase error accumulated at site 7 
is therefore 2r7;(vj;—v;)p;/pi. In order that phase 
coherence be lost, the total average phase error accumu- 
lated before the vacancy returns to site i must be 2 2z. 
Summing over all sites 7, this gives the requirement 


(7:/pi) Ls Ps(¥j— Hs) ZI. (8) 


Only nearest and next nearest vacancy-Mn** pairs 
are observed. Thus the p; are small for other vacancy 
sites and only the motion between the nearest and 
next nearest sites need be considered. With the values 
of v; and p; determined from the resonance (see A), 
Eq. (8) gives r21.5X10-" sec for the nearest neighbor 
multiplet and r26X10~-" sec for the next nearest. At 
the highest temperature studied the deduced lifetimes 
are still a factor of ten larger than these limits. We 
therefore conclude that Eq. (1) is valid over the range 
of temperatures studied and 7 gives the lifetime of the 
vacancy site giving rise to the multiplet studied. 


NUMBER 1 JANUARY 1, 1959 


Configuration Coordinate Model for KCI:T1 Including Spin-Orbit Interaction 


F. E. WitiiaMs Anp P. D. JOHNSON 
General Electric Research Laboratory, Schenectady, New Y ork 


(Received September 2, 1958) 


The effect of the crystalline field on the spin-orbit interaction of the *P° and 'P° states of TI* in KCI has 
now been included in the configuration coordinate model. The potential energy curves for the pure spin states 
are required to satisfy the condition that after the application of spin-orbit interaction the resulting crystal 
states account for the absorption and emission spectra, explained by the earlier model, and for the oscillator 
strengths of the absorption bands. In accordance with the adiabatic approximation, the potential energy 
curves for the states involved in absorption and emission do not cross and the electronic matrix elements for 
radiative transitions depend on the configuration coordinate. The curve for the lower excited state has two 
minima which account for the 3050 A and the 4750 A emission bands. From the single minimum of the upper 
excited state an additional emission band near the 2470 A absorption band is predicted. With intense ex- 
citation at 77°K in a narrow spectral range near 1960 A, which corresponds to excitation only to the upper 
excited state, the predicted emission has been found. The existence and characteristics of the new emission 
provide confirmation of the model, particularly of the quantitative effect of spin-orbit interaction. 


I. INTRODUCTION 


HE configuration coordinate model has been used 

extensively to explain the properties of localized 
impurity systems in luminescent crystals. This model 
is based on the adiabatic approximation according to 
which the wave function ¥(r,g) for a state of the im- 
purity system can be written 


¥(r,q)= (9) ¢(71,q). (1) 


The electronic wave function ¢(r,q) is a function of the 
electronic coordinates r and is smoothly modified by 
changes in the positions, g, of the nuclei whose state of 
motion is described by ¢(q). In other words, transitions 
between electronic states do not occur during the 
changes in nuclear coordinates but rather an electronic 


state itself is progressively deformed during an adiabatic 
change in nuclear coordinates. In this approximation 
an effective potential, therefore, exists for nuclear 
displacements and it can be shown that this potential 
may contain terms up to the fourth power of the 
displacements.! 

The configuration coordinate model 
diagrammatic representation of the energy of the system 
as a function of adiabatic displacements in the nuclear 


involves a 


coordinates. The energy is plotted as a function of the 
nuclear coordinates of the crystal for each electronic 
state of the system. Optical transitions occur vertically 
in accordance with the Frank-Condon principle. In the 


1M. Born and K. Huang, Dynamic Theory of Crystal Lattices 
(Oxford University Press, Oxford, 1954), p. 171. 
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early interpretations of luminescence in solids, based 
on this model, the single configuration coordinate used 
was regarded as schematic for the 3N real coordinates 
involved, where NV is the number of atoms comprising 
the luminescent center. The model qualitatively ac- 
counted for the Stokes shift of emission compared to 
excitation spectra, the width of these bands, and the 
phenomenon of thermal quenching of luminescence.?* 
The representation of a many-coordinate impurity 
system by a single-coordinate model has been justified 
by quite general arguments.‘ 

A configuration coordinate model involving a single 
real coordinate has been used for thallium-activated 
potassium chloride.® The symmetric radial displacement 
of the six chloride ions which are nearest neighbors to 
the thallous ion was used as the configuration coordi- 
nate, and the energy of this impurity system was 
calculated by modified Born-Mayer methods for the 
ground 1S state with the 6s? configuration and for the 
excited *P,° state with the 6s6p configuration of TI*. 
In this calculation the harmonic approximation’ was 
used, that is, the dependence of the electronic wave 
function ¢g(r,g), and consequently the dependence of 
the dipole matrix element, on the nuclear coordinates 
q was neglected. The theoretical results accounted 
semiquantitatively for the long wavelength absorption 
and associated emission spectra,° and for their tempera- 
ture® and pressure dependence.’ Subsequently, the 
configuration coordinate model for KCI:Tl was modi- 
fied and extended to other excited states by determining 
the energy contours empirically so as to be consistent 
with the experimental data.‘ The higher excited 
state responsible for the additional absorption and 
emission bands was found to have the characteristics 
expected theoretically for the 'P,° state of TI* with the 
6s6p configuration. In addition, trapping states were 
tentatively identified. This work has resulted in a simple 
model which is in quantitative accord with the absorp- 
tion and emission bands and with the kinetic processes 
accompanying luminescence in KCI:TI. The effect of 
the crystalline field on the spin-orbit interaction of the 
'P® and *P° state was not included in these investi- 
gations. In fact, the contours for the 'P,° and *P,° 
states were allowed to cross in violation of a require- 
ment for the adiabatic approximation. The requirement 
is that the separation of the electronic states AE at 
fixed g be related to the frequency of lattice vibrations 
2R. W. Gurney and N. F. Mott, Trans. Faraday Soc. 35, 69 
(1939). 

3 F. Seitz, J. Chem. Phys. 6, 150 (1938); Trans. Faraday Soc. 
35, 79 (1939). ; 

4M. Lax, J. Chem. Phys. 20, 1752 (1952). 

5 F. E. Williams, J. Chem. Phys. 19, 457 (1951). 

°F. E. Williams and M. H. Hebb, Phys. Rev. 84, 1181 (1951). 

7P. D. Johnson and F. E. Williams, Phys. Rev. 95, 69 (1954). 
aos Johnson and F. E. Williams, J. Chem. Phys. 20, 124 

*P. D. Johnson and F. E. Williams, J. Chem. Phys. 21, 125 


(1953). 
P. D. Johnson, J. Chem. Phys. 22, 1143 (1954). 
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vy as follows: 


AE>hwy. (2) 


However, since the electronic transitions occur at 
configurations sufficiently removed from the crossing 
for Eq. (2) to apply, the model just described is valid 
for explaining absorption and emission spectra known 
at that time. 

Recently, in an analysis of the relative oscillator 
strengths of the impurity absorption bands in KCI: TI 
and KCl:In," crystalline interactions were found to 
decrease the energy separation 2G of the pure 'P° and 
’P° spin states for the equilibrium configuration of the 
'S ground state. This change in the energy separation 
2G alters the ratio of oscillator strengths for the 
transitions from the 'S ground state to the 'P,° and 
’P,° crystal states compared to the corresponding 
transitions of the free ions. Because crystalline inter- 
actions alter the energy separation 2G over the entire 
range of nuclear coordinates involved in the lumines- 
cence, we have now re-examined the configuration 
coordinate model for KCI: TI taking into account the 
dependence of the mixing of the pure spin states on the 
nuclear coordinates. In this way, the potential energy 
contours are modified, a new emission band is predicted, 
and the model now satisfies the condition for the adia- 
batic approximation given by Eq. (2). 


II. DERIVATION OF THE CONFIGURATION 
COORDINATE DIAGRAM 

The configuration coordinate qg is taken to be the 
symmetrical displacement radially from the TI* of the 
six nearest-neighbor Cl- from their perfect lattice sites. 
It has been shown that the transition energy AE 
between states is most strongly dependent on this 
coordinate.’ The remainder of the ions of the crystal 
are allowed to relax to positions minimizing the crystal 
energy for each value of the nearest-neighbor displace- 
ment. The configuration coordinate curves are, there- 
fore, asymmetric for large displacements. A greater 
stiffness is encountered on displacing the nearest- 
neighbors toward, compared to away from, the TI*. 
This asymmetry, however, was not evident in the 
original theoretical calculations,®> the curves being 
parabolic. In the present model it was found necessary 
to include the asymmetry for the excited pure spin 
states by means of a cubic term in order to fit all the 
available experimental data. The parabolic term, of 
course, remains a satisfactory approximation for small 
displacements. 

Since spin-orbit interaction does not affect the 1S 
ground state and since the Born-Mayer methods are 
most accurate for the ground state, the configuration 
coordinate for this state is taken from the original 
calculation® of the detailed crystalline interactions. 
This curve is parabolic and is shown as the lowest curve 
in Fig. 1. 

4 Williams, Segall, and Johnson, Phys. Rev. 108, 46 (1957). 
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TABLE I. Values of the parameters describing the energy of each of 
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For the excited states we first construct configuration 
coordinate curves for the pure spin states such as the 
dashed curves in Fig. 1. In principle, these curves could 
be determined by solving the Hartree-Fock equations 
for the 'P° and *P° impurity crystal states. A more 
feasible theoretical investigation would involve in- 
cluding the crystalline interactions after calculating 
the free-ion Hartree-Fock wave functions. In the 
present investigation, however, we determine the 
energy curves for the pure spin states by trial and error 
in such a way that after introducing spin-orbit inter- 
action, agreement with the experimental properties 
was attained. The curves for the pure spin states, in 
addition to describing the effect of crystalline inter- 
actions on these states as a function of the configurations 
coordinate g, define the dependence of 2G on g. The 
equations for the pure spin states shown in Fig. 1 are 
of the following form: 


E=a(q— qo)? +B(q—9qo)®+ Eo. (3) 


The parameters, go, /o, a, and 6 are given in Table I 
for the 1S, *P° and 'P° pure spin states. 

With spin-orbit interaction, the energies of the two 
excited states E,(q) at a particular configuration g are 


Ex(Q=—-KAUGQ+R P+ We}, (4) 


where the zero of energy is taken as the average energy 
of the pure spin states at g, and ¢ and X are the spin- 
orbit coupling parameters defined as follows: 


eh? 10V 
c= fri —— ) Rud, 
2m?c? r or 
eh? 10V 
w=— fa — ) Red, 
2m?c? r or 


where R; and R; are the radial wave functions for the 
'P° and *P° states, respectively, and V is the potential. 
Since the largest contribution to Eq. (5) comes from 
regions inside the ion core and since in these regions the 
wave functions and potential are well approximated by 
the free-ion functions, it follows that ¢ and A can be 
approximated reasonably by their free-ion values of 
1.02 ev and 0.87, respectively."! The maximum in the 
function df vs r lies at 1/200 A and essentially all 
contributions to ¢ lie within a radius of 1/20 A. The 
energies of the excited states with total angular mo- 
mentum J=1 are shown by the solid curves in Fig. 1. 
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Fic. 1. Energy-configuration coordinate diagram for KCI: Tl] 
including spin-orbit interaction. 


The number of adjustable parameters involved in the 
analysis was reduced by taking the coefficients a and 8 
to be the same for the 'P° and *P° spin states. These 
coefficients plus the constants go and Eo for each of the 
spin states constitute six parameters. Because approxi- 
mately twice this number of experimental data are 
consistent with Fig. 1, the model would appear to have 
appreciable fundamental significance. These data in- 
clude the peak position of the two absorption and two 
emission bands, their half-widths, the dependence of 
the half-widths on temperature, the ratio of oscillator 
strengths of the absorption bands, the effect of hydro- 
static pressure on the absorption spectrum, and the 
energy differences governing the occupational proba- 
bilities of the emitting states. 

Configuration coordinate curves can also be obtained 
for the metastable *Po° and *P,° states of Tl+. In the 
approximation that the crystalline interactions are 
independent of J value, the *Po° and *P,° states are 


parallel to and displaced in energy —¢ and +3f from 
the *P° pure spin state. These states are believed to be 


responsible for some of the trapping phenomena 
observed’ in KCI: TI] and will not be considered further 
in this paper. 
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III. CHARACTERISTICS OF THE MODEL 


From Fig. 1 it is apparent that the curves which 
include spin-orbit interaction possess the important 
features of the earlier configuration coordinate dia- 
grams*-*-'© which are required to explain the experi- 
mental spectra. Including the dependence of the dipole 
matrix element on the configuration coordinate q, the 
spectrum Q,(AZ) of an absorption or emission band 
involving the upper + or lower — excited state is of 
the following form: 


E)=C E— Eo)/k@ coth | fi! 
0.(A E) =C | exp| — ( eine 0), cot =|] 


| [42+ (Ez—G)*JAE | - 
[2+ (E,-G)?+ (E_—-G)*]) 





where C is a normalization constant, E and Eo refer to 
the initial state for the transition and are given by Eq. 
(3), Ex are given by Eq. (4), and 46 is the zero point 
energy. The first factor in curly brackets gives the 
probability of the configuration g for the transition 
AE and also takes account of the change in variable 
from g to AE by means of the Jacobian dg/dAE. This 
factor was shown in the earlier analysis® to describe 
the widths and temperature-dependence of these 
spectra. The Jacobian was found to account for the 
skewness of the long-wavelength absorption band. The 
second factor" takes account of the principal depend- 
ence of the dipole matrix element on nuclear coordi- 
nates, therefore, the model is adiabatic rather than har- 
monic. In applying Eq. (6) to KCI:TI it is found that 
the second factor makes only a small contribution to the 
shape of these spectra. The harmonic analysis® is there- 
fore confirmed as a good approximation for calculating 
the shape of the impurity absorption and emission 
bands of KCI: TI. 
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Fic. 2, Comparison of absorption and emission spectra of 
KCI:TI in the 2470 A region. 
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The peak positions of absorption and emission can 
be obtained from Fig. 1 as can the temperature de- 
pendence of the relative emission intensity of the two 
principal emission bands. Since the half-widths of these 
emission bands are strongly dependent on the exact 
energy contour of the lower excited state, comparison 
of theoretical and experimental half-widths of emission 
shows the correct magnitude but not quantitative 
agreement. The lower curve is in accord with the 
negligible energy barrier and with the small energy 
difference of 0.025 ev between the two emitting con- 
figurations which were previously deduced experi- 
mentally. The appreciable dependence of relative 
emission intensity at 4750 A and 3050 A on activator 
concentration at a given temperature may be attributed 
to the perturbing effect of nearby, but not adjacent, 
activators on the relative energies of the two emitting 
configurations. A small shift in relative energies may 
affect the relative populations of the two configurations 
without altering the spectra of the two emission bands 
appreciably. The change in relative intensities of the 
two emission bands with temperature in any particular 
phosphor, along with the constant total quantum 
efficiency as temperature is altered, indicates approxi- 
mate thermal equilibrium between the two emitting 
configurations. This equilibrium is disturbed only 
slightly by emission.’ 

From the value of 2G at the configuration go of the 
1§ state, the oscillator strength ratio for the two im- 
purity absorption bands is calculated to be 7, as com- 
pared to the experimental value of 5. This result differs 
from the calculated ratio of 2 reported earlier" because 
of the difference in the value of 2G used in the two 
analyses. The peak energies in the absorption spectra 
differ in the two analyses by approximately 1/10 ev. 
This illustrates the sensitivity of the oscillator strength 
ratio to small changes in the transition energies. 
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Fic. 3. Comparison of 2470 A and 3050 A emission bands of 
KC1:T] under 1960 A excitation. 
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The well-known 3050 A and 4750 A emission bands 
are accounted for by the two minima of the lower 
excited state. In accordance with the earlier identifi- 
cation® of the emitting states, the minimum responsible 
for the 3050 A emission has the greater *P° character 
whereas the minimum responsible for the 4750 A 
emission has the greater 'P° character. From the 
present model, however, we predict an additional 
emission band. The transition from the single minimum 
of the upper excited state to the ground state should 
occur with appreciable probability since this state has 
approximately half 'P° and half *P° character at the 
configuration of the minimum. From Fig. 1 the emission 
energy for this transition is found to be quite close to 
that of the long-wavelength absorption band. Self- 
absorption as well as the requirement for 1960 A 
excitation could thus account for the fact that this 
emission band has not been reported previously. 


IV. EXPERIMENTAL INVESTIGATION OF THE 
2470 A EMISSION 


Investigation of the 2470 A emission was undertaken 
using a 200-watt hydrogen lamp, in conjunction with a 
small f/4 fused silica prism monochromator, for 
excitation. The monochromator was set for peak 
intensity at 1980 A with 160 A total band width. A 
G.E. grating spectroradiometer was used to record the 
emission. At room temperature no emission in the 
predicted range of 2200 to 2800 A was observed. 
However, on immersing the crystal in liquid nitrogen, 
spectra such as shown in Figs. 2 and 3 for KC1:0.00002 
Tl were observed. In Fig. 2 the previously determined 
2470 A absorption at this temperature” is shown for 
comparison. The solid curve is the emission observed 
when the end of the crystal away from the spectro- 
radiometer slit is excited, and the dashed curve, when 
the end near the slit is excited. In both these cases the 
direction of excitation was perpendicular to the di- 
rection of the observed emission. The difference between 
these two spectra is clearly to be expected for an emis- 
sion centered in the 2470 A absorption band. In Fig. 3 
the emission observed from the same side as the 
excitation is given as the solid line, and the dashed line 
is the emission after correcting for self-absorption. 
With excitation and emission perpendicular to the same 
crystal face, the emission intensity, J), with no self- 
absorption at wavelength \ is given by the expression 


Th=Io(k+hy)/k, (7) 


where J is the observed emission intensity, , is the 
absorption constant for emission at wavelength \ and 


2 C, Zener, Proc. Roy. Soc. (London) A137, 696 (1932); A140, 
660 (1933). 
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k is an average absorption constant for excitation 
weighted according to the spectral distribution of 
intensity of the excitation. 

The relatively high intensity of the 3050 A peak with 
1960 A excitation cannot be explained entirely on the 
basis of absorption of the 2470 A emission. Efforts to 
detect infrared emission resulting from the optical 
transition from the upper to the lower excited state 
indicate that this radiative process is not the dominant 
mechanism for the transition. This transition is in fact 
forbidden because of the parity selection rule. The finite 
velocity of the nuclei arising from the large polarization 
energy following 1960 A excitation may lead to non- 
adiabatic crossing to the lower excited state. Although 
the theory of nonadiabatic crossing of energy levels 
does not strictly apply to this system because of the 
large separation of the states and the nonuniform 
velocity of the nuclei, appreciable crossing to the lower 
state is suggested by application of the Zener formula.” 
An alternate mechanism for the transition could be by 
way of nonspherically symmetrical vibrations of the 
system. 

In none of the crystals studied could 2470 A emission 
be observed with 2537 A excitation. Because of scat- 
tered excitation when 2470 A radiation from the prism 
monochromator was used, it can be stated reliably only 
that the 2470 A emission is less than 15% of its in- 
tensity, as determined by comparison with the 3050 A 


band, under 1960 A excitation. Tests with various slit 
widths, temperatures, and geometries for excitation 
lead to the conclusion that all radiation in the 2470 A 
region from crystals under 2470 A excitation is scat- 
tered excitation. 


V. CONCLUSIONS 


The effect of the crystalline field on spin-orbit 
interaction in the excited states of KCI:Tl has been 
extended throughout the range of nuclear configurations 
involved in the impurity absorption and emission 
transitions. It is possible to construct an energy- 
configuration coordinate diagram for this phosphor 
which takes into account spin-orbit interaction. This 
diagram is in satisfactory accord with the available 
spectral data, including the relative oscillator strength 
for the two principal impurity absorption bands. In 
addition, it predicts a new emission band which has 
now been discovered and found to have characteristics 
quantitatively in accord with the model. 
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A discussion is given of the three general approaches to the theory of the acoustoelectric effect—the 
equilibrium, the transport, and the phenomenological approaches. The fact that these three approaches have 
led to mutually conflicting conclusions is due to three causes. (1) The last approach is applicable only when 
the mean free path of the charge carriers is much smaller than the acoustic wavelength; the first two ap- 
proaches, only when the mean free path is much greater than the wavelength. (2) The transport approach 
of necessity ignores the contribution of charge carriers ‘‘trapped” by the acoustic wave. (3) The phenomeno- 
logical approach, as developed in the previous literature, ignores the contribution to the space-charge density 
coming from the ion-cores of a metal or the ionized impurity atoms of a semiconductor. In this paper a de- 
velopment of the phenomenological approach is given in detail for metals and for semiconductors. This is 
the approach appropriate under most experimental conditions, but at sufficiently low temperatures and high 
acoustic frequencies the equilibrium approach is appropriate in metals and semimetals. It is pointed out 
that the acoustoelectric effect may be considerably enhanced by the application of a magnetic field. 





I. INTRODUCTION 


N 1953, on the basis of theoretical calculations, the 

writer’ predicted the existence of an effect, the 
acoustoelectric effect, whereby a longitudinal traveling 
sound wave in a metal or semiconductor would give 
rise to a dc electric current (short circuit) or voltage 
(open circuit). This effect shares its basic mechanism— 
the coupling of charge carriers with the lattice—with a 
host of other physical phenomena; e.g., ordinary elec- 
trical resistivity, superconductivity, thermoelectricity, 
etc. In fact, there is a strong analogy between the 
acoustoelectric effect and the thermoelectric effect. The 
net flow of phonons along a temperature gradient (giv- 
ing rise to a thermal emf) may be considered as a net 
flow of traveling acoustic waves along the gradient. The 
basic interest of the acoustoelectric effect lies in the 
fact that conceptually it is probably the most direct pos- 
sible way of observing the electron-lattice interaction. 

More recently other writers?-* have given a number 
of alternative discussions of the effect. These efforts 
not only represent widely varying approaches to the 
problem but also lead to a disconcerting polychotomy 
of mutually conflicting conclusions. In order to remove 
some of the resulting confusion, we shall attempt to 
compare and contrast the various theories and shall 
show that none of the theories developed heretofore are 
completely free of error. 

The various discussions represent three general 
approaches or theories of the subject: the work of 
Parmenter! and Brillouin? represents what we shall call 
the equilibrium approach; the work of Van den Beukel* 
and Gurevich‘ represents the transport approach; that 


1R. H. Parmenter, Phys. Rev. 89, 990 (1953). 

? L. Brillouin, Proc. Natl. Acad. Sci. U. S., 41, 401 (1955). 

5A. Van den Beukel, Appl. Sci. Research BS, 459 (1956). 
( sie E. Gurevich, Bull. acad. sci. U.R.S.S. Ser. phys. 21, 112 
1957). 

5 T. Holstein, Westinghouse Research Memo 60-94698-3-M 15 
(unpublished). 

6G. Weinreich, Phys. Rev. 104, 321 (1956). 


of Holstein and Weinreich,® the phenomenological 
approach. 


II. EQUILIBRIUM APPROACH 


The basic idea of the equilibrium approach is to 
treat the problem as one of equilibrium and not as one 
where conventional transport effects occur at all. Let 
us attempt to justify this rather startling idea. The 
presence of a sinusoidal traveling acoustic wave in a 
crystal gives rise to a sinusoidal electric field, this field 
traveling through the crystal with the same velocity 
as that of the acoustic wave. Charge carriers (electrons 
or holes) having a certain effective mass move through 
the crystal in the presence of this sinusoidal field. The 
Schrédinger equation for these charge carriers may be 
written down and solved in a coordinate system moving 
with the acoustic wave, the resulting eigenfunctions 
being stationary states in this coordinate system. Thus 
the only effect of the sinusoidal electric field is to deter- 
mine what are the stationary states of the system, not 
to cause transitions between stationary states as is 
conventionally assumed in transport theory. 

On the other hand, transitions between the true 
stationary states will occur as a result of the thermal 
vibrations of the crystal. Such transitions will always 
make the assembly of charge carriers move toward a 
thermodynamic state of minimum free energy (the free 
energy as measured in a coordinate system fixed to the 
crystal). Once such a state is reached, there will be no 
further change in the assembly of charge carriers, and 
the latter will be in a state of equilibrium. The free 
energy is obtained in the usual fashion from the internal 
energy, the latter being the quantum-mechanical ex- 
pectation value of energy (as measured in a coordinate 
system fixed to the crystal) of the charge carriers. From 
this it is easy to show that the probability of occupation 
of a given quantum-mechanical state is given by the 
conventional Fermi factor, the energy appearing in the 
latter being the expectation value of energy of the state 
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as measured in the coordinate system fixed to the 
crystal. An insufficient understanding of the point of 
view expressed in this section has led to unjustified 
criticism® of the equilibrium approach. 

Most of the charge carriers in a crystal have speeds 
much greater than the velocity of sound. There are a 
few charge carriers, however, having components of 
velocity parallel to the sound wave which are com- 
parable to the speed of the wave. These carriers are 
capable of being trapped by the moving electric field 
so that their time-averaged velocity in the direction 
of the field is exactly that of the field. To a first approxi- 
mation these are the charge carriers which give rise to 
a net dc electric current under equilibrium conditions. 

In addition to these, there are charge carriers which 
are not trapped, but nevertheless give a small addi- 
tional contribution to the net de current. These latter 
carriers are those whose quantum-mechanical wave- 
lengths (measured in the coordinate system moving 
with the wave) are submultiples of the acoustic wave- 
length, so that their energies and velocities are appreci- 
ably affected by the presence of the wave. The influence 
of such carriers on the current was neglected in refer- 
ence 1, although it can be readily included without 
modifying the formalism.’ Brillouin? explicitly con- 
sidered both types of carriers. 


III. TRANSPORT APPROACH 


Alternatively this second type of carrier may be 
studied from a scattering point of view. In a coordinate 
system moving with the acoustic wave, these carriers 
may be viewed as those which suffer Bragg reflections. 
In a coordinate system fixed to the crystal, these 
carriers are those which are scattered by the wave 
preferentially in the direction of the wave. This is pre- 
cisely the point of view adopted by Van den Beukel® 
and Gurevich! in the éransport approach. A Boltzmann 
transport equation is set up for the distribution func- 
tion of the charge carriers. The total time rate of change 
of the distribution function (which must vanish) is 
composed of two terms: the time rate of change due to 
scattering of the charge carriers by the thermal pho- 
nons, and the time rate of change due to scattering by 
the acoustic phonons composing the sound wave.* By 
solving the transport equation, one is able to determine 
the short-circuit current. This current as calculated by 
the transport approach is, however, only a portion of 
the total current, that due to preferential scattering.® 
The other portion, that due to trapping, can never be 

7 It is necessary only to modify the EZ,’ versus kz’ curve shown in 
Fig. 1 of reference 1 so as to include the small gaps in £,’ at all 
the values of k,’ satisfying the conditions of Bragg reflection. 

§ This is true for short-circuit conditions; for open-circuit con- 
ditions there is a third term which designates the time rate of 
change due to the dc electric field. 

9 There is a strong analogy between this portion of the current 
and that resulting from the part of the thermoelectric power due 
to “phonon drag.” See L. Gurevich, J. Phys. (U.S.S.R.) 9, 477 
(1945); 10, 67 (1946); H. P. R. Frederikse, Phys. Rev. 92, 248 
(1953); C. Herring, Phys. Rev. 96, 1163 (1954). 
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calculated by the transport approach. This is an essen- 
tial limitation of the method. The Boltzmann transport 
equation attempts to discuss the effect of a perturbing 
potential upon unbounded electron waves by means of 
perturbation theory. Conventional perturbation theory 
is, however, incapable of describing the conversion of 
unbound states into bound states,! although this is 
precisely what is needed in order to treat the trapping 
of carriers by the potential troughs of the moving elec- 
tric field. This demonstrates the great advantage of 
the equilibrium approach over the transport approach. 


IV. EFFECT OF MEAN FREE PATH 


Implicit in both the equilibrium and the transport 
approaches is the assumption that the mean free path 
of the charge carriers is considerably larger than the 
wavelength of the acoustic wave. From the point of 
view of the equilibrium approach, it is clear that a 
charge carrier cannot be considered to be trapped by a 
potential trough unless it can oscillate many times in 
the trough before being scattered. Likewise, in a co- 
ordinate system moving with the acoustic wave, a 
carrier cannot be Bragg-reflected unless it can move 
over many wavelengths of the sound before being 
scattered thermally. From the point of view of the 
transport approach, the spread in energy of an acoustic- 
phonon wave packet must be much less than the mean 
energy of the packet in order that the set of acoustic 
phonons represent a reasonably monochromatic sound 
wave. From Heisenberg’s uncertainty principle it now 
follows that the spatial extension of an acoustic-phonon 
wave packet must be considerably greater than the 
sound wavelength. It makes sense to discuss the colli- 
sion of a charge carrier with a phonon wave packet (as 
is done when one sets up a Boltzmann transport equa- 
tion) only if the mean free path of the carrier is greater 
than the spatial extention of the wave packet. Both 
Parmenter! and Van den Beukel* failed to mention 
this limitation of the equilibrium and transport ap- 
proaches to sound wavelengths smaller than the carrier 
mean free path. Brillouin? and Gurevich‘ did discuss this 
limitation (in terms of mean free life rather than mean 
free path), although Gurevich‘ incorrectly concluded 
that trapping would occur only when the mean free 
path is much smaller than the wavelength. (Actually 
just the reverse is true.) 

Under usual experimental conditions the carrier 
mean free path is much smaller than the sound wave- 
length, so that the equilibrium and transport approaches 
do not apply. At liquid-helium temperatures, however, 


pure metals may have mean free paths"! as long as 10~* 


cm. Measurements of the anomalous skin effect indicate 


1 For an example of this limitation of perturbation theory with 
regard to the problem of disordered alloys, see R. H. Parmenter, 
Phys. Rev. 104, 22 (1956). 

11 FE, H. Sondheimer, Advances in Physics, edited by N. F. Mott 
(Taylor and Francis, Ltd., London, 1952), Vol. 1, p. 1 
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that the same is true of the semimetal bismuth.” A 
sound wave would have a wavelength comparable with 
such a mean free path when the sound frequency was 
107-108 sec. Since acoustic waves of frequency greater 
than 10° sec~ can be generated," it is quite possible to 
operate in the range where the equilibrium theory is 
valid. It would be particularly interesting to work 
experimentally in this range since, as we shall see 
presently, the size of the acoustoelectric effect may be 
much larger here than it is when the sound wavelength 
is much greater than the mean free path. Even at liquid 
helium temperatures, the mean free path of semi- 
conductors is 10-*-10-' cm (estimated from the colli- 
sion times observed in cyclotron-resonance experi- 
ments), so that for semiconductors any presently 
feasible experiment would be in the range where the 
sound wavelength is greater than the mean free path. 


V. PHENOMENOLOGICAL APPROACH 


The phenomenological approach has been developed 
by Holstein® and by Weinreich.*® This is certainly the 
most natural (and probably the only suitable) approach 
that might be devised for the range where the sound 
wavelength is much greater than the electron mean free 
path. Although Holstein and Weinreich have chosen a 
most fruitful method for attacking the problem, it 
appears to this writer that, in developing the method, 
they both overlooked the contribution to space charge 
from elastically displaced ions. Since this contribution 
profoundly alters the results both quantitatively and 
qualitatively, we shall develop the phenomenological 
approach in detail in the following paragraphs. Holstein 
and Weinreich restricted their detailed considerations 
to semiconductors; we shall consider both semicon- 
ductors and metals. 

Since the sound wavelength is much greater than the 
electron mean free path, we may assume that the elec- 
tron current density J at any point depends only on 
local properties ; in particular we assume the generalized 
form of Ohm’s law where J is proportional to the gradi- 
ent of the electrochemical potential. Since the electro- 
chemical potential is the sum of the electrical potential 
V (one-electron potential energy) and the chemical 
potential ¢ (energy from the bottom of the conduction 
band to the Fermi level), we may write J as the sum of 
two terms, a diffusion term 


J aiftus= — (0 /€)(0€/dx), (1) 
and a conventional ohmic term, 
J ohmic= — (a/e) (aV /Ox). (2) 


The conductivity o is assumed to be a scalar quantity. 
We take a sign convention in which electron current is 
positive when electrons are moving in the positive 


12 R. G. Chambers and A. B. Pippard, Proc. Phys. Soc. (London) 


A65, 955 (1952). 
13S. Y. Sokolov, Uspekhi Fiz. Nauk 40, 3 (1950). 
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direction. The question now arises as to what coordinate 
system we choose for applying Ohm’s law. If we assume 
that Ohm’s law applies in a coordinate system which 
moves locally with the atoms of the crystal, then when 
we express J with respect to a fixed coordinate system, 
we must add an additional term, the “displacement” 


current 
J displ wd ne(ds/dt), (3) 


where » is the density of conduction electrons and s is 
the displacement of the atoms from equilibrium. On 
the other hand, if we assume that Ohm’s law applies in 
a coordinate system fixed in space, then there is no 
term Jgisp) contributing to J. To take account of both 
possibilities, we write 


J= J diftust+ Jonmict BJ displ, (4) 


where the parameter 8 can be either zero or one. For 
simplicity we are considering only cases where the 
current is carried by conduction electrons. If these 
conduction electrons are scattered primarily by im- 
perfections coupled Jocally to the lattice (e.g., impurity 
atoms, phonons having a mean free path much smaller 
than the sound wavelength), then it appears reasonable 
to assume that Ohm’s law applies in a coordinate 
system moving locally with the crystal atoms. If the 
conduction electrons are scattered primarily by im- 
perfections mot coupled locally to the lattice (i.e., 
phonons having a mean free path much larger than the 
sound wavelength), then it seems preferable to assume 
that Ohm’s law applies in a coordinate system fixed in 
space. The former case (8=1) will apply at high tem- 
peratures (scattering by phonons having a short mean 
free path) and at sufficiently low temperatures (scatter- 
ing by impurity atoms); the latter case (@=0) may 
apply at intermediate temperatures (scattering by 
phonons having a long mean free path). 

Let us first consider a nondegenerate n-type semi- 
conductor. The density of conduction electrons n is 
proportional to exp(&/x7), the chemical potential ¢ 
being negative, so that 

(0&/dx) = (xT /n) (On/dx). (5) 
(x is Boltzmann’s constant.) Since 
o= nen, (6) 
u being the mobility, we have 
J ohmic= —yn(dV/dx), (7) 
J diftus= — uxT (dn/dx). (8) 
The diffusion constant D is defined such that 
J diftus= — De(dn/dx), (9) 

The writer is indebted to G. Weinreich for a private communi- 
cation pointing out the possibility of the case 8=1. The writer 
disagrees with Weinreich’s conclusions that the case 8=1 must 
always occur and that the two cases lead to qualitatively dif- 
ferent results. We shall show presently that these two cases lead 


to identical results for a semiconductor and to results which differ 
by a factor of three-halves for a metal. 
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so that 

u=(De/xT). (10) 
Using Eqs. (3), (4), (7), (8), and (10), we may write 
where 
J, = — Del (n/dx)+ (no/xT) (AV /dx) } 

+Bnoe(ds/dt), (12) 

Jo= (n—mno)[ — (De/xT) (AV /dx)+Be(ds/dt) }. (13) 
my is the equilibrium value of m (i.e., n=mo when no 
sound wave is present). The significance of J; and Jz 


will be brought out shortly. 
We next consider a simple metal where 


(E/£o) = (m/no)!, 

fo being the equilibrium value of ¢. Thus 

(0£/Ax) = (2Eo/3n0) (m/mo)—*(An/dx). (15) 
The conductivity of a metal, as limited by thermal 
vibrations, is proportional to the quantity ngiC;*, C; 
being the Bethe-Sommerfeld interaction constant." It 
can be shown!'® that C; is approximately proportional 
to £, so that o is proportional to n!, 


(14) 


(16) 


This result can be obtained immediately by assuming 
that the conductivity is proportional to the number of 
electrons at the Fermi surface (since these are the only 
electrons effective as current carriers in a metal). For 
this reason Eq. (16) should hold for electron scattering 
by impurity atoms as well as for scattering by thermal 
vibrations. 

We have 


Johmic= — (o0/e)(n/no)'(0V /dx), 
J dittus= — (20 0k0/3eno) (n/no)*(an. /Ox). 


Since (n—mo)/noK1 under all conditions, we can write, 
to a good approximation, J in the manner of Eq. (11), 
where for a metal we define 


J i= — (a0/e)[ (2&o/3m0) (On/dx)+ (8V/dx) | 
+Bnoe(ds/dt), 


J2= — (2¢0/3e)[ (Eo/3m0) (On/dx)+ (0V/dx) ] 
X (n—no)/not+Be(n— no) (ds/dt). 


For both the semiconductor and the metal, we wish 
to calculate the short-circuit current density resulting 
from a longitudinal traveling acoustic wave moving 
along the x axis with amplitude S, velocity C, wave 
vector k, and displacement 


s= Seik(2-Ct) 


(a, ‘a0) = (n, ‘no) 1 


(17) 
(18) 


(19) 


(20) 


(21) 
15 See, e.g., A. H. Wilson, The Theory of Metals (Cambridge 
University Press, London, 1953), second edition. 
16 J. Bardeen and D. Pines, Phys. Rev. 99, 1140 (1955). 
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Let us consider NV, the density of positive bound charges. 
If in our minds we separate out the conduction elec- 
trons, in a metal we are left with the ion cores—one for 
each atom of the metal. In an n-type semiconductor we 
are left with those ionized donor atoms which are un- 
compensated. (The un-ionized donor atoms and host- 
crystal atoms in a semiconductor are still neutral after 
separating out the conduction electrons and thus do not 
contribute to V; the compensated positive donors have 
their electric charges canceled by the compensating 
negative acceptors so that they do not contribute to V.) 
The equilibrium value of NV will be mo, just as is the 
case with m. The presence of the sound wave will give 
rise to local variations in V from the equilibrium value. 
In the case of a semiconductor in the saturation tem- 
perature range (where all donors are ionized) or in the 
case of a metal, (V—mo)/mo equals the negative of the 
dilation : 


(N —10)/no= — (ds/dx) = —ikSe*-©, = (22) 


At sufficiently low temperatures in a semiconductor 
there will be an additional contribution to the variation 
in N resulting from the variation in donor activation 
energy with lattice constant. We shall not consider 
such a contribution, however, in the interest of sim- 
plicity. (At this stage of the calculation Holstein® and 
Weinreich® effectively replaced N by mo, thereby dis- 
regarding any variation in NV. This replacement has a 
profound effect on the final answer.) 

The potential V can be written as the sum of two 
parts: 

V=VctVi, (23) 
where V, is the result of charge unbalances due to the 
sound wave while V, is the result of changes in local 
lattice constant due to the sound wave. V» will be 
assumed to be proportional to the dilation, as is con- 
ventionally assumed for a deformation potential,’ i.e., 

V,=A(0s/dx), (24) 
so that 
(OV,/dx) = — AR*Se*2-€4), (25) 
V, satisfies Poisson’s equation 
(0°V ./dx?) = —4re*e"(n—N), (26) 
e being the dielectric constant. We expand (n—no)/no 
as a Fourier series 
ao 
(n—mno)/no= >, a,ei”*(z—Ct) | 


v=] 
Substituting Eqs. (22) and (27) into (26), integrating 
once, and adding Eq. (25), we get 


OV 4rnce* ek?A 
e [avtins (14+ ——) Jewenn 
4irnve* 


+3 ayyteire (ec ' (28) 
ya 


(27) 


Ox ek 


17 J, Bardeen and W. Shockley, Phys. Rev. 80, 72 (1950). 
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Here the constant of integration has been chosen zero 
in order that V will be a periodic function (short- 
circuit boundary conditions).'* 

We wish to find the time-averaged or dc current 
density J. Since the Fourier expansions of dn/dx, 
0V /dx, and ds/dt contain no constant terms, it is clear 
that for both the metal and the semiconductor J; will 
contribute nothing to J; J will arise entirely out of Je. 


J=J;. (29) 


J may be expanded in powers of (R&S). Since (kS)<«1 
under all possible experimental conditions, we shall 
satisfy ourselves with calculating the leading term in 
J, proportional to (kS)*, which may be obtained by 
keeping only the leading terms in the Fourier series for 
0V/dx and (n—m)/no when substituting into J. But 
first we must determine a. In general the a’s are ob- 
tained by solving the continuity equation 

(aJ/ax)= (30) 


. eBay , 
Since we wish to determine (m—#)/mo only to first 
order, we may replace J by J; in the continuity equa- 
tion, which may be integrated to obtain 


J,;=Ce(n— np). 


—e(dn/dt). 


(31) 


The coefficient a; can be obtained from (31) for either a 


semiconductor or a metal. 
Specializing to a semiconductor once again, Eq. (31) 


becomes 
0 fn—m\ DOV as n—No 
p—( )+——-6-+c(“—~)=0 (32) 
Ox\ no xT Ox =O No 


Substituting Eqs. (21), (27), 
solving for a:, we find 


1+49?(A/xT)(A 
a=—1 s|- ——_—_—_—— 


and (28) into (32) and 


| (33) 


Here \ and 7 are the wavelength and period, respec- 
tively, of the sound wave. \, is defined to be the Debye 


length 


e/d)?— 11228 (7 


8 14+4(d,/A)?—71122(7, /7) 


a= (eaxT/4anve’)}, (34) 


this being the distance over which (m—mo) varies 
appreciably in size (at the boundary, for instance). 7, 
is defined to be the relaxation time 


7,=A,"/6D, (35) 


18 Periodicity of V is equivalent to short-circuit boundary condi- 
tions (zero external potential difference) actually only if the length 
L of the crystal is an integral multiple of the acoustic wavelength 
A. Indeed, the assumption that (m—mo)/mo is a periodic function 
of (x— CA, as is assumed in writing Eq. (27), is strictly justified 
only when L is a multiple of \. For this reason we must assume 

wach a value of L in developing the present theory by means of 
Eqs. (27) and (28). We shall later show (in reference 19) that the 
answers we obtain for short-circuit current and open-circuit field 
for such L are also for all practical purposes correct for arbitrary L. 
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this being the time to diffuse an rms distance of Ag. 
We have 
(n—no)/no=aye**2-€ , 


while from Eq. (32) we have 


DOV as 
me| -— +8 = nge(C+i1kD)aye* 2-9, 
kT Ox =O 


(36) 


The product of the two above quantities is J». (Strictly 

speaking, the product of the real portions is the real 

portion of J2, and similarly for the imaginary portions.) 

That portion of (36) which is in phase with (n— mp) 

gives rise to J» and therefore J. Thus 
J = 4nceC(kS)2g?, (37) 

where 

age (RS) lay 


_ (ts xT) (Xo/A)? P+[ 1228 (7,/ in)? 


E14, d)? P+[129(7,/ i) P 





The factor of } in Eq. (37) arises from the averaging 
over a cycle. We see that J depends on the parameter 
8 only through the factor g. This is a direct consequence 
of Eq. (36). Under all practical experimental conditions, 
\.KA and 7,r. For example, at room temperature for 
n-type germanium with m=3X10" cm“, we have 

= 10~* cm, 7,=10~-" sec. Since (A/xT)= 10? in ger- 
manium at room temperature, we see that (4/xT)!A,.<&A 
also. These conclusions hold at temperatures below 
room temperature because of the fact that A, is propor- 
tional to (x7)!. Thus we may set g= 1, so that Eq. (37) 
becomes 


J = AngeC (RS). (38) 


To the same approximation, we see that n=.\, so that 
charge neutrality is maintained in the presence of the 
sound wave. (By not setting g equal to unity, but on 
the contrary by removing the one and the term involving 
8 from the numerator of the expression for g, we get the 
results of Holstein.®) We see that for a semiconductor 
the current is unaffected by the parameter 8. 

We wish to express J in terms of T, the acoustic in- 
tensity (acoustic energy crossing unit area per unit 
time). The acoustic energy per atom is 3M (kSC)*, M 
being the mass of an atom. If y is the atomic density, 
then T is Cy times the acoustic energy per atom. Defin- 
ing p= YM as the mass density, we have 


T= $oCV(kS) 
J = (noe/pC?)T. 


This expression for J is remarkable in that it is inde- 
pendent of the electron mobility yu. In fact it depends 
strictly upon equilibrium properties of the semicon- 
ductor and not upon transport properties at all. This 
suggests that even when the electron mean free path is 


so that 
(39) 
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much smaller than the acoustic wavelength the flow of 
short-circuit current may be looked upon in a certain 
sense as an equilibrium process. With the sign conven- 
tion used here, Eq. (39) indicates motion of charge 
carriers in the direction of motion of the sound wave. 
The open-circuit dc field E may be obtained by dividing 
J by the conductivity oo.!* Thus 


E= (upC?)'T (40) 


depends upon the mobility but not upon the density of 
charge carriers. 

Returning to Eq. (31), we now specialize to a metal. 
Substituting Eq. (19) into (31), we get 


Ero \ O sN—No oo \OV Os 
(2) 
3mpe2/Ox\ no mes Ox oat 


This equation can be obtained from Eq. (32), the 
analogous semiconductor equation, by making the 
replacements 

D— $ (Eoa0/ noe”), 

«I = 2 fo. 
Thus ai, (w—0)/no, and — (ao/e)(0V/dx) can be ob- 
obtained from the corresponding expressions for the 
semiconductor simply by replacing A, and 7, by A», and 
Tm, Tespectively, where we have defined 


(42) 
(43) 


A\n= (e£o, ‘Omnoe?) i 
Ta=€ /(241ra0). 


Although the J; for a metal can be made equivalent to 
that of a semiconductor by the above replacements, the 
same cannot be said for J. The first term in J: for a 
metal is proportional to (m—mo)(dn/dx) and will give 
no contribution to J since (n—mo) and (dn/dx) are 
ninety degrees out of phase. Thus the total contribution 
to J comes from 


Jo! = —3 (a0/e) (AV /dx) (n—no)/No 


+Be(n—mno)(ds/dt). (44) 


J.! is the product of 


(n— no) /no=aye**(2—-C9 


Since n—noKno, it follows that o—oao“oo. Thus for all 
practical purposes we may replace o by ao in relating the open- 
circuit dc voltage to the short-circuit dc current. To this same 
approximation, the open-circuit dc electric field is independent of 
position. From this it follows that Eq. (40) holds for arbitrary 
length of the crystal, despite the fact that the derivation de- 
pended upon the length being an integral multiple of the acoustic 
wavelength (see reference 18). Since Eq. (40) gives the open- 
circuit de field for a crystal of arbitrary length, it follows immedi- 
ately that Eq. (39) gives the short-circuit dc current quite 
generally also. 


and 


—3(a0/e) (@V/dx) +Bnve(ds/dl) 


3n 


2f ooo 
~imel|c+ie( ) Jo-tsecr—insy| 
oe 


XK etk(z—-Ct) (45) 
Equation (45) is obtained directly from Eq. (41). 
Unlike (36), the right-hand side of (45) depends upon 
6 explicitly as well as implicitly through a;. This results 
from the additional factor of ? in the first term on the 
left-hand side of (45). That portion of (45) which is in 
phase with n— mp gives rise to J»! and therefore J. Thus 


J = 4nveC (kS)*Lg?+ 48g" ], (46) 


where g, as before, is (&.S)~! times the magnitude of a; 
while g’ is defined as (&S)~! times the real part of a. 
For a metal \,, and 7 will be still smaller than the 
corresponding A, and 7, for a semiconductor. Thus as 
before we may disregard terms proportional to (A»/A)* 
or (r»/7) and may set g and g’ equal to unity. Making 
use of the expression for T, we get 


J =3(1+48) (nve/pC?)Y. 


The factor {(1+48) is a consequence of the use of 
Fermi statistics rather than Boltzmann statistics. The 
open-circuit de field E is 


E=2(14+48) (noe/oopC?)Y. 


(47) 


(48) 


VI. DISCUSSION 


It is interesting to put numbers into the equations 
which have been derived. Consider n-type germanium 
at room temperature where p=3600 cm?/volt-sec, 
pC?= 1.5 10° watt sec/cm*. Equation (40) becomes 


(49) 


E=1.85X 10, 
T being in watts/cm? and E in volts/cm. Sasaki and 
Yoshida” have attempted to measure F in germanium. 
They found E to be independent of sound frequency in 
the range 26.5-80 kc/sec and proportional to YT in 
agreement with the theory. Their measured coefficient 
of proportionality was 1.3X10~-’, however, seventy 
times larger than the above theoretical value. It is 
difficult to see how the theory developed here could be 
in error by such an amount. One possible explanation 
for this discrepancy is that the experimenters were 
actually measuring thermoelectric voltages resulting 
from heating of the germanium specimen by the sound 
wave. A temperature gradient of 5X 10~* deg/cm would 
be sufficient to produce the observed voltage at an 
acoustic intensity of 1 watt/cm?. Further experimental 
work will be required to decide this question. 
As an example of a metal, consider copper at room 
temperature where o¢-!=1.72X10~* ohm cm, C= 3.56 


” W. Sasaki and E. Yoshida, J. Phys. Soc. Japan 12, 979 (1957). 
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10° cm/sec, B=1, and p/m=1.06X10-" gram (as- 
suming one conduction electron per atom). Equation 
(48) becomes 


E=2.04X 10-7, (50) 


where, as before, T is in watts/cm? and E in volts/cm- 
Comparing Eqs. (49) and (50), we see that for a given 
sound intensity the acoustoelectric voltage is consider- 
ably greater in copper than in germanium. This appears 
to be true in general of metals versus semiconductors 
and is a result of the fact that the conductivity per 
conduction electron is smaller in metals than in semi- 
conductors (since in metals only those electrons at the 
Fermi surface are effective as current carriers). There- 
fore it should be easier to detect the acoustoelectric 
effect in a metal than in a semiconductor, at least 
for longitudinal sound waves." This conclusion is 
strengthened by the fact that spurious thermoelectric 
voltages should be considerably smaller in a metal than 
in a semiconductor. 

It is interesting to compare Eq. (50) with the ex- 
pected acoustoelectric field in copper at liquid-helium 
temperatures for an acoustic frequency sufficiently high 
for the equilibrium approach to be valid. Using the 
theory of reference 1 and making reasonable estimates 
of the various parameters involved, we find 


E=10-*7T'. (51) 


Thus, for acoustic intensities <1 watt/cm*, the acousto- 
electric voltage is larger at 4°K (if the acoustic wave- 
length is shorter than the mean free path) than it is at 
room temperature. The short-circuit acoustoelectric 
current is very much larger in the former case than in 
the latter case. 


VII. EFFECT OF A MAGNETIC FIELD 


Aside from the work of Sasaki and Yoshida” already 
mentioned, the only published experimental work (so 
far as this writer knows) is that of Weinreich and 
White,” who attempted to measure the effect of a 
traveling transverse acoustic wave. A number of un- 
published attempts have been made to measure the 
acoustoelectric effect. All these attempts have been 
plagued with the difficulty of separating out any thermo- 
electric voltages. In certain cases it appears that this 
difficulty can be greatly alleviated by the simple ex- 
pedient of measuring the open-circuit acoustoelectric 
voltage in the presence of a magnetic field. The basic 
idea is as follows. To a first approximation, the short- 
circuit acoustoelectric current is independent of mag- 
netic field. (We shall return to this point in a moment.) 
However, the ohmic conductivity may be greatly re- 
duced by the magnetic field. Since the open-circuit 
voltage is the short-circuit current divided by the con- 


*%1 Under suitable conditions it appears that a transverse sound 
wave may give rise to rather large effects in a semiconductor. We 
shall not attempt to discuss this case, however. 

2 G. Weinreich and H. White, Phys. Rev. 106, 1104 (1957). 
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ductivity, it follows that the magnetic field may greatly 
increase the acoustoelectric voltage. An extreme ex- 
ample of this is bismuth at 4°K. A field of ten kilogauss 
reduces the conductivity by a factor of a million,” so 
that the acoustoelectric voltage is increased by this 
same factor. The thermoelectric power of bismuth is 
also increased by a magnetic field of ten kilogauss, but 
only by a factor of five hundred.* Assuming that any 
unavoidable temperature gradient is unaffected by the 
magnetic field, we see that at ten kilogauss the ratio 
of acoustoelectric to thermoelectric voltage will be in- 
creased by a factor of two thousand. This factor will be 
still larger with larger magnetic fields. 

Let us return to the consideration of the effect of the 
magnetic field upon the short-circuit current. First we 
consider the equilibrium approach. To a first approxi- 
mation the magnetic field will not affect the density of 
states as calculated in the equilibrium approach. It 
follows immediately that the short-circuit current will 
be unaffected. Actually the detailed density of states 
will be affected by the magnetic field, one effect being 
the bunching of levels energywise in a manner such 
that the gross density of states is unaffected. The 
number of levels in a given bunch is proportional to the 
magnetic field. Therefore the number of bunches lying 
below the Fermi level in a metal will be inversely pro- 
portional to H, the magnetic field.*® This means that 
the density of states in the immediate vicinity of the 
Fermi level has a component which is periodic in H™. 
As a result the various electronic properties (equi- 
librium and transport) will all have components periodic 
in H~; in particular, the short-circuit acoustoelectric 
current predicted by the equilibrium theory should 
have such a component. Presumably this periodicity 
should be most easily seen in a material like bismuth, 
where the same periodicity is readily seen in the mag- 
netic susceptibility®® (de Haas-van Alpen effect), elec- 
tric conductivity,” thermoelectric power,“ and thermal 
conductivity.*4 

A second effect of the magnetic field on the detailed 
density of states is that the latter no longer has the 
proper symmetry in reciprocal space to insure the 
vanishing of the short-circuit current in directions 
normal to the velocity of the sound wave. For this 
reason, and also because the conductivity is now a tensor 
rather than a scalar,”® it follows that there will be small 
components of short-circuit current and open-circuit 
voltage at right angles to the velocity of the sound wave. 

It would probably be rather difficult to go beyond the 
above qualitative considerations and develop in full 
detail the effect of a magnetic field upon the equi- 
librium approach. Such is not the case, however, for 

* P. B. Alers and R. T. Webber, Phys. Rev. 91, 1060 (1953). 

*4M. C. Steele and J. Babiskin, Phys. Rev. 98, 359 (1955). 

26 See, e.g., R. E. Peierls, Quantum Theory of Solids (Oxford 

Jniversity Press, Oxford, 1955). 

26 Of course, in many materials (e.g., bismuth) the conductivity 
is a tensor even in the absence of a magnetic field, although we 
have chosen to ignore this in the interest of simplicity. 
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the phenomenological approach, where it is quite 
possible to get exact answers. Equations (1) and (2) 
now become 


Jaiftus= —Eo- VE, 


Johmic= —e's-V £ 


(52) 
(53) 


where o=o(H) is a tensor function of the magnetic 
field. Since every quantity involved in this problem is 
necessarily independent of the y and z coordinates, it 
follows that the ith component J; is 


(Js) diftus= — €0i2(0E/0x), 
(Ji)ohmic= — €0i2(OV/0x), 


(54) 
(55) 


where o;; is the jth component of «. We are assuming 
short-circuit boundary conditions. For a sample having 
the form of a rectangular parallelepiped the current 
density at any point on the surface is the negative of 
the current density at the perpendicularly-opposite face 
point. The tensors w and D can be defined in terms of 
o by expressions analogous to Eqs. (6) and (10). We 
can now carry out the analysis up to the point where 
the equation of continuity is introduced, by the obvious 
extension of the nonmagnetic analysis. In so doing we 
are assuming that ¢ is proportional to «7 Inn (semi- 
conductor) or m! (metal), just as is the case when no 
magnetic field is present. This is not strictly correct 
because of the bunching of the levels previously men- 
tioned. The neglected correction terms for ¢ will be 
periodic in H—. If these terms were kept in the analysis, 
the final answers obtained would be modified by the 
addition of small terms periodic in H~. Although it is 
quite feasible to include such corrections, we shall ignore 
them in the interest of simplicity. 

Equation (30), the equation of continuity, should be 
replaced by 

Vv: J=—e(dn/dt). (56) 

Since J is independent of y and z, it follows that Eq. 
(31) is replaced by 
(57) 


Just as Eq. (31) leads to Eqs. (39) and (47), Eq. (57) 
leads to identical expressions for /, in the presence of a 
magnetic field; i.e., for a semiconductor 


J 2= (noe/pC?)Y, 


J = Ce(n— no). 


(58) 
and for a metal 


J = 4 (1448) (noe/ pC). (59) 


Equations (54) and (55) show that 
(J aittus+J ohmic) i= (i2/Oz22) (J dittust+J ohmic) 2 


for the components of (Jaittus+Jonmic). Making use of 
the fact that the ratio of conductivity components is 
necessarily independent of the amplitude of the sound 
wave, we may replace o;; in Eq. (60) by oo;;, the ijth 
component of oo, the conductivity tensor in the absence 
of a sound wave. Let us consider some direction at 
right angles to the direction of the sound wave—say 
the y axis. Taking the average of Eq. (60), we get 


J,= (coyz/Cozz) (J 2—Bu disp). (61) 


Here we have made use of the fact that any displace- 
ment current is necessarily along the direction of the 
sound wave. From our previous results it is easy to 
verify that, for both a semiconductor and a metal, in 
the presence or the absence of a magnetic field, the dc 
displacement current is 


Bu aispi= B(noe/pC?)T. (62) 


(This indicates that when 8=1, the dc current along 
the direction of the sound wave may be considered to 
arise entirely from displacement current.) Substituting 
into (61), we get for a semiconductor 


(60) 


J y= (o0y2/oz2) ( noe/ pC?) (1 ~—£6)T, (63) 


and for a metal 


J,= 3 (Goyz/Cozz) (noe/ pC?) ( 1 —£8 )T. 


(64) 
The open-circuit voltage gradient can now be written as 
EB,=T joo) sid ;, (65) 


where (c¢~');; is the ijth component of the resistivity 
tensor oo. It should be noted that, if 8=1, the short- 
circuit current is parallel to the direction of the sound 
wave but the open-circuit voltage gradient is in general 
not parallel. On the other hand, if 8=0, the short- 
circuit current is not necessarily parallel, but the open- 
circuit voltage gradient must be parallel to the sound 
wave. In either case, if there is appreciable magneto- 
resistance, the open-circuit voltage can be considerably 
enhanced by a magnetic field. 
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Theoretical Total-Energy Distribution of Field-Emitted Electrons* 


RusseELL D. Younc 
Field Emission Laboratory, The Pennsylvania State University, University Park, Pennsylvania 
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The Fowler-Nordheim equation is derived in terms of total electron energy so as to obtain the total-energy 
distribution of field-emitted electrons. At 0°K the new distribution width is less than } of that obtained 
from the previous “‘normal-energy” theory. A surprising mirror-image symmetry is observed between the 
zero-temperature total-energy field emission and the zero-field normal-energy thermionic emission distri- 
butions. The total-energy distribution is also derived for the zero-field thermionic case and this is found 
to be the mirror image of the normal-energy zero-temperature field emission distribution. 

The new distribution applies to problems involving the total energy of electrons before and after emission. 





INTRODUCTION 


SENSITIVE test of the validity of any model 

for the emission of electrons is the energy 
distribution measurement. Information about the origin 
of emitted electrons and the energy dependence of 
electron emission probability can also be expected from 
this source. 

In view of these facts steps were undertaken to 
improve the resolution of the field-emission retarding- 
potential analyzer with the hope of using the improved 
tube in the study of the electron energy band structure 
in conductors and semiconductors. The improved tube, 
discussed in the following paper, revealed a much 
narrower energy distribution than predicted by the 
“normal-energy” distribution theory. Further analysis 


indicated that the improved analyzer measures total 


electron energy rather than the energy associated with 
the component of velocity normal to the emitting 
surface. For this reason the Fowler-Nordheim equation 
is derived in this paper in such a way as to preserve the 
distribution in total energy of field-emitted electrons. 


rl 


Vv 











~W,—4 


Fic. 1. One-dimensional potential energy V(z) of an electron 
near a metal surface as given by Eqs. (1) and (2). 
* This research was supported by the U. S. Air Force, through 
the Office of Scientific Research of the Air Research and Develop- 
ment Command. 


DERIVATION OF THE TOTAL-ENERGY DISTRIBUTION 
OF FIELD-EMITTED ELECTRONS 


I. Fowler-Nordheim Model':” 


According to the Fowler-Nordheim model, electrons 
arrive at the surface of a metal according to Fermi- 
Dirac statistics and penetrate the potential hump in 
front of the surface with a probability which is predicted 
by a solution of the Schrédinger equation. 

Figure 1 shows the one-dimensional potential energy 
of an electron near the metal surface at z=0. Without 
field, the potential energy of an electron far outside 
the metal surface is chosen to be zero. V (z) is then® 


V(z)=—W, where 2<0O, (1) 


2 
= ———eFz 
4z 


where z>0. (2) 


The z part of energy is defined by the equations 


i ta 
W=E-— -—- — (3) 
2m 2m 
D 2 
=—+V(z). (4) 


2m 


In the usual Fowler-Nordheim derivation*‘ a supply 
function V(W)dW equal to the number of electrons 
with the z part of their energy within the range W to 
W-+dW incident on the surface per second per area is 
multiplied by a barrier penetration probability D(W) 
to obtain the number of electrons within the range W 
to W+dW that emerge from the metal per second per 
unit area. In this paper the number in the range W to 
W-+dW emerging per second per unit area, P(W)dW, 
will be called the normal-energy distribution. The 
Fowler-Nordheim equation is obtained by integrating 
P(W)dW over all W. 

1R. H. Fowler and L. Nordheim, Proc. Roy. Soc. (London) 
A119, 173 (1928). 

2L. Nordheim, Proc. Roy. Soc. (London) A121, 626 (1928). 

3See for example R. H. Good and E. W. Miiller, Handbuch 
der Physik (Springer-Verlag, Berlin, 1956), Vol. 21, p. 181. 

( 4E. L. Murphy and R. H. Good, Jr., Phys. Rev. 102, 1464 
1956). 
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FIELD-EMITTED ELECTRONS 


In the present derivation of the Fowler-Nordheim 
equation the above definitions hold, and in addition 
the following: 


N(W,E)dWdE= number of electrons with energy 
within the range E to E+dE whose 
z part of the energy lies in the range 
W to W+4dW, incident upon the 
surface z=0 per area per time. (5) 


D(W) = probability that an electron with 
energy W will penetrate the 
barrier. 


P(W,E)dWdE=N(W,E)D(W)dWdE 
=number of electrons in the given 
energy ranges penetrating the 
barrier. 


P(E)\dE= Jy P(W,E)dWdE 
= total-energy distribution. 


jaeS P(E\dE 
= electric current per unit area 
= Fowler-Nordheim equation. (9) 


II. Calculation of Supply Function N(W,E)dWdE 


Let n(£)=number of electrons per unit volume 
within the metal between FE and E+dE. In Fermi- 
Dirac statistics the number of electrons with energy E 
is uniform in solid angle w. The number of electrons 
with energy between E and E+dE incident between 0 
and 6+d8@ and between ¢ and ¢+d@¢ on the unit surface 
at s=0 per unit time is 


|v| cos0 
N (w,E)dwd E=n(E)dE———— sin6dédp 
4 


Tv 
= (number arriving at 6 per solid angle) 


X (differential solid angle). (10) 


where 


|v| = magnitude of electron velocity 
=[2(E-—V)/m]}}; 
6=angle between the electron velocity vector 
and the normal to the surface; 
o=azimuthal angle. 


(11) 


From Eggs. (3), (4), and (11), we have 


—dW 
|»| cos@ sintdg=—__——. (12) 
[2m(E—V) }} 


Substituting (12) in (10) and integrating on ¢, we get 


—n(E)dWdE 
N(W,E)dWdE=- ote 
2[2m(E—V)]}} 


where 


n(E)dE=energy distribution in Fermi-Dirac electron 
gas with energy measured relative to an 
electron at rest at ©. 


4x (2m)3(E—V)'dE 
h® exp[(E—)/RT]41 


(14) 





n(E)dE= (15) 


where ¢ is the Fermi energy. The supply function is 
obtained by substituting (15) into (13): 
4arm dWdE 


N(W,E)dWdE= —— . (16) 
® exp[(E—-)/kT]+1 





III. Transmission Coefficient D(W) 

The transmission coefficient D(W) is the one used in 
the normal-energy derivation and is discussed in 
reference 3. For W&Vnax and for emission in range 
W~g, it can be shown’ that 


D(W)2exp[—c+(W—9)/d], 


4(2m¢*)! 
c=———-0((#F)}/¢), 
3heF 


(17) 


where 


(18) 


heF 


ju 
" 2(2me)4((eF)*/4) 


o¢=—f=work function; 


(19) 
(20) 
t(y) and v(y) are slowly varying functions.’ 


IV. Calculation of P(E)dE 
It follows from Eqs. (7) and (8) that 


—Wa 
P(E)dE= f N(W,E)D(W)dWdE, (21) 
W=E 


where the original limits of integration from 0 to 2/2 
have been transformed to the range from W=E to 
—W,. When W=—W,, the integrand is essentially 
zero and the integration is facilitated by setting the 
—W, limit equal to — ©. Substituting (16) and (17) 
into (21) and integrating on W, one obtains 


4armd ¢ 
P(E)dE=—— exp( ~c- ) 
hs d 


x———————_—_-4E. 
exp[ (E—£)/kT ]+1 
Equation (22) is the total-energy distribution for field- 
emitted electrons. The energy-dependent portion of 
this function is the product of a field- and work function- 
dependent barrier penetration probability and the 
Fermi-Dirac distribution function. 
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Fic, 2. Total- and normal-energy distributions for field em 


V. Fowler-Nordheim Equation 


The emission current density is found by substituting 


(22) into (9): 
exp(—e- ) 


ef d 
dE. 
wexpl (E—£)/kT ]+1 


$ 
d 


~* 


j=e J P(E)dE= 


—® 


4armde 


‘J 


After some manipulation this can be put in standard 
form.’ The solution, good only when d>kT, is 
$ 


exp( -<- ) 
d 


at d)'(1—kT/d) 
r 4 = wa cose —s 


(1—kT/d) 
where a=exp(¢/k7). After transforming from gamma 
functions to factorials and recalling that® a!(—a!) 


w 


(23) 


ee 


4amde 
j=— 
h® 


(24) 


’ 


a 


§ Grébner und Hofreiter, Jntegraltafeln (Springer-Verlag, Berlin, 
1950), Part II, p. 53, formula 9. 

® Harold Jeffreys, Methods of Mathematical Physics (Cambridge 
University Press, Cambridge, 1956), p. 464. 


= a! 
- 4.70 
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“Ts OK 


-T=300°K 


CURRENT PER UNIT ENERGY 











= ee See 
-440 - 4.30 


¢ 


Rs, 1 
-460 -4.50 
IN e-VOLTS 


itted electrons. The 300°K curve is arbitrarily normalized. 


=ma/sinma, Eq. (24) becomes 


eF? 


= 
8rhot?((eF)1/p) 
—4(2m)i¢! 


—_———+((éF)!/¢ 
3he 


T/d 


ae ‘d) 
Equation (25) is the standard Fowler-Nordheim equa- 
tion in the higher temperature approximation and is 
limited to the region where kT <d. 


xexp| 


F 


FURTHER DISCUSSION OF THE TOTAL-ENERGY 
DISTRIBUTION 


Figure 2 shows total-energy distribution curves for 
three different temperatures and typical conditions of 
F=45X10° v/cm and ¢=4.40 ev. The normal-energy 
distribution is plotted for comparison. The steeply 
rising edge of the zero-temperature curve depicts the 
beginning of the Fermi sea at the Fermi energy. The 
exponential drop at lower energies is due to the decrease 
of barrier penetration probability. The zero-tempera- 
ture total-energy distribution is seen to have a half- 
width of 0.14 ev as opposed to the 0.48 ev half-width 
of the normal-energy curve. The maximum value of 
the total-energy distribution decreases rapidly with 
temperature whereas the maximum value of the normal- 


energy distribution remains constant over a wide 
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energy distributions for 
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_~ 0.693 kT 











emitted electrons. The 
diagonal mirror-image 
symmetry of the curves 
extends even to the 
equal range of values 
for d and kT. 


TOTAL 
ENERGY 








FIELO EMISSION 


temperature range. The 300°K curve is arbitrarily 
normalized. 

It is easily shown that the energy at which the 
maximum in the total-energy distribution occurs is 


Emax={— kT In(d kT—1), (26) 


which reduces to Emax={ when T=0°K. 
The half-width of the total-energy distribution at 
zero temperature is 


a (0) =0.693d. (27) 


An expression for the ‘half-width at higher tempera- 
tures is too complex to be useful. 


COMPARISON OF THE TOTAL-ENERGY DISTRIBU- 
TION AND THE NORMAL-ENERGY DISTRIBUTION 


1, Total-Energy Distribution 


(a) The total-energy distribution represents the dis- 
tribution in total energy of all the electrons brought to 
a single potential anywhere outside of the metal. 

(b) It reveals details in the supply function, for 
example the top of the Fermi sea in field emission, but 
smears out details of the barrier. 

(c) It permits a clear mental picture of energy 
distribution as a product of the well-known Fermi- 
Dirac distribution function and an exponentially de- 
creasing penetration probability. 

(d) Its half-width at low temperatures is only about 
3 of the half-width of the normal-energy distribution. 


2. Normal-Energy Distribution 


(a) The normal-energy distribution represents the 
distribution in energy associated with the normal 
component of velocity during the emission process. In 





° 


THERMIONIC EMISSION 


special cases such as planar geometry the distribution 
is preserved far from the emitting surface. 

(b) It reveals details in the potential barrier at the 
surface of the metal, for example the peak of the barrier 
in thermionic emission (see following section), but 
smears out details in the supply function. 


TOTAL-ENERGY DISTRIBUTION FOR THERMIONIC’ 
ELECTRONS 


The same supply function (16) applies to thermionic 
and field emission. In the zero-field approximation a 
transmission coefficient of zero is assumed for electrons 
with normal energy less than zero and unity for elec- 
trons with normal energy greater than zero. Proceeding 
as in the field-emission case, the total-energy distri- 
bution is seen to be 


4r 


P(E)dE= 


m —E+¢ 
Bexp(——)ae (thermionic). (28) 
kT 


i 


Integration of Eq. (28) over all energies from zero to 
infinity gives the Richardson-Dushman equation. 

The half-width of this distribution is found to be 
2.45kT and the maximum in the distribution occurs at 
Emax= kT. 


TABULATION OF NORMAL-ENERGY DISTRIBUTION 
FUNCTIONS FOR FIELD AND THERMIONIC 
EMISSION?.4 

For thermionic emission, 


mkT 
et /kTe-WikT QW. 
he 


4dr 
P(W)dW =— (29) 


For field emission in the higher temperature approxi- 





114 RUSSELL 

TABLE IJ. Range of values of half-width for typical field, work 
function, and temperature ranges for the total-energy field 
emission and normal-energy thermionic emission energy distri- 
butions. 


4.50 00 ev 
20X 10° v/cm 
1000° K 
0.09 ; ev 
0.062 ev 


Work function range 
Field range 
Temperature range 
Range of both d and kT 
Range of half-widths 


mation,® 


4armkT W-¢ 
P(W)dW =- [ewn(-ct= —)] 
hi kT 


= +f 
xin| exp (— - =) jw. (30) 
kT 


For field emission in the zero-temperature approxi- 
mation’, 
4am ¢ 
P(W)dW =— exp(—e- Jerae— yaw 
h* d 
W<e, 


W><¢. 


for 


=() for (31) 


COMPARISON OF TOTAL- AND NORMAL-ENERGY 
DISTRIBUTIONS FOR FIELD AND THERMIONIC 
EMISSION 


Figure 3 shows the total- and normal-energy distri- 
butions in the zero-temperature field emission and zero- 
field thermionic emission approximations. A striking 
mirror-image symmetry is observed in the patterns 
when d=kT. It is shown in Table I that the same range 
of half-widths is found in the total-energy field emission 
and normal-energy thermionic emission distributions 
if values for work function, field, and temperature are 
considered which apply to practical working conditions. 
This is also true for the other pair of distributions. 

The peak of the potential barrier is clearly depicted 


D. YOUNG 


in the normal-energy thermionic distribution whereas 
the top of the Fermi sea is depicted in the total-energy 
field emission distribution. 

The total-energy distribution is most useful in 
matters pertaining to 


(1) the distribution in total energy of electrons 
removed in the emission process—for example, Notting- 
ham heating and cooling and depletion of the Fermi sea; 

(2) electron ballistics and electron optics problems 
where spherical geometry suggests emphasis of total- 
energy considerations; some vacuum tube noise prob- 
lems’; 

(3) field-emission energy distribution measurement 
as discussed in the following paper. 


The normal-energy distribution is most useful in 
matters pertaining to 


(1) analysis of quantum-mechanical barrier pene- 
tration problems; 

(2) electron ballistics and electron optics problems 
where planar geometry suggests emphasis of normal- 
energy considerations.® 


In the following paper the measured total-energy 
distributions in the field-emission case are compared 
with the above theory. 
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cathode. 

8H. Shelton, Phys. Rev. 107, 1553 (1957). 





PHYSICAL REVIEW VOLUME 


113, 


NUMBER 1 JANUARY 1, 1959 


Experimental Measurement of the Total-Energy Distribution of 
Field-Emitted Electrons* 


RussELL D. YounG AND ERwin W. MULLER 
Field Emission Laboratory, The Pennsylvania State University, University Park, Pennsylvania 


(Received July 23, 1958) 


Measurements of the energy distribution of field-emitted electrons with an improved retarding-potential 
analyzer revealed an unexpectedly narrow distribution width. Further study indicated that the tube 
measures the distribution in total energy of field-emitted electrons. 

Experimental distributions as narrow as 0.14 ev were measured. Data were obtained at liquid hydrogen, 
liquid nitrogen, and room temperatures and were found to be in good agreement with the new theory. 
The resolution of the improved analyzer is estimated to be between 0.02 and 0.03 electron volt. 

The experimental results obtained from the very sensitive total-energy distribution measurements serve 
as a further verification of the Fowler-Nordheim theory in the total-energy representation. 





I, INTRODUCTION 


ENDERSON and co-workers! first applied a 

retarding-potential analyzer to field emission and 
were able to show that field emission originates from 
energy levels at or below the Fermi energy. However, 
field distortions in their cylindrical tube resulted in 
poor resolution. 

Miiller? employed a spherical retarding-potential 
device using a field-emission tip as an emitter and a 
concentric anode and collector. By maintaining a 
relatively field-free space within the anode in order to 
reduce the lens effect at the aperture stop of the 
system, he was able to obtain good agreement with the 
normal-energy distribution theory. The same distribu- 
tion was verified by Miiller and Bahadur’ in 1956. 

The results reported in this paper indicate that the 
good agreement previously reported?“ between experi- 
mental results and the normal-energy theory was 
brought about by the limited resolution of the retarding- 
potential tube employed. The situation was considered 
to be satisfactory until, for some other reason, the 
resolution of the analyzer was improved and energy 
distributions about one-third as wide as those predicted 
by the normal-energy theory were observed. Analysis 
of the operation of the new tube led to the total-energy 
theory for field emission reported in the preceding 


paper.® 


II. IMPROVED RETARDING-POTENTIAL 
ANALYZER 


The improved retarding-potential analyzer is shown 
in Fig. 1. The geometry of the earlier tube has been 
preserved. A spherical guard ring is employed to reduce 


* This research was supported by the U. S. Air Force, through 
the Office of Scientific Research of the Air Research and Develop- 
ment Command. 

1J. E. Henderson and R. E. Badgley, Phys. Rev. 38, 590 
(1931); J. E. Henderson and R. K. Dahlstron, Phys. Rev. 55, 
473 (1939). 

2E. W. Miiller, Z. Physik 102, 734 (1936); 120, 261 (1943). 

3E. W. Miiller and K. Bahadur, Phys. Rev. 102, 624 (1956). 

4R. H. Good, Jr., and E. W. Miller, Handbuch der Physik 
(Springer-Verlag, Berlin, 1956), Vol. 21. 

5R. D. Young, Phys. Rev. 113, 110 (1959), preceding paper. 


the collector size in order to reduce the capacitance 
across the electrometer input.’ The improved tube has 
three important new features: (1) tip-positioning bel- 
lows to position the tip exactly in the electron optical 
center of the tube; (2) focus anode to alter the conver-. 
gence of the electron beam slightly so that electrons 
arrive perpendicular to the collector; and (3) extremely 
sharp tungsten tips (down to 300 A) in order to reduce 
the anode voltage and thus improve the resolution. 
Electron lens aberrations, patch effect on the collector, 
and geometric defects in the tube decrease the resolu- 
tion as the anode voltage is increased. 

The anode of the tube is so designed that the field at 
the hole in the screen is essentially zero. Thus, the 
screen hole, which serves as an aperture stop for the 
system, has no lens effect on the electron beam which 
reaches the collector. All other lenses have apertures 
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GUARD RING COLLECTOR 


GETTER 
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Fic. 1. Improved field-emission retarding-potential tube. 
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which are much larger than the narrow electron beam. 
Under these conditions the paraxial ray approximation 
from geometric optics can be applied to the motion of 
electrons within the tube. It follows that when the 
electron beam is properly focused, all electrons appear 
to diverge from a tiny point source in the center of the 
spherical envelope and arrive perpendicular to the 
collector surface. Thus it is the total energy of the 
electron which determines whether or not it will reach 
the collector under the influence of a certain retarding 
potential. 

During operation the analyzer was surrounded by an 
electrostatic shield. The potential difference between 
the guard ring and the collector only amounted to the 
electrometer voltage drop which did not exceed 0.05 
volt. All power supplies consisted of battery packs for 
stability and hum prevention. The retarding voltage 
supply contained a 10-turn precision Micropot potenti- 
ometer so that the retarding potential between the 
collector and the tip could be varied in millivolt steps 
over a range of 1 volt. Measurements were usually 
made between 4.00 and 5.00 volts retarding potential 
(collector positive). The usual precautions were taken 
to assure that the earth’s magnetic field and other 
magnetic fields did not influence the measurement. A 
battery-operated FP54 electrometer tube was used to 
measure the collector current. The output of the 
electrometer was used to deflect a galvanometer which 
could be read to an accuracy of 0.2% at full scale 
deflection. 

The pressure of active gases in the tube did not 
exceed 10~'* mm of mercury. This limit was estimated 
from the fact that no change in electron emission due 


6 
F=30x10 VOLTS / CM, $= 4.40 ev 
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to adsorption could be detected over a period of several 
days. The helium which diffused through the Pyrex 
glass envelope was periodically removed with an ion 
pump. A cold finger was provided for low-temperature 
measurements. The collector and guard ring consisted 
of a tin oxide coating on the inner wall of the 1-liter 
flask envelope. 


III. EXPERIMENTAL PROCEDURE 


Before beginning an experimental run all equipment 
was operated for at least 24 hours to achieve stability. 
Hum on all parts of the circuit was checked with an 
ac millivoltmeter. The tip was flashed to clean the 
emitting surface, the high voltage was applied to the 
anode, and the positive collector potential was increased 
until about 10% of the electrons approaching the 
collector were collected. The tip centering and focus 
voltage were then adjusted to maximize the collector 
current and thus insure that the electrons were arriving 
as nearly perpendicular to the collector surface as 
possible. The focus cylinder and anode constitute a 
very weak lens and disturb the path of the electrons 
only slightly. For example, with an anode voltage of 
900 volts the properly adjusted focus voltage could be 
changed from 750 to 800 volts with no appreciable 
change in collector current. 

In making a run the total tip current was set to 
about 10~* ampere, giving a maximum collector current 
of about one micromicroampere. The collector current 
was then recorded for 50 or 60 collector voltages 
within a one-volt range. The small voltage drop in the 
electrometer was corrected for and the collector current 
vs collector voltage was plotted. 


(ppa) 


CURRENT 


COLLECTOR 





1 as 





1 1 r 
5.10 4.90 4.80 


t 
5.20 


COLLECTOR 


4.70 


VOLTAGE 


1 
4.60 4.50 


(VOLTS) 


Fic. 2. Uncorrected collector current vs collector voltage at liquid hydrogen temperature. 
The same field and work function is used in Figs. 2 through 7. 
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Fic. 3. Slope of curve in Fig. 2, arbitrarily normalized. ¢ is the Fermi energy. 


IV. UNCORRECTED EXPERIMENTAL RESULTS 


Figure 2 shows the total collector current for a 
typical run at liquid hydrogen temperature. The curve 
contains 55 points, none of which deviates from the 
curve by more than 0.2% of the maximum value (all 
lie under the ink line in Fig. 2). Data in which more 
than one or two points deviated from the curve by 
more than 0.2% were rejected because of the difficulty 
in reproducing the derivative of a curve drawn from 
more scattered points. 

It follows from the previous paper that the collector 
current can be expressed in terms of the collector 
voltage V by the equation 


® 
cia f P(EMdE, 
¢coll —¢tip + V 


dicot ‘dV~ P (deo —tipt V). 


(1) 


(2) 


Equation (2) is the total-energy distribution in terms 
of collector voltage and was obtained experimentally 
by measuring the slope of the total collector current 
curve with a drafting instrument designed for this 
purpose. 

The collector current in Fig. 2 is seen to go through 
a maximum and then decrease as the collector potential 
is increased, probably due to reflection of electrons at 
the collector surface. As a result the slope of this 
curve will go to zero prematurely and the curve must 
be corrected for this current loss. 

The slope of the curve in Fig. 2 is shown in Fig. 3 
along with the total-energy theory curve. The general 


agreement between the experimental and theoretical 


curves is good except that the experimental curve goes 
to zero prematurely. 


V. CORRECTION FOR CURRENT LOSS AT HIGHER 
COLLECTOR POTENTIALS 


Figure 4 shows the measured collector current for 
much higher collector potentials than are needed in the 
energy distribution experiments. After the collector 
current reaches a maximum it appears to fall off 
exponentially with increasing collector voltage beyond 
the range of the energy distribution (theory). To 
compensate for the current drop, an exponential curve 
was fitted to the collector current curve above 5 volts 
where the energy distribution no longer contributes to 
the change in current. The fitted exponential is then 
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Fic. 4. Collector current curve for higher collector voltages. 
The fitted exponential curve forms a “transmission coefficient” 
[Eq. (3)] for the collector which can be used [Eq. (5)] to obtain 
the dashed “theory” curve. 
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temperature. The theoretical normal-energy distribution is plotted for comparison. The amplitudes of all three 
curves are measured relative to the three normalized curves in Fig. 7. ¢ is the Fermi energy. 
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Fic. 6. Theoretical and experimental total-energy distributions of field-emitted electrons at liquid nitrogen 
temperature. The theoretical normal-energy distribution is shown for comparison. The amplitudes of all three 
curves are measured relative to the three normalized curves in Fig. 7. 





FIELD-EMITTED 


———--— TOTAL ENERGY THEORY 


vreseeees NORMAL ENERGY THEORY 
EXPERIMENT 


wen 
—_— 
- 
o-ao= 


ELECTRONS 


CURRENT PER UNIT ENERGY 








n 
4.80 
COLLECTOR 


1 
4.90 


' 
4.70 
VOLTAGE 


! 1 
4.60 4.50 


Fic. 7. Theoretical and experimental total-energy distributions of field-emitted electrons at room temperature. The 
theoretical normal-energy distribution is shown for comparison. All three curves are arbitrarily normalized. 


extrapolated to the collector voltage corresponding to 
zero collector current. At absolute zero this collector 
voltage gives the collector work function. This same 
point corresponds to the Fermi energy ¢ of the emitter 
in the energy distribution diagrams which follow and 
is so labeled. 

The extrapolated curve gives a “transmission coeffi- 
cient” for the collector which can be expressed as 


T =0.445+0.555 exp(1.23AV), (3) 
AV =V—cotiector- (4) 

The true collector current is then 
itrue(V)=texp(V)/T(V). (5) 


The derivative with respect to V of the current given 
in Eq. (5) is called the corrected total-energy distri- 
bution. There are several other methods that could be 
used to correct for the current dropoff. For example, 
the ‘transmission coefficient” could be assumed to be 
dependent on the energy of the arriving electrons rather 
than on the collector voltage. This complex correction 
also results in an improved energy distribution curve. 
The distribution still goes to zero somewhat prematurely 
and thus is unsatisfactory. The first method of correc- 
tion is used in this work because it is simple, involves 
no assumptions as to mechanism, and results in a 
better fit to the theory. 


VI. CORRECTED EXPERIMENTAL RESULTS 


Figures 5, 6, and 7 show the corrected experimental 
energy distribution curves at three different tempera- 
tures. The 300°K theoretical and experimental curves 
in Fig. 7 are normalized because the resolution of the 
analyzer has a smaller influence on the maximum value 
of the measured distribution in the 300°K case than 
the others. In each of the figures the normal-energy 
distribution, also normalized in the 300°K case, is 
plotted for reference. 

In Fig. 5 the liquid hydrogen temperature experi- 
mental curve has a maximum value whichis much 
higher than the normalized room temperature run, as 
expected from theory. The curve does not reach the 
full height of the theoretical curve (dashed line) because 
of the limited resolution of the analyzer. The slope of 
the leading edge and the displacement to the left of 
the peak value of the experimental curve indicate that 
the tube has a resolution of about 0.02 to 0.03 ev. 
This indicates that the instrument can measure electron 
energy to about 3 parts in 100 000. It is interesting to 
note the absence of any appreciable temperature tail in 
either the theoretical or the experimental curves. 

The liquid nitrogen temperature run in Fig. 6 has a 
maximum value between the 300°K and the 21°K 
cases as expected. The temperature tail is now clearly 
evident in the experimental curve. Again the agreement 
with theory is quite good. 

The room temperature curve in Fig. 7 is displaced to 





120 R. D. YOUNG 
the left by about 0.03 ev, just the resolution of the 
analyzer. The general shape and half-width of the curve 
are in good agreement with theory. Even at room 
temperature the half-width of the normal-energy curve 
is almost twice the half-width of the total-energy curve. 


VII. CONCLUSIONS 


1. The spherical field-emission retarding-potential 
analyzer measures the total electron energy distribution. 

2. The Fowler-Nordheim theory in the total-energy 
representation is further verified by this sensitive 
method of determining the source of field-emitted 
electrons. 
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3. The range of energy distribution half-widths 
available in field and thermionic emission is essentially 
the same. 

4. The high temperature sensitivity of the energy 
distribution suggests its application for measuring the 
temperature of the emitting surface, which is difficult 
to do by other methods because of the minute size of 
the emitter. 
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Effect of the Energy Gap on the Penetration Depth of Superconductors 


A. L. SCHAWLOW AND G. E. DEVLIN 
Bell Telephone Laboratories, Murray Hill, New Jersey 
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The dependence on temperature of the penetration depth of superconducting tin crystals has been 
measured by a new low-frequency (100 kc/sec) method. The sample serves as the core of a solenoid whose 
inductance changes with the penetration depth. The inductance controls the frequency of an oscillator 
which can be measured precisely. It is found that there are departures from the law \=doL1—(7/T.)*]}! 
derived from the Gorter-Casimir two-fluid theory. The departures are shown to arise from an energy gap 
in the spectrum of electron excitations and are qualitatively like those predicted by Lewis’ extension of the 
two-fluid model to include a gap. Throughout the temperature range from 1.8°K to 3.69°K the measured 
penetration depths agree well with the theory of Bardeen, Cooper, and Schrieffer. 


I, INTRODUCTION 


EVERAL problems of current interest in super- 

conductivity involve the penetration of magnetic 
fields into the surface of superconductors. The very 
small magnitude of this penetration makes experiments 
on it difficult and often indirect. Nevertheless previous 
experiments have indicated ways in which super- 
conductors depart from the Londons’ phenomenological 
equations, and most of these departures have now been 
given a theoretical basis by the fundamental theory of 
Bardeen, Cooper, and Schrieffer.! Thus it seems likely 
now that the proper relation between current and field 
in a superconductor is nonlocal. One investigates this 
empirically by studying the magnetic properties of 
samples having at least one very small dimension, i.e., 
films, wires, or colloids,?>~* and comparing their prop- 
erties with those deduced from the behavior of 
macroscopic superconductors. So one needs to determine 
separately the laws of penetration into large and small 
superconductors. The latter have the advantage of 


! Bardeen, Cooper, and Schrieffer, Phys. Rev. 108, 1175 (1957). 

*C. S. Whitehead, Proc. Roy. Soc. (London) A238, 175 (1956). 

’R. E. Glover, III, and M. Tinkham, Phys. Rev. 108, 243 
(1957); M. Tinkham, Phys. Rev. 110, 26 (1958). 

‘A. L. Schawlow, Phys. Rev. 109, 1856 (1958). 


being obtainable as single crystals with controllable 
orientation and relatively unstrained surfaces. 

It should be recalled that superconductors are almost 
perfectly diamagnetic. Only in a very thin surface 
layer, a few hundred angstroms deep, can there be any 
magnetic field. In this layer, currents flow which are 
just large enough to reduce the field inside the rest of 
the specimen to zero. 

With a large superconductor, it is just about im- 
possible to know its over-all size accurately enough for 
direct comparison with the penetration layer thickness, 
so one resorts to measuring the change in the penetra- 
tion depth with temperature. Then if the law of 
temperature dependence is assumed known, there will 
be just one constant to fit to the experiments, and this 
can be the penetration depth at absolute zero. 

It is possible to derive this law of temperature 
dependence in a simple and plausible, though not 
rigorous, way from the Gorter-Casimir two-fluid 
model.*:* On that model, the density of superconducting 
electrons at reduced temperature /=7/T, (where T, 
=the transition temperature) is »,/mo=1—¢. This 
waa Miller, Pippard, and Shoenberg, Phys. Rev. 74, 843 


6D. Shoenberg, Superconductivity (Cambridge University Press, 
Cambridge, 1952), Chaps. 5 and 6. 
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follows thermodynamically if the threshold field is 
accurately parabolic, i.e., 


H.= H\(1—?), 


where H, is the critical magnetic field at temperature ¢. 
If these superconducting electrons have an effective 
mass m*, and have been accelerated by the field 
without collisions, the penetration depth is 


A= (m*/4n,e”)'« 1/(n,)}, 
and so 
A=Ao/(1—)!=Doy, 


where Ao= penetration depth at absolute zero and 
y=1/(1-—#)}. 


The experimentally observed temperature variation of 
the penetration depth fits this curve quite well.5~7 

But there is now considerable evidence that the 
critical field curve is really not quite parabolic*® 
because of the existence of a gap in the electron energy 
spectrum. Lewis” extended the two-fluid model to 
include an energy gap independent of temperature. 
Figure 1 shows the values of \ on this model relative 
to those without the gap. It is seen that \ falls more 
rapidly as one goes down in temperature because of the 
gap. In Fig. 2 the values of A are replotted agianst 
y=1/(1—/)!. Now it is seen that near the transition 
temperature, 7., the very rapid variation of y with ¢ 
dominates the temperature dependence. Thus in Fig. 2 
the graph is very nearly a straight line for most of its 
length, whether there is an energy gap or not. Only at 
low temperatures where y is not varying so rapidly 


06 0.7 0.6 09 1.0 


Fic. 1. Temperature dependence of the superconducting 
penetration depth. (a) Gorter-Casimir two-fluid model; (b) 
Lewis’ two-fluid model with energy gap. 


7R. G. Chambers, Proc. Cambridge Phil. Soc. 52, 363 (1956). 

8B. Serin, in Progress in Low-Temperature Physics, edited by 
J. C. Gorter (Interscience Publishers, Inc., New York, 1955), 
Vol. 1, Chap. 7. 
( 9W. S, Corak and C. B. Satterthwaite, Phys. Rev. 102, 662 
1956). 

10H. W. Lewis, Phys. Rev. 102, 1508 (1956). 
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Fic. 2. Superconducting penetration depth as a function 
of y=1/(1—#)+ with energy gap (Lewis) and without gap 
(Gorter-Casimir). 


with 7, does the slope of the penetration depth curve 
change appreciably because of the gap. Since we do 
not know Ao in advance, we can only distinguish these 
if we can measure the change of \ with temperature 
accurately enough to show this curvature. 

The fundamental superconductivity theory of 
Bardeen, Cooper, and Schrieffer! also derives and uses 
an energy gap, although one which vanishes at the 
transition temperature. Over the region in which the 
relation between A and T shows appreciable curvature, 
the gap is substantially constant. Thus the BCS theory 
predicts much the same sort of a departure from the 
straight line when J is plotted against y. The differences 
arising from the very different details of the two 
theories are in this case quantitative, not qualitative. 

Any theory with a finite energy gap must give this 
sort of behavior. If the number of normal electrons 
varies according to some power of ¢, such as @, at high 
temperatures, it must fall more rapidly than the power 
law at lower temperatures. This follows because the 
probability of excitation across a gap is an exponential 
function of 1/t, which can be approximated by a power 
law only for small values of the argument. 

The effects of the energy gap on penetration depth 
have, up to now, not been observed because earlier 
experiments did not have enough sensitivity to permit 
them to study the low-temperature region. The total 
change expected from 0.9 7, to absolute zero is only 
0.6 Ao, or about 300 angstroms. The apparatus described 
here has sufficient sensitivity to see a change of about 
4 angstroms, so that these effects are quite readily 
detectable and measurable. 


II. METHOD 


The superconducting sample is a long single-crystal 
rod (length 17 cm, diameter 0.74 cm) which serves as 
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Fic. 3. Oscillator circuit for penetration 
depth measurement. 


the core of a solenoid. The inductance of the solenoid is 
proportional to the cross-sectional area of the space 
occupied by flux, that is, the space between the coil 
and the sample plus whatever distance the flux pene- 
trates into the surface of the sample. As the temperature 
is changed, the penetration depth changes, and the 
inductance changes with it. Then 


change in inductance 


total inductance 


change in penetration depth X rod circumference 


total cross section occupied by flux 


To make the inductance change measurable with 
sufficient sensitivity, the coil is resonated by a mica 
capacitor, C; to some frequency around 100 kc/sec. 
The combination forms the tank circuit of an oscillator, 
as shown in Fig. 3. When the inductance, L, alters, 
because of a change in penetration depth, the oscillator 
frequency shifts: 

6, f= 30L, [, 
so that 
2nrdd/A=6L/L=24f/f, 


dA= (A/a) df/f, 


where r is the radius of the sample rod and A is the 
cross-sectional area between the rod and the coil. 

If A is not large it may be hard to measure accurately, 
but it can be eliminated by calibrating with several 
samples of different diameters. Since L is proportional 
to A=aro’—ar’, where ro and r are the effective radii 
of the coil and core, respectively, then 


AaLai/fP'=B+Cr’. 
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Thus a graph of 1/f? against r? should be, and is, a 
straight line. Then 


— (1/f*)df= Brar, 
so that 
dd= dr= — (1/Br) (1/f*) (df/f), 


and the constant B is obtained from the intercept of 
the 1/f? against r? plot, or indeed simply by measuring 
the resonant frequency with an empty coil. For highest 
sensitivity, A should be small, that is the coil should 
be close to the sample. It cannot, however, be wound 
directly on the sample, as that would surely strain the 
surface severely and radically alter the penetration 
depth. In preliminary work, the coil consisted of two 
layers of No. 44 copper wire would on a glass tube 
inside which the sample was placed. With this arrange- 
ment, the radial distance between the coil and sample 
could hardly be made less than about a millimeter. 

About five times closer spacing was obtained by 
using a coil wound inside the glass tube, rather than 
outside.! The coil was wound on a steel mandrel, with 
paper shims separating it from the mandrel. It was 
coated with an epoxy resin to give it rigidity, baked, 
and removed from the mandrel. After a second coating 
of epoxy resin, it was slipped inside the glass tube and 
baked again. The resultant coil was stable and rigid, 
although differences in thermal expansion would 
eventually break it loose after repeated coolings. 

With the small spacing made possible by the inside- 
wound coil, the inductance was so low that copper 
coils had a Q too low to permit oscillation, and so a 
superconducting coil of 0.003-in. diameter Formvar- 
coated niobium wire was used. Then very stable oscil- 
lations were obtained right up to the transition temper- 
ature of the sample, but not above it. The outside- 
wound copper coil was used to measure the transition 
temperature, because its higher inductance permitted 
oscillations to be sustained even when the rod was in 
the normal state. 

The superconducting coil was adopted with some 
reluctance, because it seemed possible in principle that 
changes of the niobium penetration depth with tem- 
perature might occur and give misleading results. If 
the penetration depth varied as 1/(1—/“)!, the changes 
would be indeed negligible in the region of our experi- 
ment which is far below the transition temperature of 
niobium (8°K). However, as a check, tests were run 
with a dummy sample consisting of a polycrystalline 
rod of lead. Over the range from 3.5°K to 1.4°K the 
oscillator frequency did not fluctuate by more than 
+0.3 cps and at 1.4°K it was within 0.2 cps of the 
frequency at 3.5°K. A shift of the order of 0.4 cps 
might have been expected from the small variation of 
\ for lead over our temperature range. As the observed 
variation is small, we may safely neglect in this region 

1 We are very much indebted to Mr. A. G. Olson of the Bell 
Telephone Laboratories Coil Shop for devising the procedure and 
for winding these coils. 
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any effects due to temperature-dependent penetration 
into the coil. We can thus take advantage of the 
greater sensitivity and stability made possible by the 
superconducting coil. At higher temperatures it would 
be necessary to use a copper coil or to allow for tem- 
perature-dependent penetration into the niobium coil. 

In the oscillator circuit of Fig. 3, the amplitude can 
be adjusted by changing the feedback resistor Ri, and 
by adjusting the plate voltage. With the niobium coil, 
a plate voltage of 35 volts and a feedback resistance of 
1.5 megohms gives an amplitude of about 0.1 volt. 
This corresponds to an alternating field of about 0.6 
oe rms. All data used were taken at least 0.03°K from 
the transition temperature, i.e., where the sample had 
a critical field of at least 6 oersteds and usually very 
much more. For measuring the transition temperature 
with the copper coil, still smaller field amplitudes were 
used. 

The earth’s magnetic field was neutralized by two 
pairs of Helmholtz coils to within about two percent. 
The importance of this neutralization has been pointed 
out by Laurmann and Shoenberg” and by Chambers.’ 
However, the stray field is found to have much less 
effect in these experiments than in their work. This is 
probably due to the nearly complete Meissner effect 
and the extremely high conductivity of our very pure 
tin specimens." At this frequency, inclusions of normal 
flux would be immobilized by eddy-current damping. 

The operating frequency is chosen to be low enough 
so that the skin depth is very much greater than the 
superconducting penetration depth. In fact, the experi- 
ment to determine the transition temperature gives us 
at the same time the total inductance change between 
the normal and superconducting states, and so the 
normal-state skin depth. The skin depth determined 
in this way is 6.90 10~* cm or about 140 times the 
superconducting penetration depth at absolute zero. 
Thus, in the superconducting state, the penetration 
depth is determined solely by the superelectrons, and 
no allowance need be made for high-frequency screening 
by normal electrons. Moreover, the frequency used is 
low enough so that hy is very much less than kT, and 
effects due to the proximity of induced transitions 
across the gap, which might be troublesome with 
microwaves, are indeed negligible. 

If the skin depth is proportional to (frequency)~, 
as it should be for the anomalous skin effect, at 1000 
Mc/sec it would be 3.3X10-° cm, while at 100000 
Mc/sec, it would be 7.0 10-6 cm. At neither frequency 
is it large enough so that the effects of normal electrons 
can be ignored, particularly near the transition tem- 
perature, where A is large. Nevertheless, it is sometimes 
assumed, even at the highest frequency, that the fleld 
distribution is determined solely by superelectrons. It 


12. Laurmann and D. Shoenberg, Proc. Roy. Soc. (London) 
A198, 560 (1949). 

18 Spec-pure tin from Vulcan Detinning Company, Sewaren, 
New Jersey. 


123 


may be safe to make this assumption for sufficiently 
low temperatures, but present theories are not a safe 
guide to how low is sufficient. 

The oscillator frequency is high enough, on the 
other hand, to be easily measurable with great precision 
in a short time. Frequency measurements were made 
with a Berkeley events-per-unit-time counter, which 
counted cycles for exactly ten seconds. In this way, 
frequency was measured to 0.1 cps, and within a minute 
four or five such readings could be taken. Constancy of 
these successive readings within a count or so was good 
evidence for the attainment of thermal equilibrium in 
the sample. If the temperature were not changed, the 
frequency of the oscillator would usually hold constant 
within one or two counts (parts per million) over an 
hour or more. 

The samples were single-crystal rods 17 cm long, 
0.74 cm in diameter, of tin grown in graphite molds 
open at the ends to a dental plaster boat containing a 
seed of the desired orientation. After the crystal was 
grown, the mold was removed and the sample was 
etched in dilute hydrochloric acid to check its orienta- 
tion. Finally the sample was chemically polished" in 
freshly mixed aqua regia at 100°C, and then hung 
vertically until used. This final precaution was quite 
necessary, as these pure crystals are very soft, and if 
tilted from the vertical without support will slip easily 
under their own weight. Only the center two inches of 
sample is surrounded by the coil, the remainder serving 
to eliminate end effects from the measurements. Such 
handling as could not be avoided was done at the ends. 
During measurements these ends are fastened to the 
glass tube with cheese wax to prevent movement, 
although space is left for helium to circulate between the 
coil and the sample. 

The capacitance between the niobium coil and the 
sample might be as large as 50 micromicrofarads, 
which is less than 75% of the tuning capacitance of 
72 000 micromicrofarads. The effective spacing between 
coil and sample might conceivably vary with tempera- 
ture as much as the magnetic penetration varies. The 
resulting capacitance change would shift the oscillator 
frequency only 75% as much as would the accompany- 
ing inductance change. Even the changes of the di- 
electric constant of helium with temperature over the 
whole range of the experiment would change the 
oscillator frequency by only one part per million, which 
is just about our limit of resolution. Thus the stray 
capacitance can be safely neglected. 

This method is related to that proposed originally by 
Casimir’ and realized by Laurmann and Shoenberg.” 
It, and the method of Chambers,’ differs from theirs in 
that we measure changes in a self-inductance rather 
than a mutual inductance. The oscillator frequency 
shift has not previously been applied to penetration 


4 The smoothness of the chemically polished surfaces was 
confirmed by electron micrographs made by C. J. Calbick. 


165 H, B. G. Casimir, Physica 7, 887 (1940). 
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Fic. 4. Transition of tin crystal from normal to superconducting 
state as shown by oscillator frequency shift. 


depth measurements, but it is related to the ancient 
beat frequency method of measuring capacitance and 
inductance but with the counter replacing the hetero- 
dyne comparison oscillator. In a sense, these resonant 
methods balance the inductive reactance by a capacitive 
reactance at the resonant frequency. Unlike the bridge 
method, substantially all the balance circuit is in the 
liquid helium. This is one of the factors permitting the 
attainment of high sensitivity. 

This method is also very suitable for studying the 
reactive skin depth, or the surface reactance, in the 
normal state. In particular, we have applied it in a 
preliminary way to some studies of magnetoresistance. 
We have noted a peculiar decrease in skin depth with 
magnetic fields up to about a thousand oersteds which 
is associated with the anomalous nature of conduction 
in high-purity samples even at these frequencies. 
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Fic. 5. Temperature dependence of oscillator frequency and 
penetration depth for tin crystal with transverse c axis (sample 
Sn121). Theoretical curve from theory of Bardeen, Cooper, and 
Schrieffer. 
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Transition Curves 


Figure 4 shows the transition curve, in a copper coil, 
of a tin crystal rod. From this sharp transition, in 
which the graph by no means does justice to the 
fineness of the frequency shift data, we can determine 
that T,.=3.7205°K on the 755 scale'® (3.722°K on the 
1948 scale). T, here is taken at the midpoint of the 
steep transition curve.”* Both specimens with a longi- 
tudinal fourfold crystal axis and with a transverse 
fourfold axis had the same transition temperature 
within our accuracy which is about 0.0005°K. 

The tail at lower temperatures in Fig. 4 is not due to 
breadth in the transition, but to the change in A with 
temperature. From this portion of the data we find for 
sample Sn121 (c axis , rod axis) df/dy=2.6(5) cps/unit 
of y, where y=1/[1—(T/T,.)*]}!, and since B for this 
particular coil is —1.1710~*, then dd/dy=5.2K 10~* 
cm. This is the quantity which would on the two-fluid 
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Fic. 6. Temperature dependence of oscillator frequency and 
penetration depth for tin crystal with transverse c axis (sample 
Sn121) for low temperatures. 


model have been identified as Xo, and is in good agree- 
ment with several earlier determinations by various 
methods.!?:17.18 

A sample with the crystalline fourfold axis (c¢ axis) 
along the rod axis gave very similar results, but an 
accurate determination of 5\/éy was deferred until the 
experiments with the niobium coil. 

Also from the transition curves we can get the total 
shift from the normal to the superconducting state, 
and so derive the skin depth in the normal state. In 
this way, for $n120 (c axis ,, rod axis), the skin depth, 
6 at 102 kc/sec is 7.18 10-4 cm; and for S$n121 (axis 1 
rod axis), 5=6.9010~* cm. Both of these, as well as 
the values of d\/dy above, are averages for current 
flow around the rod. 

16 J. R. Clement, “Liquid helium temperature scale,” Naval 
Research Laboratory, Washington, D. C., (unpublished). 

17 A. B. Pippard, Proc. Roy. Soc. (London) A191, 399 (1947), 
recalculated in T. E. Faber and A. B. Pippard, Proc. Roy. Soc, 
(London) A231, 336 (1955). 

18 J. M. Lock, Proc. Roy. Soc. (London) A208, 391 (1951). 





PENETRATION DEPTH OF SUPERCONDUCTORS 


TEMPERATURE DEPENDENCE OF THE 
PENETRATION DEPTH 

In Fig. 5, is shown the variation in oscillator fre- 
quency, and from it the penetration depth with 
temperature for Sn121 measured in a niobium coil. 
For this coil and sample B= 5.74X10~, and so 0.1-cps 
shift in oscillator frequency corresponds to 4.04 
angstroms change in penetration depth. Since we do 
not know Apo in advance, and only measure dd/dt, the 
\ scale has an additive constant which can be adjusted 
arbitrarily, although we are not free to stretch or 
contract the scale. 

From Fig. 5, it is seen that A varies quite linearly 
with y from about y=1.8 to y=6, i.e., from 3.4°K to 
3.696°K. At lower temperatures there is a definite 
curvature in the direction predicted by the energy gap 
theories. To show this more clearly, Fig. 6 shows the 
portion of the curve from y= 1 to y=2. 

Since we do not directly measure \ in these experi- 
ments, but only its changes with temperature, we can 
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Fic. 7. d\/dy as a function of y for sample Sn121. Theoretical 
curve from Bardeen, Cooper, and Schrieffer. 


move the experimental points up or down the XQ axis 
by adding to all of them any fixed quantity. We have 
arbitrarily chosen to match them to the BCS theoretical 
curve at 0°K (y=1); a better over-all fit could have 
been obtained by matching at some intermediate 
point. The over-all agreement is excellent and the 
experiments do show a deviation from the straight line 
plot very much like that predicted as a consequence of 
the energy gap. 

An even more stringent comparison between experi- 
ment and theory is given in Fig. 7, where dd/dy is 
plotted against y. Again the agreement is quite good, 
and this is especially remarkable in view of the fact 
that there are no adjustable parameters. On the Gorter- 
Casimir theory, the graph would be a horizontal straight 
line. 

Figures 8 and 9 show, respectively, \ and dA/dy for 
another specimen (Sn120) with the c axis along the rod 
axis. These data are probably a little less accurate 
than those for Sn121, because refinements were made 


3000 








2500 
BCS 


Ra 


ie 








2000 








uw 
° 
°o 


K 


X IN ANGSTROMS 









































28 25 36 
y= 
1-t* 


3.5, 4.0 45 5.0 


Fic. 8. Temperature dependence of penetration depth for tin 
crystal with c axis parallel to rod axis (sample Sn120). 


in the temperature measuring procedure after they 
were taken. However, the agreement with theory is 
still very good. 

Such small discrepancies as remain may be due to 
uncertainty in the input data for the theoretical calcu- 
lation (see Table IV of reference 1) or to approximations 
in it. At any rate, the agreement is very satisfactory. 

It is interesting to note that the slope of the experi- 
mental and theoretical curves for y>1.7 or so is about 
520 A per unit of y, in excellent agreement with our 
copper coil results and with those of previous experi- 
menters. If one were to assume, as earlier investigators 
have done, that A is proportional to y, then one would 
deduce \o= dA/dy=520 angstroms. However, because 
of the hook in the curve at small y, this assumption is 
no longer valid, and we cannot really deduce A» from 
the experiments at all. The best we can do is assume 
the approximate validity of the BCS theory (or some 
other). The BCS theory gives \o=567 A, and since 
this theory fits the data quite well, that value is 
probably reasonably good. However, the absolute 
values of \ are all greater than yAo, by as much as 
200 A for the theoretical values, or 100A for our 
experiment. This might be important in studies of thin 
films of colloids, where \ becomes comparable with the 
sample dimensions.” In such experiments the effective 
value of \ was found to be greater than the value which 
was thought to be characteristic of a bulk super- 
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Fic. 9. d\/dy as a function of y for sample Sn120. 
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Fic. 10. Temperature dependence of penetration depth for 
sample Sn121 compared with Lewis’ extended two-fluid model 
with energy gap. 


conductor, presumably because of the small dimension 
of the sample. If, however, the values of \ for bulk 
superconductors are larger than assumed previously, 
part, but not all, of the change attributed to finite 
particle size is removed. 

We may also compare our experimental results with 
the phenomenological energy gap theory of Lewis. 
There Ao is an adjustable parameter, and we choose it 
to fit the slope from y=2 to y=5. In this way, we 
obtain \y=425 A. Again, in Fig. 10 we arbitrarily fit 
the experimental points to the theoretical at O0°K 
(y= 1). The theoretical curve has an increased slope at 
small y, but not as much increase as indicated by our 
experiments or the BCS theory. The slope is plotted in 
Fig. 11. With the extra adjustable parameter (Ao), the 
curve fits our data almost as well as those of the BCS 
theory, although the slope at small y is definitely less. 
Actually, one would not really expect the fixed energy 
gap alone to fit experiments well except at extremely 
low temperature, lower than those of these experiments. 


CONCLUSIONS 


The dependence of penetration depth on temperature, 
when observed with sufficient sensitivity, shows the 
effect of an energy gap in the spectrum of electron 
excitations. The experimental results agree well with 
the theory of Bardeen, Cooper, and Schrieffer, but can 
also be fitted fairly well to the extended two-fluid 
phenomenological theory of Lewis. 

The method would be equally applicable to a metal 
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such as mercury, where the effects of an energy gap on 
specific heat or critical field have not yet been observed. 
It is suspected that in mercury the lattice specific heat 
varies in a complicated way with temperature, because 
of the low Debye temperature. This lattice specific 
heat must be subtracted before the electronic term can 
be isolated, and so the effect of a gap is masked. No 
such masking should disturb the penetration measure- 
ments which are directly affected by the electron 
excitation. 

We do not observe any appreciable anisotropy of 
the penetration depth. Indeed, if the anisotropy follows 
that found with microwaves by Pippard” and Fawcett,” 
none should be observed with specimens in which the 
current flows around the diameter of a rod. In so doing, 
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Fic. 11. dd/dy for Sn121 compared with Lewis’ theory. 


the current must traverse several crystal directions, 
and so our value is always an average. 

However, our method can be modified to use flat 
specimens and then we should be able to study any 
anisotropy without the grave complications of micro- 
wave methods. This work is being undertaken. 
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Infrared Properties of Hexagonal Silicon Carbide 
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Infrared transmission and reflectivity measurements from 1 to 25 » (microns) have been made on several 
samples of green alpha (hexagonal) SiC. The residual ray bands have been observed for the ordinary and 
extraordinary rays. The resonance frequencies are 2.380 10" sec™ (12.60 u) and 2.356 10" sec (12.73 y), 
respectively. From the reflectivity the high-frequency dielectric constant is found to be 6.7. A careful 
analysis shows that the residual ray bands can be fitted within experimental error by the classical dispersion 
theory with the correct choice of the dispersion parameters. From the parameters the value 10.0 is obtained 
for the low-frequency dielectric constant. The effective charge is 0.94e. Complete description of the residual 
ray band for the extraordinary ray required, in addition to the main resonance, a weak resonance at 2.647 
X10" sec (11.33 u). A study on the effects of several different surface treatments shows the reflectivities 
reported here are an intrinsic property of the crystal. The room-temperature absorption coefficient as a func- 
tion of wavelength in the range 1 to 10 uw has been determined from transmission measurements. A number 


of weak lattice bands are observed between 5 and 10 u. 


I, INTRODUCTION 


LTHOUGH the earliest infrared measurement of 
silicon carbide dates back to 1908, information 
regarding the infrared optical properties is meager, 
particularly when compared to the large amount of 
work done in recent years on silicon and germanium. 
The present measurements were made on hexagonal 
silicon carbide in the wavelength range from 1 yu 
(micron) to 25 uw. This region includes impurity effects 
(1-5 uw), a number of weak lattice bands (5-10 u), and 
the fundamental lattice absorption band at 12.60 yu. 
The early reflection measurements of Coblentz! and 
of Schaefer and Thomas? showed the strong reflectivity 
band (reststrahlen band) at approximately 12 u. The 
crystals used, presumably of the hexagonal form, were 
too thick for accurate transmission measurements. 
However, the latter authors found that their material 
was transparent from 1 to ~6 yw. The specimen was 
opaque beyond 6 yw except for a narrow transparent 
window at ~6.9 u. They concluded that the absorption 
in the 6-u region is due to the first harmonic of the 12-u 
fundamental lattice band. The absorption beyond 6.9 u 
is due to the onset of the fundamental. More recently, 
the transmission of hexagonal SiC has been studied by 
Ramdas,’ who showed that there are several additional 
absorption bands. Some of these bands are between 
6.9 uw and the fundamental absorption band. However, 
the samples used by Ramdas were also thick (d20.1 
mm) so that the transmission throughout the 5-10 u 
region was quite low and the absorption bands difficult 
to observe. Moreover, there is no evidence to indicate 
that any of the bands are an intrinsic property of the 
lattice and not related to the presence of impurities. 
Choyke and Patrick, who have studied the visible and 
ultraviolet regions, report that the intrinsic absorption 
edge for hexagonal SiC, corresponding to the excitation 


1 W. Coblentz, Carnegie Institution Report, 1908 (unpublished). 
2C. Schaefer and M. Thomas, Z. Physik 12, 339 (1923). 

3A. K. Ramdas, Proc. Indian Acad. Sci. 37A, 571 (1953). 

4W. Choyke and L. Patrick, Phys. Rev. 105, 1721 (1957). 


of electrons from the valence to the conduction band, 
falls at 2.86 ev (0.433 uw). Philipp’ has shown that the 
cubic (8) and hexagonal (a) forms have different 
absorption edges. An unpublished reflectivity measure- 
ment of a SiC by Picus is quoted in the review article 
of Burstein and Egli.6 This measurement showed the 
familiar 12-y reflectivity band with an additional smaller 
band near 12.5 uw. Mathieu and Poulet’ studied the 
radiation scattered at 90° with respect to the incident 
beam for both polarized and unpolarized radiation. 
They find lattice vibrations at the wave numbers 335, 
764, 789, 797, 966, and 969 cm—". 

Crystallographically SiC presents a complicated 
picture because of the large number of hexagonal and 
rhombohedral modifications,’ and because of a tendency 
to show one-dimensional disorder in the axial direction.’ 
Ramsdell and Kohn" list one cubic form with space 
group 7.°, four hexagonal forms with space group 
Cev‘, and nine rhombohedral forms with space group 
C3y° or C3y'. (For definitions and descriptions of space 
groups see Bragg.'') A good description and correlation 
of the various structures has been given by Ramsdell!? 
and also Wyckoff." Following Wyckoff we show in 
Fig. 1 three hexagonal layers labeled 0, 1, and 2; these 
layers are identical except for being displaced from one 
another. All the forms of SiC correspond to some 
regularly repeating arrangement of these layers of 
carbon atoms one upon another at the uniform spacing 
of 2.52 A. The complete structure is then obtained by 
placing a silicon atom above every carbon at the Si-C 

5H. Philipp (private communication). 

6 E. Burstein and P. Egli, Advances in Electronics and Electron 
Physics, edited by L. Marton (Academic Press, Inc., New York, 
1955), Vol. 7, p. 1455. 

7J. P. Mathieu and H. Poulet, Compt. rend. 244, 2794 (1957). 

8N. Thibault, Am. Mineral. 29, 327 (1944). 

9H. Jagodzinski, Acta Cryst. 7, 300 (1954). 

10L. Ramsdell and J. Kohn, Acta Cryst. 5, 215 (1952). 

uW. L. Bragg, The Crystalline State (G. Bell and Sons, Ltd., 
London, 1953), Vol. I. 

12 |, Ramsdell, Am. Mineral. 32, 64 (1947). 


13 R, Wyckoff, Crystal Structures (Interscience Publishers, Inc., 
New York, 1951). 
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Fic. 1. Three hexagonal layers of carbon atoms from which any 
of the forms of SiC may be constructed. A silicon atom is above 
each carbon atom at a distance of 1.89 A. 


distance of 1.89 A. In the resulting structure each atom 
of one kind has four nearest neighbors of the other kind 
at the regular tetrahedral positions. No distortion or 
dilation of the tetrahedra from one modification to 
another can be proved from the present x-ray 
measurements. 

We list below the important structural data as given 
by Wyckoff and also Lundquist’s more recent and 
accurate values for the a-II form. 


Mole- 
cules 


Space 
group 


a(A) 


3.073 
3.073 
3.0800 


c(A) 


7.528 
15.08 
15.098 


Type Structure Sequence 


B Cub.ZnS T? 1 012 
a-II Hex. Cev4 012021 
a-II"* ae , oa 
The number of molecules listed refers to the true unit 
cell, which for the rhombohedral forms including the 
8 form, is one third the number of hexagonal layers. In 
the hexagonal forms the number of molecules is equal 
to the number of layers. The sequence refers to the 
arrangement of layers in the axial direction. The a and 
c are the hexagonal cell dimensions. The unit cube of 
the 8 form containing four molecules has an edge“ of 
4.356 A. 

There has been considerable speculation about the 
origin of the various modifications of SiC. Ramsdell!* 
shows that the rhombohedral forms are derived from 
the a-II form by inserting a stacking fault at an ap- 
propriate regular interval. Frank’® has suggested that 
screw dislocations stabilize the repetition periods of 
the stacking faults during growth. Growth spirals have 
been observed by Verma’® on [0001 ] faces. Jagodzinski!” 
reports that one-dimensional disorder in the axial di- 

4D. Lundquist, Acta Chem Scand. 2, 177 (1948). 

16 F, Frank, Phil. Mag. 42, 1014 (1951). 

16 A. Verma, Phil. Mag. 42, 1005 (1951). 

17H. Jagodzinski, Acta Cryst. 7, 300 (1954). 
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rection is very common in SiC. He suggests that the 
stacking faults are due to edge dislocations lying in the 
[0001 ] planes. Then he proposes that a regular sequence 
of stacking faults superposed on a relatively small 
disorder is what one would expect thermodynamically 
from consideration of the vibration entropy which 
favors an ordered structure and the configuration 
entropy which favors a disordered structure. 


II. EXPERIMENTAL RESULTS 
A. Reflectivity Studies 


The a-II SiC is produced in great quantity com- 
mercially. The specimens are transparent or green 
pyramidal crystals about 3 mm high and often larger 
than 25 mm? in basal area. X-ray measurements show 
the base of the pyramids to be an [0001 ] face. Crystals 
can be found where this face, as grown, is a good optical 
surface. The green color is characteristic of n-type 
material with a resistivity greater than ~1 ohm cm." 
The crystals were supplied by the Exolon Corporation. 

The solid curve in Fig. 2 gives the reflectivity, 
measured at near normal incidence, of a grown [0001 ] 
surface of a-II SiC. The dashed curve in Fig. 2 shows 
the reflectivity from the same sample when the grown 
surface has been ground and polished. The grinding 
and polishing is done by using diamond abrasives on 
copper plates. The two curves are the same at short 
and long wavelengths but differ considerably within 
the reflectivity band. The polished surface shows a 
shoulder at ~12.5 u which is the same wavelength as 
the secondary peak in Picus’ curve.® If the polished 
surface is oxidized for 2 hours at 1000°C, the specimen 
will have the reflectivity given by the third curve in 
Fig. 2. The small 9.3-u reflection band is indicative of 
the presence of a silicon oxide layer on the sample 
surface.” The drop in reflection between 10 and 12 u 
is due to absorption by this layer. If the oxide layer is 
removed by an HF wash, the reflectivity returns to that 
of the grown surface (solid curve). This sequence of 
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Fic. 2. The ordinary or reflectivity as a function of wave- 


length for a-II SiC with three different surface conditions. 
18G. Busch, Helv. Phys. Acta 19, 167 (1946). 
19 Schaefer, Matossi, and Wirtz, Z. Physik 89, 210 (1934); 
F. Matossi and H. Krueger, Z. Physik 99, 1 (1936). 
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surface treatments indicates that the reflectivity of the 
polished surface is not characteristic of the SiC bulk 
properties but rather is related to the damaged layer 
on the surface. From data to be presented we will find 
that this contention is supported by the fact that only 
in the spectral region where the absorption is very large 
do the two surfaces (grown and polished) differ in their 
reflectivity. We shall therefore assume that the solid 
curve is the reflectivity determined by the bulk prop- 
erties of the material and not influenced by surface 
effects. 

Several specimens of a-II SiC were prepared with the 
optic axis lying in the polished surface. The surfaces 
were oxidized and washed as described previously. The 
reflectivity of the sample when the electric vector is 
polarized perpendicular to the optic axis (ordinary ray) 
is the same as shown by the solid curve in Fig. 2. The 
measured reflectivity of the extraordinary ray is given 
by the points in Fig. 3. In this case, the reflectivity band 
is shifted approximately 0.1 « to longer wavelengths 
and has a pronounced dip at 11.3 u. The dip decreases 
continuously as the direction of polarization is rotated 
from parallel to perpendicular to the optic axis. 


B. Transmission Studies 


Transmission studies of a-SiC have been made at 
room temperature by using specimens prepared with 
plane parallel surfaces and with thicknesses between 
0.2 and 0.04 mm. The measurements cover the wave- 
length range from 1 to 15 uw and were made using the 
conventional sample in-sample out technique. The 
absorption coefficient was calculated from the measured 
transmission by using the expression” 


(1 pe R)*e-«* 
T= 


1— R2e-222 ; 


where x is the sample thickness, a is the absorption 
coefficient, and R is the reflectivity for the same wave- 
length at which the transmission, 7, is measured. The 
values of R are taken from the solid curve in Fig. 2. 
By using samples of different thicknesses, the absorp- 
tion coefficient was shown to be independent of the 
thickness. Figure 4 shows the absorption coefficient as 
a function of wavelength for three different colored 
regions of a green SiC specimen. From the colors we 
know that the regions of greatest and least absorption 
correspond to the greatest and least impurity con- 
centrations, respectively.27 By moving the specimen 
through the light beam, the absorption was found to 
be nearly constant within each region. A number of 
absorption bands are seen at wavelengths greater than 
5.5 uw. The height of each band measured above the 


2H. Y. Fan and M. Becker, Symposium Volume of the Reading 
Conference, edited by H. K. Henisch (Butterworths Scientific 
Publications, London, 1951). 

1G. Busch and H. Fabhart, Helv. Phys. Acta 19, 463 (1946). 


HEXAGONAL SiC 


100 





oe 
o 








oa 
o 


ba 
°o 

















a 
o 





REFLECTIVITY IN PER CENT 


EXPERIMENTAL VALUES 
SINGLE RESONANCE 
——-— DOUBLE RESONANCE 


1 4 o3 
" 12 13 14 


A IN MICRONS 























Fic. 3. Reflectivity vs wavelength of a-II SiC for the extraordi- 
nary ray. The points are experimental values and the curves 
are theoretically calculated. 


level of the 4-5 u absorption is the same for all three 
regions of the crystal and the bands are therefore 
attributed to the SiC lattice. Transmission measure- 
ments for the ordinary and extraordinary rays show the 
bands are present in both cases. 


III. DISCUSSION OF RESULTS 


According to the classical dispersion theory of 
crystals,” the susceptibility x and conductivity o in 
the neighborhood of a resonance frequency vo are given 


by 
i-v 


et, 
"1a 
a vv 


-= 2xp——__——, 
yp (Lv!) pyr? 


x (1) 


and 
(2) 


where v is the measured frequency divided by vo, a is 
the conductivity divided by vo, and the dimensionless 
parameters y and p may be called the width and 
strength of the resonance, respectively. In the Lorentz 
theory, p is given by 

Ne 


- ’ 
4r?m* py? 


(3) 


p 
where N is the concentration of ion pairs and m* is 
their reduced mass. The index of refraction, m, and 
extinction coefficient, k, are given by 

n?=4{[P+4(c/v)? }}+e}, (4) 
and 

=}{[e+4(a/r)* }!—e}, (5) 
where 

€=e€9+4rx, (6) 
and ¢ is the high-frequency (v>>1) dielectric constant. 


2F. Seitz, Modern Theory of Solids (McGraw-Hill Book Com- 
pany, Inc., New York, 1940), Chap. 17. 
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Fic. 4. Absorption coefficient as a function of wavelength of a-II SiC. The three curves are for regions 
of a specimen with different impurity concentration. 


A knowledge of p, 7, vo, and ¢€ allows the optical 
parameters, m and k, to be calculated. The optical 
constants » and k as functions of frequency completely 
describe the optical properties of a cubic crystal such 
as B-SiC. For a uniaxial crystal such as a-II SiC we 
may hope to describe the absorption of the ordinary 
ray with one set of parameters p, 7, vo, and €, and that 
of the extraordinary ray with a somewhat different set. 

The theoretical reflectivity for normal incidence is 


(n—1)?+-F? 
R= —, 
(n+1P +R 


(7) 


Figure 5 shows the experimental data for the reflec- 
tivity of the ordinary ray from a-II SiC. The solid curve 
is the R calculated from (7) for the parameters 


p=0.263, 

7 =0.006, 

Vo= 2.380% 10% sec! (12.60 B), 

€9= 6.7. 
The optical constants, m and k, as functions of wave- 
length are given in Fig. 6. The parameters (8) were 
selected to obtain a best fit by trial and error with the 
aid of an IBM-650 computer. The agreement between 


theory and experiment is considerably better than has 
been observed for the fundamental reflection bands in 


alkali halides* or MgO. In these crystals one or more 
subsidiary maxima are observed on the short-wave- 
length side of the main band. 

In obtaining a theoretical fit to the data we have 
found that the following principles apply: 

a. The initial choice of vp should correspond to the 
steepest point on the long wavelength side of the 
reflection peak. Alternatively one could use Havelock’s 
formula” 


(9) 


n2— | 
> 


6n?—4 


i en ro 1 + 


where max is the frequency at the reflectivity maximum, 
and m, and n_ are the limiting indexes of refraction at 
long and short wavelengths, respectively. 

b. The initial choice of ¢9 should give the observed 
limiting reflectivity at short wavelengths according to 


the formula 
e?—17? 
Rrwe=| ° 
e¢+1 


%M. Czerny, Z. Physik 65, 600 (1930); R. Barnes and M. 
Czerny, Z. Physik 72, 447 (1931); R. Barnes, Z. Physik 75, 723 
(1932); K. Korth, Nachr. Akad. Wiss. Gottingen Math-Phys. 
Kl. 576 (1932); C. Cartwright and M. Czerny; Z. Physik 85, 269 
(1933); C. Cartwright and M. Czerny, Z. Physik 90, 457 (1934); 
H. Hohls, Ann. Physik 29, 433 (1937). 

( ag Yana Oberly, and Plyler, Proc. Indian Acad. Sci. 28, 388 
1948). 
26 T. H. Havelock, Proc. Roy. Soc. (London) A105, 488 (1924). 


(10) 
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c. The initial choice of p should give the correct 
limiting reflectivity on the long wavelength side of the 
band. Alternatively, it may be chosen to give the static 
dielectric constant according to formulas (1) and (6) 
in the limit » > 0. 

d. The initial choice of y is governed by the maximum 
reflectivity. The approximation 


(11) 


is rough but useful. From these parameters a theoretical 
R curve is calculated. Assuming that there is no need 
to readjust €0, we fix p, y, vo as follows: 

e. Leaving €o, vo, and y fixed, adjust p by trial and 
error to give the correct width to the reflection band. 

f. Leaving €o, vo, and the new p fixed, adjust y to 
give the correct maximum reflectivity. 

g. Finally vo is adjusted to shift the theoretical curve 
into alignment with the experimental curve. This 
prescription succeeds only in ideal cases such as we 
have here, and in many cases no fit can be found. It is 
therefore significant that the single-resonance classical 
formulas give an excellent fit to the measured reflec- 
tivity of the extraordinary ray in a-II SiC. 

Our value for the long-wavelength dielectric constant 


maxR~ 1— (y/xp) 


is 
e= 10.0. 

From microwave measurements Hofman, Lely, and 
Volger® give the value 10.2+0.2. From this agreement 
we conclude that there are no strong lattice absorption 
bands between 12.6 uw and the microwave region. 

The solid curve in Fig. 3 is the single resonance 
calculation for the reflectivity of the extraordinary ray. 
The parameters used in this case are 


p=0.263, 
y=0.007, 
yo= 2.356 X 10 sec, 


é9=6./, 


(12) 


which are nearly the same as those in (8). However, as 
seen in Fig. 3, the single-resonance curve does not com- 
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Fic. 5, The points are the experimental values of the 
ordinary ray reflectivity of a-II SiC. The theoretical curve is also 
shown. 


*@ Hofman, Lely, and Volger, Physica 23, 236 (1957). 
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Fic. 6. The theoretically calculated optical constants for a-IT SiC. 


pletely describe the reflectivity of the extraordinary ray. 
The experimental points indicate a dip at 11.3 uw which 
is not present in the solid curve. We have sought to 
characterize the dip by fitting the observed reflectivity 
with a two-resonance theory. The procedure is to write 
x and oov each as the sum of two terms of the form (1), 
(2), and (6). The parameters 


pi=0.262, 
¥1=0.007-0.0005, 
y,= 2.356X 10 sec, 
€o=6.7+0.1, 


p»= 0.006, 
¥2=0.0055+0.0005, 

v.= 2.647X 10" sec, (13) 
€)=6.7+0.01, 


give a reasonable fit to the data. The double resonance 
differs from the single resonance in Fig. 3 only in the 
dashed portion of the curve. The first set of parameters 
is nearly the same as (12) and describes what we con- 
tinue to call the fundamental resonance. The second 
set describes a weak resonance having a strength 
approximately 0.3% that of the fundamental. The 
double resonance used in this case brings to mind the 
subsidiary maxima often observed in other ionic 
crystals. 

In an isotropic polar crystal the frequency v, for 
long-wavelength longitudinal vibrations is given by”’ 


(14) 


VL /yo= (é ‘eo)}, 


where vo is the infrared fundamental resonance fre- 
quency, and ey and é’ are respectively the high-frequency 
and low-frequency dielectric constants. The only ani- 
sotropy in the optical properties of a-II SiC that we 
have found is the small shift vp between the ordinary 
and extraordinary ray. One would also expect two 
slightly different longitudinal frequencies. Assuming 


27 Lyddane, Sachs, and Teller, Phys. Rev. 59, 673 (1941). 
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Fic. 7. The experimental transmission as a function of wavelength 
for 8 SiC. The transmission is on an arbitrary scale. 


that (14) may be used for uniaxial crystals, we calculate 
for longitudinal waves propagating along the optic axis 
vit=2.91X 10" sec. The frequency vz for longitudinal 
waves propagating perpendicular to the optic axis 
should be slightly different. If we use (14) with the 
infrared frequency for the extraordinary ray, we obtain 
2.88X 10-" sec, which is perhaps a lower limit for vz. 
These are rather close to two of the frequencies reported 
by Mathieu and Poulet,’ 2.91 10" sec and 2.90 10" 
sec~', The weak resonance v2 in (13) is apparently not 
a longitudinal vibration. Indeed, the excitation of 
longitudinal vibrations by light is forbidden except 
through the depolarizing field arising from the bound- 
aries of the sample or inhomogeneities inside the sample. 
There is no doubt that silicon carbide must be con- 
sidered an ionic crystal. The fundamental absorption 
band is comparable in strength to those found in the 
alkali halides. Szigeti’s formula,?* which gives the 
dielectric constant at long wavelengths in terms of the 
optical refractive index ¢o! and the effective charge e*, 
may be written 
€= eo t+ 4p, (15) 
with 


(16) 


4or?m* py? 


where J is the concentration of ion pairs and m* their 
reduced mass. It may be noted that this p is the same 
as that appearing in (3) except for the factor 
[ (€o+2)/3 } arising from Szigeti’s definition of effective 
charge. Our measurements and analysis enable us to 
determine ¢€o, vo, and p quite accurately. By using the 


8B, Szigeti, Trans. Faraday Soc. 45, 155 (1949). 
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values 
N=4.84X 10” cm-, 


m* = 1.396X 10-* g, 
p=0.263, 
€o= 6.7, 
y= 2.38% 10" sec, 


we find an effective charge 
e*/e=0.94. 


By using the reflectivity curve of Picus,® Burstein and 
Egli estimated e*/e to be ~1.3. 

The transmission of a polycrystalline cubic SiC 
specimen” has been measured between 4 and 10 uw and 
is shown in Fig. 7. All of the absorption bands seen in 
the a-II form (see Fig. 4) are also seen in the cubic 
material. It has been determined® that the transverse 
optical fundamental is the same for cubic SiC and the 
ordinary ray in a-II SiC. The value of vz, for the 
cubic form is 2.9110" sec! (A=10.3 uw) and this 
should be the highest frequency of the fundamental 
vibrations. Therefore, the lattice absorption bands at 
higher frequencies (A=5-10 yw) are interpreted as 
combination bands. While these bands are an order of 
magnitude greater in absorption than any of the 
combination bands in germanium or silicon,*! they are 
at least two orders of magnitude smaller than the 
fundamental resonance in Fig. 6. 

The impurity sensitive absorption in the range 1 yu to 
5 uw is very much in disagreement with existing theories 
for both free-carrier absorption® and impurity photo- 
ionization.* Kobayasi* (1956) has proposed that B-SiC 
has a degenerate single-valley conduction band. If this 
is the case, the 1-5 » absorption may be due to interband 
transitions in the conduction band. More recently 
Kobayasi* (1958) has published a calculation predicting 
a nondegenerate many-valley conduction band similar 
to that of silicon and in agreement with the hypothesis 
of Choyke and Patrick.‘ Therefore, we do not as yet 
have a good understanding of the absorption in this 
region. 

Note—Since completing the above work, an un- 
published report by J. Lely and F. Kréger was brought 
to the attention of the authors. This report was pre- 
sented in 1956 at the International Symposium on 
Semiconductors and Phosphors, Garmisch-Parten- 
kirchen and contains infrared studies of SiC similar to 
some of the work presented here. 

* This specimen was kindly supplied by Dr. G. sae of the 
General Electric Laboratories, Schenectady, New Y 

% Spitzer, Kleinman, and Frosch, Phys. Rev. 113, "133 (1959), 
following paper. 

3 R. Collins and H. Y. Fan, Phys. Rev. 93, 674 (1954); J. 
Oberly and E. Burstein, Phys. Rev. 78, 642 (1950). 

#H. Y. Fan, Repts. Progr. in Phys. 19, 107 (1956). 
3H. Hall, Revs. Modern Phys. 8, 359 (1936). 
4S. Kobayasi, J. Phys. Japan 11, 175 (1956); 13, 261 (1958). 
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Infrared Properties of Cubic Silicon Carbide Films 


W. G. Spitzer, D. A. KLEINMAN, AND C. J. FROSCH 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received September 15, 1958) 


Films of cubic silicon carbide have been grown by the reaction of methane with a high-purity silicon 
surface at 1300°C. Windows of SiC were produced by etching away portions of the silicon. Transmission 
and reflection measurements in the range 1 to 15 microns have been carefully analyzed according to classical 
dispersion theory. The dispersion parameters have been determined for the fundamental resonance at 12.60 
microns. The dispersion parameters are essentially the same as those for the ordinary ray in the 


hexagonal a-II form. 


I. INTRODUCTION 


ILICON carbide is known! to occur in a large num- 
ber of hexagonal and rhombohedral modifications 
and one cubic modification called the 8 form. Most of the 
electrical and optical research reported on silicon car- 
bide has been on the hexagonal a-II form. In all of the 
forms of SiC each atom of one kind has four nearest 
neighbors of the other kind at the regular tetrahedral 
positions. The Si-C distance is always 1.89 A. The 
cubic 8 form has the zincblende structure with one SiC 
molecule per unit cell. 

The 12-micron reflectivity band of a-II SiC has been 
analyzed? in terms of classical dispersion theory. The 
crystals were too thick to permit transmission measure- 
ments in the neighborhood of the fundamental absorp- 
tion band. Recently we have produced thin films of 
B-SiC of sufficient quality to permit the optical ‘“‘con- 
stants” in the neighborhood of the resonance to be 
determined from transmission and reflection measure- 
ments. Since all of the forms of SiC are very similar, 
it is reasonable to suppose that the optical constants 
are very nearly the same. The optical constants deduced 
from reflectivity studies on the hexagonal a-II form? 
tend to confirm this supposition to a remarkable degree. 

This paper describes three phases of the 6-SiC in- 
vestigation: (1) the preparation of the films, (2) the 
transmission and reflection measurements, and (3) the 
analysis of the optical measurements in terms of classical 
dispersion theory. 


II. PREPARATION OF THE FILMS 


The B-SiC films are produced by heating Si at 1300°C 
in a mixture of argon and methane. A film of carbon 
deposits over the Si surface. At the same time a multi- 
crystalline film of 8-SiC forms between the Si surface 
and the C layer. Wherever an SiC film is not desired, 
its formation can be prevented by an SiO, layer on the 
surface. The essential processing steps for the prepara- 
tion of the films and the fabrication of the infrared test 
windows are shown in the flow chart of Fig. 1. The 
procedure is described in more detail below. 

The starting material is a wafer of single-crystal n- 

1L, Ramsdell, Am. Mineralogist 32, 64 (1947). 

2 Spitzer, Kleinman, and Walsh, Phys. Rev. 113, 127 (1959), 
preceding paper. 


or p-type silicon with approximate dimensions 0.3 by 
0.3 by 0.005 inch. The impurity level and the crystal 
plane of the silicon does not seem to be of importance 
for the formation of the SiC films. However, the surface 
appearance of the sample is important since the film 
becomes an exact replica of the silicon substrate. 
Therefore, at least one surface is given a good etch 
finish or mirror polish. 

A large number of processing variables can be em- 
ployed. Films can be formed by heating silicon in either 
methane or carbon monoxide with or without dilution 
with argon, helium, nitrogen, or hydrogen. The dilu- 
tion ratios, times, and the temperatures may be varied 
over wide limits. On the basis of studies of some of 
these processing variables, we suggest the following 
procedure. 

The silicon sample is oxidized in O, at 1300°C. The 
resulting SiO, layer is removed from the etched or 
mirror-polished surface with HF. The silicon carbide 
film is then formed in a furnace which is the same as 
that employed in the open-tube diffusion process of 
silicon semiconductor technology.’ With the furnace at 
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Fic. 1. Diagram indicating the procedure used to produce 
SiC windows. The dimensions are for exposition and are not 
significant. 


3C. Frosch and L. Derick, J. Electrochem. Soc. 104, 547 (1957). 

















133 





134 SPITZER, 
1300°C, argon is passed through the furnace tube at the 
rate of 1500 cc/minute. Then the silicon sample which 
is supported in a pusher assembly is quickly inserted 
into the controlled temperature zone. After a ten- 
minute preheating period, methane is added to the argon 
stream at the rate of 6 cc/minute. The sample is allowed 
to react with the methane for a time which may range 
from a few minutes to 3.5 hours depending upon the 
desired thickness of the film. After the heating period, 
the methane is stopped and the sample is withdrawn at 
a cooling rate of about 5°C per minute. 

When the sample reaches 600-650°C, the withdrawal 
is stopped. At this temperature the carbon layer may be 
removed by oxidation without oxidizing the SiC film. 
The oxidation must be carried on slowly by controlling 
the amount of oxygen admitted to avoid an excessive 
temperature rise which can damage the film. After the 
oxidation, withdrawal of the sample is resumed at the 
previous rate until the samples reach room temperature. 
The SiC film forms only on the silicon surface from 
which the SiO, layer has been removed. The samples are 
now rinsed in HF to remove the SiO». 

In order to produce windows of SiC supported in a 
frame of silicon, the silicon surface is suitably masked 
and sprayed with apiezon wax in trichloroethylene. The 
samples are then heated above the melting point of the 
wax to improve adhesion. Finally, the samples are 
placed in a suitable etch until the unprotected area of 


Fic. 2. Electron microscope transmission photograph of a 0.06-u 
thick SiC window at 10000X magnification. 
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Fic. 3. Transmission and reflection of a 0.06-» thick 
window of SiC. 


the silicon has been etched completely through, thus 
leaving windows of SiC supported by the remaining 
silicon. 

Yields of greater than fifty percent of intact B-SiC 
windows were consistently produced by this procedure. 
The films tend to have curved surfaces due to the large 
difference in thermal expansion between silicon and SiC 
which places the films under compression on cooling to 
room temperature. It is believed that this effect would 
prevent the production of good windows thicker than 
about 3000 A. 


III. EXPERIMENTAL MEASUREMENTS 


All measurements were made at room temperature in 
the wavelength range between 1 and 15 microns with 
a double-pass Perkin Elmer spectrometer. The sample 
was placed with the SiC window at a focal point in the 
exit optical system of the spectrometer, and the infra- 
red beam was confined to an area within the window. 
The transmission was measured with the conventional 
sample in-sample out technique, and the reflection by 
comparing the energy reflected from the sample with 
that reflected by a good-quality front-surface aluminum 
mirror. 

Electron diffraction examination confirms that the 
films are polycrystalline and of the 6 form. An electron 
microscope transmission photograph is shown in Fig. 2; 
no holes in the window could be seen at a magnification 
of 40 000. The thickness of these films was ascertained 
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INFRARED PROPERTIES OF CUBIC SiC FILMS 





on the basis of the optical measurements and the 80 
theoretical analysis. 

The transmission and reflection for one film as func- | 
tions of wavelength in microns are shown in Fig. 3. Repo | 
Both the transmission and reflection show the presence 
of a strong absorption band at 12.6 uw (vo=2.38X 10" 
sec"'), The region of this absorption is revealed in 
greater detail in Fig. 4 which shows the transmission 
for three films of different thickness. Figure 5 shows the 
reflection for two of the films shown in Fig. 4. In Figs. 4 
and 5 the data are represented by points. The curves are 
theoretical calculations according to classical dispersion 
theory in which a fit has been obtained to the data by 
trial and error. 


IN PER CENT 


REFLECTION 


IV. THEORY 


The transmission coefficient T and reflection co- 
efficient R’ of a uniform film for light at normal inci- 
dence are given by* 


- L(O)!+R sin?¥ 
~ L(8)?-+R sin?(a--W)’ 


(1) 
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Fic. 5. Reflection of two of the SiC samples of Fig. 4. 





’ sinh?6+ sin’a 
LL @)PER sint(a+))’ 


The film is characterized by an index of refraction , an 
extinction coefficient k, and a thickness d. In the limit 
a=2rnd/X, 6=2rkd/d, of infinite thickness the reflection approaches the 
reflectivity R, where R is given by 


2k 
| ane 
ee ort, (n— 1+ 


respectively, where 


(3) 
L(8)=3[e®— Re], 


The optical constants » and & could in principle be 
determined from these equations from measurements of 
T and R’ on a single good quality film of known thick- 
ness. The values obtained might be checked against 
other films of different thickness. However, since the 
thickness is also an unknown parameter, it becomes im- 
practical to attempt to invert the relations (1) and (2) 
to obtain the optical constants directly. 

We have endeavored to determine the optical con- 
stants and at the same time estimate the thickness by 
expressing and k according to the classical dispersion 
theory’ with four adjustable parameters: p, 5, vo, and €o. 
We seek to find a unique set of values for these four 

Y parameters which, through Eqs. (1) and (2), can ac- 
cous Paereentey count for the measured transmission and reflection of 
a1 0.04 | | several films. 


° 2 | A program was written for the IBM-650 computer to 
° 3 
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plot , k, R, R’, T as functions of the wavelength X for 
any given values of the parameters and the thickness d 
a 16° hh. ao 18S : of the film. The first systematic use of the program was 
A IN MICRONS not on the films but on the reflectivity of the a-II 

Fic. 4. Transmission of three SiC windows in the spectral region hexagonal form of SiC*. It was found possible to fit the 
of the resonance absorption band. measured reflectivity within experimental error through- 


4B. Barnes and M. Czerny, Phys. Rev. 38, 338 (1931). out the fundamental absorption band. The dispersion 
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parameters determined in this way were then used to 
compute the expected transmission and reflection of 
films of various thickness. 


V. ANALYSIS AND DISCUSSION 


The values of the dispersion parameters used in 
calculating the theoretical curves shown in Figs. 3, 4, 
and 5 are 

p=0.263, 


+=0.0107, (4) 
vo= 2.380 108 sec (12.60,), 
€o= 6.7. 


Except for a minor adjustment of y, these are the same 
as the values obtained from the reflectivity of a@-IT SiC. 
The thicknesses of the various films determined by 
comparison of theory and experiment is indicated in 
the figures. 

It may be noted that in the immediate region of the 
resonance the agreement between theory and experi- 
ment is very good for both the transmission and re- 
flection. We can not expect similarly good agreement 
far from the resonance because of other absorption 
mechanisms such as free carrier absorption neglected 
in the theory. Indeed, we find that, at the shorter wave- 
lengths, the theory predicts too high a transmission and 
too low a reflection as seen in Fig. 3. Nevertheless, the 
qualitative agreement in the range 1 to 10 w can be 
considered very satisfactory. Another effect apparent 
in Fig. 3 is structure between 9 and 10 yw. We find that 
the quantity 1— 7— R’, which measured the energy loss 
from the beam, has a small maximum near 9.3 yw which 
is one of the residual-ray wavelengths of SiO». We 
therefore ascribe the structure to a thin layer of SiO. 
on the surface of the SiC film. 

As a check on the method of determining the thick- 
ness from the transmission and reflection data, we 
measured the thickness of one film by an interferometric 


5 Schaefer, Matossi, and Wirtz, Z. Physik 89, 210 (1934); 
F. Matossi and H. Krueger, Z. Physik 99, 1 (1936). 
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method. We assume that the film grows both above and 
below the original silicon surface in accordance with the 
lattice constants of the two materials. The thickness 
can then be determined from the step distance between 
the original surface and the top of the film. This step 
was produced by masking part of the silicon surface 
with SiO» during the growth of the SiC film. Measure- 
ment of the step distance with an interferometer gave 
for the film thickness 0.14+-0.03 yu. Transmission and 
reflection measurements made on a window in this 
film 4 mm from the step gave 0.11 u. 

It is of interest that the fundamental lattice absorp- 
tion frequency of 8 SiC, »p= 2.38 X 10" sec-, is the same 
as that of the a-II form for the ordinary ray. We 
find also that the strength of the fundamental absorp- 
tion measured by p=0.263 is the same for the two 
forms. The high-frequency dielectric constant likewise 
is the same. We find that the absorption width measured 
by y=0.0107 is somewhat greater than the width in 
the a-II form, y=0.006. This may be due to the geo- 
metrical form of the thin-film specimens rather than to 
a difference between the two modifications, or it may 
be due to differences in the purity of the specimens. 

Silicon carbide has a fundamental lattice absorption 
comparable in strength to those found in the ionic 
crystals such as alkali halides and magnesium oxide. 
In those crystals the absorption in the region of the 
fundamental lattice band has a complicated structure 
with subsidiary absorptions on the short-wavelength 
side of the main band. In silicon carbide, however, we 
have shown that the fundamental lattice absorption 
can be described by the classical dispersion theory with 
a single resonance frequency. 
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Galvanomagnetic Properties of Gallium at Low Temperatures* 


J. Yautaf AND J. A. Marcus 
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(Received August 25, 1958) 


The galvanomagnetic properties of gallium single crystals in a transverse magnetic field have been in- 
vestigated at helium temperatures, 77°K and 290°K. At 290°K and 77°K the galvanomagnetic properties 
are described according to a set of phenomenological equations, these properties then being specified by the 
tensors in the equations. This formalism breaks down at helium temperatures, where an apparent reduction 
in crystal symmetry occurs; the number of coefficients specifying the magnetoresistivity tensor according 
to crystal symmetry considerations is insufficient for a description of the observed galvanomagnetic proper 
ties. The results at helium temperatures can be qualitatively understood in terms of the recent fundamental 
theory of galvanomagnetic effects of Lifshitz, Azbel’, and Kaganov which is based on considerations involving 
the topology of the Fermi surface. The anomaly of a marked displacement of the maximum in the Hall 
rotation curve at 77°K and 290°K is accounted for in detail according to the phenomenological formalism, 
on the basis of the anisotropy of the Hall coefficients at those temperatures combined with a small displace 
ment of crystallographic axes from specimen axes. Well-defined oscillations in the magnetoresistance and 
Hall effects, superposed on the monotonic variation of the effects, have been observed for every crystal 
orientatien studied. The general characteristics of these oscillations are the same as those in the diamagnetic 


susceptibility (the de Haas-van Alphen effect). 


INTRODUCTION 


O a large extent galvanomagnetic measurements 

have been superseded by other techniques in 
investigating the band structure of solids.! Cyclotron 
resonance, for example, has proved particularly fruitful 
in investigating the band structure of semiconductors 
(principally germanium and silicon). However, when 
such techniques are inapplicable, galvanomagnetic 
measurements remain a significant method of investi- 
gation; a method which has been largely neglected in 
the case of metals. 

Where the de Haas-van Alphen effect is observable, 
galvanomagnetic measurements at low temperatures 
are of further interest in establishing the relation 
between the various oscillatory phenomena.? The 
periods of the de Haas-van Alphen effect and the 
oscillatory transport phenomena have been found to 
be equal in the few cases investigated in detail,’ as 
might be expected from the simplest theory,‘ but there 
have been no quantitative experimental studies of the 
relative amplitudes and no theoretical investigation 
until the recent work of Lifshitz and Kosevich? which 
directly relates the amplitudes of the components of 
the oscillatory magnetoconductivity tensor to the de 
Haas-van Alphen amplitudes. 

An investigation of the galvanomagnetic properties 
of gallium in particular appeared of interest as there is 


* Part of a dissertation submitted to Northwestern University 
by J. Yahia in partial fulfillment for the degree of Doctor of 
Philosophy. 

t Now at the U. S. Naval Ordnance Laboratory, Corona, 
California. 

t Assisted by a National Science Foundation Research Grant. 

1B. Lax, Revs. Modern Phys. 30, 122 (1958). 

2E. M. Lifshitz and A. M. Kosevich, J. Phys. Chem. Solids 4, 

1 (1958). 
3R. A. Connell and J. A. Marcus, Phys. Rev. 107, 940 (1957). 
4R. Peierls, Z. Physik 81, 186 (1933). 


no published data for the Hall effect® in single crystals 
and the data on the magnetoresistance seem to be 
inconsistent.* Further, gallium exhibits the de Haas- 
van Alphen effect’ and the large anisotropy in resistivity 
might also be expected to show up in the components 
of the oscillatory part of the magnetoresistivity tensor. 
In the present work both the monotonic and the 
oscillatory field dependence of the magnetoresistivity 
tensor were investigated. 

Casimir has shown,® on the basis of the Onsager 
principle of microscopic reversibility in time, that one 
may write a phenomenological equation describing the 
galvanomagnetic effects in the form 


Ex= pij(B) 154+ €ijul jAx(B), (1) 


where p;;(B) is an even function of B (the magnetic 
field), A,(B) is an odd function of B, and 


when i= 7 or j=k or i=hk, 
when all numbers are different and in 

cyclic order, 
—1, when all numbers are different and not in 
cyclic order. 


€ijc=9, 
€:jr=1, 


jc 


One may then expand the functions p;; and A, in terms 
of even and odd powers of the magnetic field, respec- 
tively, according to the procedure of Mason ef al.® The 
constant coefficients in the expansion are the com- 
ponents of the magnetoresistivity tensor. It was found 


5 The only published data on the Hall effect in gallium is that 
of I. Fakidov and B. C. Lazarev, [Physik Z Sowjetunion 7, 677 
(1935) ] who measured the Hall coefficient at room temperature 
using a thin circular plate of gallium. No attempt at obtaining a 
single crystal was made. 

®It is difficult to evaluate the work of Blom [J. W. Blom, 
Magnetoresistance for Crystals of Gallium (Martinus Nijhof, The 
Hague, 1950) ] since he failed to observe any anisotropy in zero- 
field resistivity though he was presumably using single crystals. 

7D. Shoenberg, Trans. Roy. Soc. (London) A245, 1 (1952), 

8H. B. G. Casimir, Revs. Modern Phys. 17, 343 (1945). 

9 Mason, Hewitt, and Wick, J. Appl. Phys. 24, 166 (1953). 
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that this phenomenological formalism describes the 
galvanomagnetic effects at 77°K and at 290°K, but 
at 4.2°K it does not provide an adequate description 
of the phenomena. 

Superposed on the monotonic variation of the 
galvanomagnetic properties, small oscillations, periodic 
in reciprocal magnetic field, were observed. A pre- 
liminary report of this work has already appeared.'° 
These oscillations are due to the fact that in the 
presence of a magnetic field the orbital motion of the 
electrons is quantized, giving rise to a quasiperiodic 
dependence of the energy as a function of the density 
of states. Consequently any physical quantity de- 
pendent on the energy of the electrons will show 
oscillations as a function of magnetic field (under the 
appropriate experimental conditions of low tempera- 
tures and high magnetic fields). In particular, the 
electrical transport phenomena will show oscillations, 
as is known to be the case experimentally. 


EXPERIMENTAL DETAILS 
I. Designation of Crystals 


A crystal is designated by two letters, e.g., ab, the 
first letter referring to the crystallographic axis parallel 
to the current and the second to the crystallographic 
axis perpendicular to the plane of the Hall probes and 
the current. The following crystals were investigated 
in the range 0-10 kilogauss: ab, ac, ba, bc, ca, cb, ac-1, 
and ab-1. [The crystals designated by letters and 
numerals are thin (~0.07 mm) crystals and the crystals 
designated by just two letters are thick (~0.7 mm) 
crystals. ] 


II. Method of Measurement 


The samples used were in the form of a narrow strip 
30 mm long, 3 mm wide, and ~0.7 mm or ~0.07 mm 
thick. The current flows in the direction of the 1-axis, the 
Hall voltage is measured in the direction of the 2-axis 
and the magnetoresistance is measured in the direction 
of the 1-axis using potential probes placed about 5 mm 
apart. The magnetic field is always in the 2-3 plane. 

In the Hall measurements the standard procedure of 
reversing both the current and magnetic field was used 
throughout. In that case we have 


4V a= V(1,B)—V(—I, B)—VU, —B)+V(—I, —B), 
4V even= V (1,B)—V(—J, B)+V(U, —B)—V(—I, —B), 


where Voaa is and odd function of the magnetic field B 
and Veyen is an even function of the field. 

V oaa is the Hall voltage and V even is the ohmic voltage 
due to a misplacement of the Hall probes but may also 
include a transverse quadratic voltage." In the 
magnetoresistance measurements the current alone was 

10 J. Yahia and J. A. Marcus, Bull. Am. Phys. Soc. Ser. II, 3 


17 (1958). : : ' 
1 See “Experimenta! Results and Discussion,” Sec. IV. 
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reversed and not the magnetic field since it was estab- 
lished at the beginning of every measurement that 
reversal of the magnetic field left the magnetoresistance 
unchanged. 


III. Preparation of Crystals 


All of the crystals were grown from 99.95% purity 
gallium obtained from the Alcoa Company. Initial 
measurements”: were made using thin (~0.07 mm) 
crystals in order to obtain large enough voltages (~1 
microvolt) for reliable measurements using a current 
of one ampere and a magnetic field of 10 kgauss. The 
thin crystals were made using a modification of a 
method devised by Fultyn." These crystals had to be 
treated very delicately and were usually somewhat 
strained due to the way in which they were removed 
from the mold. Furthermore, a calculation of the ratio 
of thickness to mean free path showed that this ratio 
was not large enough at low temperatures to enable us 
to neglect size effects.'®® For these reasons, a method 
of making thick (~0.7 mm) crystals was devised and the 
current through the crystal increased by a factor of five 
to ten. This method consisted essentially of pressing 
the molten gallium between two plates of Plexiglas, 
one of which had a slit milled along its length so that 
the molten gallium filled the slit completely. The 
molten metal was then seeded and, after solidification, 
the Plexiglas was removed from around the gallium 
crystal by immersing mold and metal in an acetone 
bath. The crystals made by this method were not as 
strained as the thin crystals (compare residual resist- 
ance ratios in Table I) 


IV. Determination of Orientation 


A General Electric x-ray diffractometer was used to 
determine the position of the crystallographic axes 
relative to the specimen axes by observing the position 
of the crystal for sharp reflections from the planes 
perpendicular to the crystallographic axes.'7 The 
crystals were analyzed along their whole length to 
assure the fact that they were single crystals, and this 
turned out to be the case for almost every crystal grown. 

The Bragg angle for reflection is almost identical for 
the a-planes and for the b-planes, since the separation 
of these planes is 4.5258 A and 4.5198 A, respectively,'® 


2 J. Yahia and J. A. Marcus, Proceedings of the Fifth Inter- 
national Conference on Low-Temperature Physics and Chemistry, 
Madison, Wisconsin, August 30, 1957 edited by J. R. Dillinger 
(University of Wisconsin Press, Madison, 1958). 

18 J. Yahia and J. A. Marcus, Bull. Am. Phys. Soc. Ser. II, 2, 
184 (1957). 

4R. V. Fultyn, M. S. thesis, Northwestern 
Evanston, Illinois, 1955 (unpublished). 

ad G. Berlincourt, Proceedings of the Fifth International 
Conference on Low-Temperature Physics and Chemistry, Madison, 
Wisconsin, August 30, 1957, edited by J. R. Dillinger (University 
of Wisconsin Press, Madison, 1958). 

16 E. H. Sondheimer, Phys. Rev. 80, 401 (1950). 

7B. D. Cullity, Elements of x-ray Diffraction (Addison Wesley 
Press, Cambridge, 1956). 

18 A. J. Bradley, Z. Krist. 91, 302 (1935). 
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TABLE I. The temperature variation of the Hall coefficient for single crystals of gallium.* 








Thickness 
(10-2 cm) 


p at 20°Cb 
(10-6 ohm-cm) 


pat 20°C 


Crystal (10-§ ohm-cm) 


°290° 


P4.2°K 


104 A (4.2°K) 


(10-3 emu) 


A(77°K) 
(10-3 emu) 


A(279°K) 
(10-8 emu) 





7.85 
55.53 


17.27 
55.53 


17.27 
7.85 


17.27 
17.27 


ba : 7.8 
ca ; 54 


ab ; 17.8 
cb i 61 


ac i 17.4 
bc P 8.1 
ab-1 17.8 
ac-1 .86 16.6 


—12.0 
—12.0 


—10.9 
—11.8 


—12.4 
—9.3 


—8.2 —4.7 
10 — 10.6 —1.1 


—6.2 
—7.4 


—6.6 
—5.9 


—0.54 
—0.50 


—4.3 
—5.1 


—5.0 


—0.68 
—0.57 


—4.6 
—1.2 








* Note that for crystals ab-1 and ac-1 the crystallographic axes deviate from the specimen (or measuring) axes by about 10°, but for crystals ba, ca, ab, 


cb, ac, and bc this alignment is within 2°. 
> See reference 19. 


and this means that a simple x-ray analysis cannot 
distinguish between reflections from these two sets of 
planes. However, since there exists a marked anisotropy 
in zero-field resistivity (the ratio of the room tempera- 
ture resistivities being given by” p.:pa:px=55.53: 
17.27:7.85), the a-axis and the b-axis were distinguished 
one from the other using the results of resistivity 
measurements. The resistivity measurements together 
with the x-ray measurements identified the axial di- 
rections in the seed crystals and in the crystals used 
in this investigation. 


V. Potential and Current Leads 


The current leads consisted of thin copper ribbon 
soldered to each end of the crystal. The end of the 
copper ribbon was tinned with gallium before soldering 
and a small quantity of HCl was used as a flux. A 
connection of this type was found to be extremely 
sturdy and did not break after repeated heating and 
cooling. 

2 789101 
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19R. W. Powell, Proc. Roy. Soc. (London) A209, 525 (1951). 


The potential leads were spotwelded to the crystal 
and here, also, the end of a small-diameter (~3 mil) 
clean copper wire was tinned with gallium before spot- 
welding. A small spotwelder operated in the range 20 
to 40 volts was used. It was found that a connection 
of this type was quite satisfactory for low-temperature 
work, where, in most cases, it stayed intact through 
repeated heating and cooling, that is, throughout a 
whole course of measurements. 

The crystal-mount details, the positioning of the 
crystal in the magnetic field, the cryogenic techniques 
employed, as well as more details on Secs. I-V are given 
in the Ph. D. thesis of one of the authors.” 


EXPERIMENTAL RESULTS AND DISCUSSION 


I. The Monotonic Galvanomagnetic Effects at 77°K 
and Room Temperature 


For all crystals at these temperatures, the magneto- 
resistance was negligible (less than 3% at 77°K and 
too small for measurement at room temperature), the 
Hall voltage was a linear function of B (Fig. 1) and the 
Hall rotation curves were sinusoidal (Fig. 2). Further, 
since the transverse magnetoresistance is small at these 
temperatures, one expects the longitudinal magneto- 
resistance to be small also, and, indeed, a measurement 
of the longitudinal effects for one orientation (ac) 
showed this magnetoresistance to be of the order of a 
1.5% effect in a field of 5 kgauss. 

Thus, Eq. (2’), Appendix A, simplifies to 


E,= I apat I,A ecDc— I.A ooBo, 
Ey= —I,A ecB ctl rps+1-A PP: (2) 
k. = I,A bpD5— I,A aaBat T hice 


(a, b, and ¢ are the crystallographic axes in the ortho- 
rhombic crystal.) 

The resistivity tensor is specified by the numbers 
Pa, Pb, Pc) Aaa, Avs, Ace, Which are given in Table IT. 


%” J. Yahia, Ph. D. thesis, Northwestern University, Evanston, 
Illinois, 1958 (unpublished). 





J. YAHIA AND J. 


MAGNET ANGLE, DEGREES 
30 60 90° 120 150 180 





e T#77° K 
e T=276° K 








0.1 
-0.2 


-0.3 


CRYSTAL be 


© T=77°K 
© T=279° K 





-04 


Fic. 2. Hall voltage rotation curves for gallium single crystals 
at 77°K and 290°K; (a) J||a-axis, B in bc plane, (b) J||b-axis, 
B in ac plane, (c) J||b-axis, B in ac plane. All of the rotation curves 
are for a field of 9.6 kgauss. 


The Hall effect is specified by three independent 
coefficients rather than six as in the formalism of 
Kohler.” This is because the Onsager principle is added 
to the symmetry arguments of Kohler. To see this, 
consider, following Kohler,”! a specification of the linear 
Hall effect by the relation: 


E,(Hall) =A jel ;By. (3) 


For an orthorhombic crystal, the independent nonzero 
terms in the tensor A ijk are?! A 123, A 132) A 2315 A 213, A 312) 
A321. This means that using crystal symmetry principles 
alone the linear Hall effect is specified by 6 constants. 
Now, it has been shown, under quite general con- 
ditions, that the following relation holds between 
coefficients specifying phenomenologically an effect 
where a magnetic field is present”: 
L;;(B)=L;i(—B). (4) 
If we define L;;(B)=AjxBx [i.e., L:;(B) is a linear 


TABLE IT. The components of the eo amie tensor 
for sane at 77°K and 290 





Hall coefficient 


Resistivity 


(10-6 ohm cm) (107% emu) 














1M. Kohler, Ann. Physik 20, 878 (1934). 

2S. R. de Groot, The Thermodynamics of Irreversible Processes 
(North-Holland Publishing Company, Amsterdam; Interscience 
Publishers, New York, 1951). 
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function of B], then, according to Eq. (4), 
A ijnBu= A jix(— Bx), 


A a = A jik- 


Thus the coefficients specifying the Hall effect depend 
only on the direction of the magnetic field but not on 
the direction of the current (since i and j may be inter- 
changed without affecting the value of the coefficient). 
Thus, Aj23= — Aas, Aizs2o= — Asia, and 
and there are only three coefficients specifying the 
linear Hall effect when one applies both the symmetry 
relations and the Onsager reciprocal relations. By 
starting out with Eq. (1) and applying the symmetry 
conditions to the components of the tensors appearing 
in the expansion of this equation, we have applied both 
relations [ since Eq. (1) embodies the Onsager relations ], 
and thus we arrive at the conclusion that the linear Hall 
effect in gallium is specified by 3 constants. 

This conclusion is susceptible to a direct experimental 
test. In Table I, the crystal orientations that should 
have the same coefficients according to the above 
arguments are grouped together in pairs. The value of 
the Hall coefficient for crystals ba, ca, ab, cb is quite 
close for any fixed temperature and also, the tempera- 


A 231> —A 321) 


TABLE III. The temperature variation of the Hall coefficient 
for crystals ac and bce. 








Crystal A (4.2°K)/A(77°K) A (4.2°K) /A (279°K) 


ac 23 
bc 











ture variation of the Hall coefficient for these crystals 
is about the same, so that a separation experimentally 
of these four crystals into two pairs of crystals, each 
pair having the same coefficient, is arbitrary. The 
significant experimental point in support of the con- 
clusion regarding the application of the Onsager 
reciprocal relations to the linear Hall effect is that the 
crystals ac and bc exhibit the same striking temperature 
variation of the Hall coefficient and also the Hall 
coefficients are approximately the same for this pair of 
crystals at a fixed temperature (Table I). The similarity 
of the temperature variation of the Hall coefficient for 
these two crystals is shown in Table III. This tempera- 
ture variation is markedly different from the tem- 
perature variation of the crystals ba, ca; ab, cb (see 
Table I). 

A further confirmation of the correctness of the 
application of the Onsager reciprocal relations to the 
phenomenon of the linear Hall effect is the observation 
by Connell and Marcus? that in Bi, at room temperature 
and 77°K, the Hall coefficient depends on the orienta- 
tion of the magnetic field and not of the current. At 
helium temperatures any orientation dependence such 
as that observed at the higher temperatures was 
obscured by the increased sensitivity to impurities. 
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II. The Influence of a Small Deviation of Crystal- 
lographic Axes from Specimen Axes on the Hall 
Rotation Diagram at 77°K and Room 
Temperature 


At these temperatures for crystals ac and ac-1 the 
Hall rotation curves were sinusoidal but had a displaced 
maximum, i.e., the maximum in the Hall voltage did 
not occur for B perpendicular to the face of the crystal 
(Fig. 3), as was the case for all other orientations (Fig. 
2). This apparent anomaly was previously observed by 
Fultyn" in his measurements at room temperature and 
can be understood on the basis of the anisotropy in the 
Hall coefficients and a small deviation of crystallo- 
graphic axes from specimen axes. 

From the term in B on the right-hand side of Eq. 
(5’), Appendix B, one may derive a condition for a 
maximum in the Hall field as a function of the magnet 
azimuthal angle for the case where the specimen axes 
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Fic. 3. Shift in the maximum of the Hall rotation curve for 
crystals ac and ac-1 at 77°K. Here J||a-axis and B(=9.6 kgauss) 
is in the bc plane. (Crystal ac-1 has a larger misorientation of 
pines axes from specimen axes than crystal ac with a 
correspondingly larger shift, see Text.) 


do not coincide with the crystallographic axes: 


A g3ngnot+A oomyme2+ A ilsle 
tany= ’ (5) 
A3gnz’+A oem3?+ Als? 





where B,’=|B’|siny and B;'=|B’| cosy, |B’| =magni- 
tude of magnetic field, and the /, m, and n are the di- 
rection cosines of the transformation from the crystallo- 
graphic axes to the specimen axes. 

For the simple case where the misorientation is due 
to a rotation of the specimen axes by the angle 6 about 
the 1-axis in the crystallographic system, we have* 

l,=0, m2=cosd, me=sind, 
l1;=0, m3;=—siné, m3=cosé, 
and Eq. (5) reduces to 
cosé sind (A 33— A22) 


A33 Cos’6+ A 29 sin’s 





tany= 


% See definition of J, m, n in Appendix B. 
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Fic. 4. Hall voltage field dependence for gallium single crystals 
at 4.2°K. Note that the dependence is linear above 3 kgauss but 
that below this field a nonlinear dependence seems indicated. 


X-ray analysis of crystal ac showed that the deviation 
of specimen axes from crystallographic axes was due to 
a rotation of 2° about the axis of the length (the a-axis). 
For this crystal (taking into account that the a-axis 
corresponds to the 1-axis, the b-axis corresponds to the 
2-axis and the c-axis corresponds to the 3-axis), we have 


cos2° sin2°(A ee-— Asp) 
Ace €0S?2°+A pp sin?2° 


Since A »:2£A ac=10A.. (Table I), y= 15°. 

Crystal ac-1 had a misorientation due to a rotation 
about the a-axis of ~10°. The shift in the maximum 
for this crystal turns out to be appreciable, namely, 50°, 
and checks quite well with the observed shift (Fig. 3). 





tany= 


III. The Monotonic Galvanomagnetic 
Effects at 4.2°K 


At this temperature, as for the higher temperatures, 
the field dependence of the Hall effect is linear (Fig. 4) 
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Fic. 5. Field dependence of magnetoresistance for gallium single 
crystals at 4.2°K; (a) J||b-axis, (b) J||a-axis, (c) J|\|c-axis. 
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Fic. 6. Hall voltage rotation curves for gallium single crystals 
at 4.2°K; (a) J||a-axis, B in bc plane, (b) J||c-axis, B in ab plane, 
(c) J|\c-axis, B in ab plane, (d) J||b-axis, B in ac plane, (e) J||b-axis, 
B in ac plane, and (f) J||a-axis, B in bc plane. All of the rotation 
curves are for a field of 9.6 kgauss. 


and for the magnetoresistance effect it is quadratic 
(Fig. 5) so that, according to Equation (1’) of Appendix 
A, the rotation curves for these phenomena should be 
simple sine curves. However, the rotation diagrams for 
the Hall effect (Fig. 6) and for the magnetoresistance 
effect (Fig. 7) are complicated functions of azimuthal 
angle, exhibiting many maxima and minima. Thus, 
the phenomenological formalism for the galvano- 
magnetic properties breaks down at 4.2°K, in contrast 
to the situation at 77°K and room temperature. 
Where complicated rotation curves of this sort have 
been observed for other metals, e.g., Bi and Zn, the 
field dependence has been complicated, and it has been 
assumed that the complex rotation data could be 


* P. B. Alers and R. T. Webber, Phys. Rev. 91, 1060 (1953). 
2 A. Borovik, J. Exptl. Theoret. Phys. U.S.S.R. 30, 262 (1956) 
[translation: Soviet Phys. JETP 3, 243 (1956)]. 
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accounted for on the basis of the inclusion of higher 
order terms in B in a phenomenological equation of the 
same form as Eq. (1). However, Justi and Sheffers*® 
have observed that in the magnetoresistance of single 
crystals of gold at 20.4°K the rotation diagram was 
complicated but the field dependence was linear. 
Lifshitz et al.” have recently published a paper on 
the fundamental theory of galvanomagnetic effects 
which can qualitatively account for data of the type 
observed by us in terms of complex Fermi surfaces. 
Thus it seems that a phenomenological description, 
consistent with crystal symmetry principles and the 
Onsager principle of microscopic reversibility in time, 
is mot a general framework into which the results of any 
electron theory must fit, as has been generally assumed 
to be the case.2* At all temperatures the galvano- 
magnetic properties must depend on the details of the 
Fermi surface; at high temperatures these details are 
smeared out so that the symmetry requirements on the 
galvanomagnetic properties are the same as the macro- 
scopic symmetry requirements and thus the galvano- 
magnetic properties may be described by a phenomeno- 
logical equation such as Eq. (1’), and indeed, this has 
been found to be the case in the present investigation.” 
At low temperatures the details of the Fermi surface 
are sharp, and the galvanomagnetic properties will 
reflect this structure and may show less symmetry than 
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Fic. 7. Magnetoresistance rotation curves for gallium single 
crystals at 4.2°K; (a) J||a-axis, B in bc plane, (b) J||c-axis, B in 
ab plane, (c) J||b-axis, B in ac plane. All of the rotation curves are 
for a field of 9.6 kgauss. 

26 EF, Justi and H. Sheffers, Physik. Z. 37, 475 (1936). 

27 Lifshitz, Azbel’, and Kaganov, J. Exptl. Theoret. Phys. 
Liss 31, 63 (1956) [translation: Soviet Phys. JETP 4, 41 

1957) ]. 

28 For instance, Kohler (reference 21) concludes that a phe- 
nomenological description consistent with crystal symmetry 
principles alone is the general framework into which any electron 
theory of the galvanomagnetic effects must fit. 

29 See Experimental Results and Discussion I. 





GALVANOMAGNETIC 


MAGNET ANGLE, DEGREES 
30 60 90 120 150 180 


CRYSTAL ab 





Bll b-AXIS 
i 








MICROVOLTS 
4. = 


' 
ow 


B Ib-AXIS CRYSTAL cb 


ven * 


CRYSTAL co 


(c) 
Paar 


wW - 








0 
3{ CRYSTAL ba 08 o-ANS 
2 
(d) 
' 
o} = ea 


CRYSTAL be 





(e) Bill c-AXIS 





CRYSTAL ac 





7 


—— 


Fic. 8. Rotation curves of quadratic transverse effect at 4.2°K; 
(a) J||a-axis, B in be plane, (b) J|\c-axis, B in ab plane, (c) J|\c-axis, 
B in ab plane, (d) J||b-axis, B in ac plane, (e) J||b-axis, B in ac 
plane, (f) J||a-axis, B in bc plane. All of the rotation curves are 
for a field of 9.6 kgauss. The ordinate is the sum of the pure 
transverse quadratic voltage in B and the even voltage due to a 
resistive component associated with a longitudinal misalignment 
of the Hall probes. The alignment of crystallographic axes and 
specimen axes for all of these crystals is within 2°. 





the gross crystal symmetry. Thus, more complete 
measurements should lead to a quantitative specifi- 
cation of the complex Fermi surface in gallium. 


IV. Transverse Quadratic Field Effect at 4.2°K 


It is a difficult experimental problem to place the 
Hall probes along an equipotential. Thus, when current 
is flowing in the crystal, the voltage measured across 
the Hall probes (in zero magnetic field) is unequal to 
zero due to the small longitudinal misplacement of the 
probes which gives rise to a resistive voltage so that 
magnetoresistance data may be obtained from these 
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probes and should agree with the magnetoresistance 
data obtained from the longitudinal probes. However, 
the rotation diagrams of the even voltage obtained from 
the Hall probes (Fig. 8) are markedly different from 
the rotation diagrams of the voltage obtained from the 
longitudinal probes (Fig. 7) and it is clear that the 
voltage obtained from the Hall probes contains other 
terms besides the resistive component. In some meas- 
urements,” the resistive component was eliminated by 
using three Hall probes and a slidewire in the potenti- 
ometer circuit and a measuring technique similar to 
that of Logan and Marcus, and the even transverse 
voltage was found to be quadratic in B and to persist 
to low fields.” 

The quadratic transverse effect was at first ascribed 
to the anisotropy in the magnetoresistance coefficients 
combined with a deviation of crystallographic axes 
from specimen axes,” [see the term in B? on the right- 
hand side of Eq. (5’), Appendix B]. However, if this 
is the only origin of the effect, then, as the alignment 
of crystallographic axes and specimen axes gets better 
the quadratic transverse voltage should tend to vanish, 
and this is not observed to be the case. In fact, a 
comparison of the rotation curve for a crystal where the 
misalignment is ~ 10° (crystal ab-1, Fig. 9) shows less 
complexity than a rotation curve for a crystal where the 
misalignment is ~2° (crystal ab, Fig. 8) and the 
quadratic transverse field does not tend to vanish as 
the alignment gets better. 

According to the theory of galvanomagnetic effects 
of Lifshitz et al.,27 a quadratic transverse field of this 
sort is predicted on the basis of considerations involving 
the topology of the Fermi surface. This additional*! 
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Fic. 9. Rotation curve of quadractic transverse effect for crystal 
ab-1 at 1.4°K, J||a-axis and B(=11.2 kgauss) is in the bc plane. 
The ordinate is the sum of the pure quadratic voltage in B and 
the even voltage due to a resistive component associated with a 
longitudinal misalignment of the Hall probes. For this crystal, 
the crystallographic axes and specimen axes are misaligned by 
about 10°. 


adil K. Logan and J. A. Marcus, Phys. Rev. 88, 1234 (1952). 
81 See “Experimental Results and Discussion,” Sec. III. 
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Fic. 10. Oscilla- 
tions in Hall voltage 
for crystal ac, J|\a- 
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Fic. 11. Oscilla- 
tions in magneto- 
resistance for crystal 
ac, J\\a-axis, B\lc- 
axis, 7=1.4°K. 
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Fic. 12. Oscilla- 
tions in Hall voltage 
for crystal ba, J\\b- 
axis, B|\a-axis, 
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qualitative agreement of the observed galvanomagnetic 
properties with the predictions of this theory indicates 
that the approach adopted in it may be an appropriate 
one for interpreting future data on gallium. 





V. Oscillatory Component of the Hall and 
Magnetoresistance Effects 


A detailed investigation of the oscillations in mag- 
netoresistance and Hall effect was not attempted. The 
main purpose of the measurements was to determine 
whether these were observable (in the extensive work 
of Blom’ on the magnetoresistance of gallium crystals 
none were reported, probably because the data was not 
obtained at sufficiently close intervals of field), and, 
if so, to see if their general characteristics were the same 
as for those in the de Haas-van Alphen effect (see 
Introduction). Oscillations in the galvanomagnetic 
properties were observed for all orientations and their 
characteristics are shown in Figs. 10-14. Figure 10 
shows the oscillations in the Hall voltage when the 
period is fairly pure, and Fig. 11 shows those in the 
magnetoresistance for a similar case. Figure 12 shows 
the oscillations in the Hall voltage where the period is 
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complex. Figures 13 and 14 show the temperature 
variation of the oscillations in Hall voltage and mag- 
netoresistance, respectively, and it may be seen that 
the amplitude decreases with an increase in temperature 
but the period is independent of temperature. There is 
a marked dependence on field of the amplitude of the 
magnetoresistance oscillations in the range 13-17 
kgauss (Fig. 14); it gets bigger with increasing field, 
but the period (in reciprocal field) is independent of the 
field. In the lower ranges of field (8.5-10 kgauss, Figs. 
10-13) the amplitude of both magnetoresistance and 
Hall effect oscillations changes little with field, and also 
the period (in reciprocal field) is independent of the 
field strength. From Table IV (where a few of the salient 
features of the oscillatory component of the galvano- 
magnetic properties are summarized) it is seen that 
these periods are comparable to the periods of the de 
Haas-van Alphen effect, the agreement being especially 
close where the magnetic field is parallel to the c-axis, 
i.e., where the period is pure and comparatively large. 
For this orientation the period is independent of the 
current direction, but for Bl|b-axis, the period depends 
strongly on current direction (Table IV). For most of 
the crystals, the magnetoresistance and Hall effect 
oscillations were found to be equal and out of phase by 
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. 13. Temperature variation of the oscillatory component of 
the Hall effect for crystal ac-1, J||a-axis, B||c-axis. 
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Fic. 14. Temperature variation of the oscillatory component of 
the magnetoresistance for crystal ac, J||a-axis, B||c-axis. 
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TaBLE IV. A summary of the data on the oscillatory galvanomagnetic effects for different orientations of gallium single crystals. 








Period, B™, in 
Hall voltage 
(10-7 gauss) 


Period, B™, in 
magnetoresistance 


Crystal* (1077 gauss~!) 


Phase difference 
between Hall and 
magnetoresistance 

oscillations 


Period, B, in 
diamagnetic susceptibility 
(10-7 gauss™') 





ba complex complex 
ca complex complex 


ab 27 26 
cb 48 43 


bc 53 55 
ac 46 48 


ac-1 50 50 
ab-1 35 too small for measurement 


42.0, 11 (B makes an angle 0.5° with a-axis) 
42.0, 11 (B makes an angle 0.5° with a-axis) 


30.2 (B makes an angle 11.7° with b-axis) 
30.2 (B makes an angle 11.7° with b-axis) 


51.3, 47.4 (B makes an angle 5.2° with c-axis) 
51.3, 47.4 (B makes an angle 5.2° with c-axis) 


same as for crystal ac above 
same as for crystal ab above 











to the magnetic field. 
> See reference 18. 


m (see for instance Figs. 10 and 11) and this agrees 
with the result concerning the relative phases derived 
by Zil’berman® using a strong-field two-band model 
for the galvanomagnetic effects. 

These results show the general characteristics of the 
oscillatory component of the galvanomagnetic effects 
to be the same as for the oscillatory diamagnetism, 
and it would thus appear as a result of this exploratory 
investigation that gallium is a good metal for a detailed 
study of the relation of the amplitudes of the first 
phenomenon to those of the second one.” 
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APPENDIX A. PHENOMENOLOGICAL EQUATION 
FOR THE GALVANOMAGNETIC EFFECTS 
TO THIRD ORDER IN B 
Starting from Eq. (1) of the Introduction, one may 
expand p;;(B) and A;(B) in terms of a Maclaurin 
series in B as follows: 


pij(B) = pis(0) +0 j40B,Bit ++, 
A,(B) =A km YVikmnobmBnBot linha 


Qijkl 


dA,(B) 


“lkm , 


dBm 
1 0°A,(B) 


SS . 
3! 0B,0B,0B, 


2G. E. Zil’berman, J. Exptl. Theoret. Phys. U.S.S.R. 29, 762 
(1955) [translation: Soviet Phys. JETP 2, 650 (1956) ]. 


* Note that the first letter refers to the crystallographic axis parallel to the direction of the current, the second letter to the crystallographic axis parallel 


Substituting these expansions for p,j(B) and A,(B) in 
Eq. (1) of the Introduction, we obtain the following 
equation specifying the galvanomagnetic effects to 
third order in B: 


E:=[pij(0) +eijx:Be Br ll; 

+ 6:51 j(AimBmt+VimnoBmBnBo). (1’) 
It is now necessary to evaluate the tensors pj, aj jx, 
Akm, Yimno- By application of the symmetry properties 
for the orthorhombic crystal, one can find the inde- 
pendent nonzero terms in these tensors. The procedure 
consists of seeing how the components of the tensors 
transform under a symmetry operation, i.e., if the 
symmetry operation leaves the sign of the component 
unchanged, this component is unequal to zero; how- 
ever, if the operation changes the sign of the tensor 
component then this component must be zero. To do 
this in detail, one writes down the transformation 
equation for a second rank tensor and for a fourth rank 
tensor [which are D,-;;= (dx,'/0x,;)(0x;'/0x;)D,; and 
Po jey = (Ox /0x;) (0x;'/Ax;) (Axx /Ox,) (Ox /Ix1) P int, 
respectively ] and applies the symmetry conditions to 
these equations. The symmetry conditions for an ortho- 
rhombic crystal are that a rotation by w about each of 
three mutually perpendicular axes* does not change 
the physical situation. 

After determining the independent terms unequal 
to zero (as described above) in the tensors specifying 
the magnetoresistivity one may rewrite Eq. (1’) as: 

8% The rotations are specified as follows: 


. ( dx,'/dx,= — Ax,'/ Axe =( 
Rotation J ~ or a hr Ae “ 
bout z-axis: } dx2'/6 w=, OX ie = : 
. ‘i | Ox3'/0x,;=0, Ox3'/0x2=0, 


a 0; 
0, =-1, 90; 
a ae 


0x;'/dx;=0, 
0X2! / Ox; = 0, 
Ox3'/ 0X3 = 1 m 


Rotation 
about y-axis: 


Rotation 
about x-axis: 
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Ey =Th(entaunBr+a1122Be+a1133B3") where 
+J2(2aj221B2B,+ A 33B3+373113BYB; Oxy'/dx,=h, d2y'/dx2= my 0x;'/dx3= ny 
+ 37 3223B?B3t-¥3333B*) +1 3(201331B1B3— A 22Be ; 


Ox2'/Ox1=12, d2e'/Ix2= m2, Ix2'/dx3= 
np 3721128 B.— 37 2033B;°B.— Y2222B,*), = , pit ‘ . cpsiinegitlile 


Ox3'/0x,= ls, 0x3'/0x2= m3, 0x3") ‘Ox3= nN3. 
E.=] (2 22 B Bo— A 33B3—3 : 3B 2B, , * x - = 
r nie en a >see = Be If we employ Eq. (2’) in conjunction with Eqs. (3’) 
TY s328 itil pee , Sas Sas1 1 (2’) and (4’) above, we obtain the following expression for 
+2222 Be? + 1223383") + [3 (2a2332B3B2+A Bi the transverse field: 
BY + 3y1122Bi Be + 34 113381 B;?), es ; 
ty Bre+3yi2BiB?+ 37 113381 B3") Ey'= 1, deamon} hen) 


E3= 1) (2013318) B3t+ A 2Bo+72222BF + 3y2112B 2B? +1 ;'{A33(23B3'+n2Bo’) (—nz)+A 22(m3B;! 
+ 37 2252B;3"Bo) +12(2a2332B3;B2— A 1 By +m-B,') (— m3) +A 11(/3B3’+12B,’) (— 13)} 
—yunBi— 3y1122B2 By — 3711338" B)) +h'{ (1sB3' +12Be’)? (ayirileli+a221.m 2m, 

+13(psst-e3333B3? +0331 Br +a3322B,"). +3311 21) + (m3Bs'+ moBo’)? (ay 291 ob) 


+a2222M 2M, +A3322N 21) + (n3B3'+n2B,)? 
APPENDIX B. EFFECT OF A MISALIGNMENT OF . 
X (a1133/ab1 t+-a20339M 2M +3333 2M) 
CRYSTALLOGRAPHIC AXES FROM SPECIMEN ‘ 
+ (m3B3'+m2By9’) (13B3'+12Be’) (2a1221) 


AXES ON THE TRANSVERSE FIELD 
x (lomy+lym2)+ (13B3'4-1,Be') (n3B3'+ n»B,') 


: ‘ ‘ } ~ me svc aw ro! al 
ore a ee ee — X1, Xo, X3, X (Qarss1) (Lom +lyns) + (ngBs'-+noBo’) 
a 1dy wh 3 ||%3, : ed f eno “ = Xe, > X (m3Bs’+m2Bs’) (2ao332) (mony-+-myn»)} 
e coordinate axes o crystallographic system. : 
7 ee +1i'{ (lsBs'+l2Bs!)*(—lsyus) + (m3By! 
hen a transformation from the unprimed (or crystallo- 4+ mB!) + (ngBy-+-noBo')3 
graphic) system to the primed (or measuring) system m202) rey ms pa " wi 
X (= nzV3333) + (13B3'4+-12Be')?(m3B3'+ m2By’) 


X (—3y2112m3)+ (13B3’+12Be’) (m3B3' + m2B,)? 
1=1;B;'+12B2', Be=m;B;'+ mB’, X (—3yi2als) + (lsBs’+12Be’) (n3B3' + 2B’)? 


is defined by the equations: 


B;=n3B3'+n2B, X (—3yisals3) + (1sB3’+12Be’)? (n3B3’ + n2Be’) 
X (— 331133) + (3B3'4+- 2B’)? (msBs'+ mB.) 
h=hh', =m, Is=mly, X (—3y2239ms) + (m3B3'+ m2B,')? (n3B3'+n2Be') 
E,'= loE\+me2ko+ n2k3, Ge 3Y3223M3) } : (5’) 
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A method is presented for calculating the frequency distribution of a crystal from measured dispersion 
curves without constructing a force constant model. The method is then used to compute a vibration 
spectrum for Ge based on elastic constants and the dispersion curves measured by slow neutron scattering. 
The vibration spectrum is used to calculate the lattice specific heat, the results agreeing with experiment 
to within a few percent. A slightly modified distribution yields results agreeing to within one percent. 
The results are sufficiently detailed to show the necessity for including corrections due to anharmonicity 
even at T7~#@/2. By analogy with the results for Ge, vibration spectra are constructed for silicon and gray 
tin that also give good agreement with the specific heat measurements; from the spectra and also by analogy 
with Ge the dispersion curves for Si and gray tin can be sketched. A similar discussion is also given for 
InSb and diamond. Some general remarks are made concerning the relationship between specific heat 


curves and vibration spectra. 


1. INTRODUCTION 


HE lattice vibration spectrum of a crystal is a 

quantity of considerable physical interest. For 
example, when it is known the contribution of the 
lattice to the specific heat of the crystal can be com- 
puted. The first qualitatively correct treatment of the 
lattice specific heats was given by Debye.' He assumed 
w=c|k|, where c, the velocity of sound, may be a 
function of the direction of k but not of its magnitude. 
It is necessary to impose a cutoff on k, and this Debye 
did by requiring k<kmax, Where Rmax is the radius of a 
sphere of volume equal to that of the first Brillouin 
zone. With these assumptions one can now calculate 
the specific heat, and show for example that it is 
proportional to 7° at sufficiently low temperatures. 

The great qualitative success of the Debye theory 
caused many to overlook the approximations involved. 
In 1935 Blackman? pointed out that according to the 
Born-Von-Karman’ theory of lattice vibrations, the 
w(k) relationship should show dispersion. In particular, 
if an atom interacts mainly with its nearest neighbors 
a relationship of the form w(k)~sin(c{k|) is to be 
expected. This relationship reduces to Debye’s at long 
wavelengths, but deviates considerably from it at 
shorter wavelengths. Moreover, one should use the 
first Brillouin zone instead of a sphere. 

It should be noticed that both approaches attempt 
to extrapolate the experimental information, which is 
the slope of the w(k) curve in the neighborhood of k=0 
as determined from the elastic constants, to other 
regions of the Brillouin zone. The difference between 
them lies in the fact that Debye simply draws a straight 
line, while Blackman introduces dispersion by con- 
structing a microscopic model based (in non-ionic 
crystals) on short-range forces. Blackman showed that 
the dispersion predicted by this model led to a dip in 
the Debye 6(7) curves at low temperatures, and as this 


* Now at the University of California, Berkeley, California. 
1P. Debye, Ann. Physik 39, 789 (1912). 

2M. Blackman, Proc. Roy. Soc. (London) 148, 384 (1935). 
3M. Born and Th. Von K4rmén, Physik. Z. 13, 297 (1912). 


was generally observed experimentally, many workers 
have assumed that a model based on short-range forces 
will yield essentially correct dispersion relations. The 
calculated 6(7) curves are usually not a decisive test 
of this conjecture. 

Recently, however, the situation has changed experi- 
mentally. Very beautiful experiments have been per- 
formed by x-ray diffuse scattering and slow-neutron 
scattering®® that display the dispersion curve as a 
function of frequency for any k. In particular, Brock- 
house and Iyengar® (BI) have made a detailed study 
of the dispersion curves in Ge. When compared with 
theories based on short-range forces, such as that 
developed by Hsieh,’ the results show an anomalously 
low transverse acoustic (TA) mode in the [100] and 
[111] symmetry directions. The resulting spectrum 
cannot be fitted well by any combination of short-range 
forces, as has been shown by several workers, Herman® 
in particular. Indeed, it seems likely that some long- 
range forces may be required to fit the data, as has been 
suggested by Lax.? 

In the absence of a force-constant model it may seem 
difficult to compute the vibration spectrum. This is not 
the case, however, since the spectrum may be computed 
by the moment-singularity method developed by Lax 
and Lebowitz" and the author." The method interpo- 
lates from the experimental dispersion curves by making 
use of group-theoretical and topological arguments. In 
this way the frequency distribution associated with the 
entire Brillouin zone can be obtained from measure- 
ments of the dispersion curves along selected symmetry 
directions. 


4C. B. Walker, Phys. Rev. 103, 547 (1956), and references 
listed there. 

5B. N. Brockhouse and A. T. Stewart, Revs. Modern Phys. 
30, 236 (1958). 

6B. N. Brockhouse and P. K. Iyengar, Phys. Rev. 111, 747 
(1958). 

7Y.C. Hsieh, J. Chem. Phys. 22, 306 (1954). 

8 F, Herman, J. Phys. Chem. Solids (to be published). 

9M. Lax, Phys. Rev. Letters 1, 133 (1958). 

10M. Lax and J. L. Lebowitz, Phys. Rev. 96, 594 (1954). 

J. C. Phillips, Phys. Rev. 104, 1263 (1956). 


147 





JAMES C. 


Fic. 1. An example 
of a one-dimensional 
dispersion curve. 





The methods for carrying out this interpolation 
procedure were previously presented in an abstract 
form." Since it appears that further applications of the 
method may become more common, we devote the 
second section to a qualitative exposition of the method. 
In Sec. 3 the results for the vibration spectrum and 
specific heat of Ge are presented and compared with 
experiment. The excellent agreement that is obtained, 
as well as the great over-all similarity between the 
various crystals, is made the basis of a semiquantitative 
treatment of Si, gray tin, diamond, and InSb in Sec. 4. 

The specific heat data with which the theoretical 
results for Ge and Si are compared is that recently 
obtained by Flubacher, Leadbetter, and Morrison'* 
(FLM). Their measurements are considerably more 
accurate and cover a wider temperature range than 
earlier specific heat data for these crystals; indeed their 
accuracy is such that for our purposes we have assumed 
no errors in their measurements. Since we succeed in 
fitting their data quite closely, one may ask what 
features of the frequency distribution one could expect 
to infer from very good specific heat data alone. Then, 
given these features of the frequency distribution, one 
can attempt to relate them to the dispersion curves 
themselves. Detailed answers to each question would 
require an extensive mathematical treatment which is 
beyond the scope of this paper. Some qualitative 
comments on these matters seem appropriate, however, 
and these are presented in Sec. 5. 


2. THE INTERPOLATION METHOD 


The basic idea of the interpolation method can be 
illustrated quite simply by a one-dimensional problem. 
Suppose the w(k) relationship has the form shown in 
Fig. 1, where we have plotted w’ vs k. Then the resulting 
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Fic. 2. A sketch of the frequency distribution associated with 
the dispersion curve of Fig. 1. 


12 Flubacher, Leadbetter, and Morrison, Phil. Mag. (to be 
published). 
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frequency distribution will have the form shown in 
Fig. 2. If only the values w?(0) and w*(2xa~") are known, 
as well as the curvatures of the dispersion curve at 
these critical points (dw*?/dk=0), as indicated by the 
solid portions of the dispersion curve in Fig. 1, a smooth 
curve can be drawn, as indicated by the dotted line, to 
sketch the rest of the dispersion relationship. Alterna- 
tively, if one knows the analytic form of the frequency 
distribution, it can be obtained directly by interpolation, 
as is indicated by the dotted line in Fig. 2. 

In one dimension both approaches are trivial and 
equally easy to carry out. For three-dimensional! 
problems, however, a great deal of labor would be 
required to construct a sufficiently large number of 
frequency surfaces to enable one to calculate the 
frequency distribution. On the other hand, again 
assuming the form of the analytic singularities of the 
frequency distribution to be known, a direct interpo- 
lation to obtain the frequency distribution is as easy 
to carry out for three-dimensional problems as it is for 
one-dimensional ones. 

The fact that such analytic singularities are associ- 
ated only with critical points (c.p.) of the frequency 
surfaces was first emphasized by Van Hove." (For our 
purposes a C.p. is a point where each component of Vj, 
is either zero or changes sign discontinuously.) Van 
Hove pointed out that topological theorems, especially 
those due to Morse,'* would often require the existence 
of a variety of critical points on a three-dimensional 
manifold. It was later shown by the author" that by 
combining the most complete results of Morse with 
group-theoretical considerations one could usually 
obtain all the critical points of the frequency surfaces 
from a knowledge of the curvatures and frequencies of 
each branch at the principal symmetry points of the 
Brillouin zone. In addition a// the resulting singularities 
in the frequency distribution were estimated. The only 
limitation on this result was that it would fail if “kinks” 
were present in the dispersion curve. A one-dimensional 
kink is shown in Fig. 3, which should be compared with 
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Fic. 3. A one-dimensional dispersion curve containing a kink. 
In this case the frequency distribution of Fig. 2 no longer repre- 
sents a good approximation to the actual frequency distribution, 
since the kink introduces additional singularities into the distri- 


13L. Van Hove, Phys. Rev. 89, 1189 (1953). 

4M. Morse, Functional Topology and Abstract Variational 
Theory, Memorial Sciences Mathematiques (Gauthier-Villars, 
Paris, 1938), No. 92. 
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Fig. 1. Ordinarily in interpolating one assumes that 
kinks are not present, and both physical intuition and 
experience with lattice vibration curves suggest that 
this is a good assumption. 

These qualitative remarks can now be illustrated by 
constructing the frequency distribution for the trans- 
verse acoustic modes in Ge from the experimental data 
of BI,® some of which is shown in Fig. 4. It should be 
noted that BI have measured the variation of frequency 
around the edge of the zone in a (110) plane only for 
the transverse acoustic mode polarized normal to that 
plane, which we shall denote by TA I. Thus the dis- 
persion curves of the TA IT mode are known only along 
the [100] and [111] directions, where they are de- 
generate with the TA I mode. Initially we shall assume 
that the variation of the TA II mode around the edge 
of the zone is the same as that of the TA I mode; the 
variation of the latter is quite anisotropic, the frequency 
in the [110] direction at the edge of the zone being 
nearly twice that at the (100) edge. It will turn out 
that the TA II mode must have lower frequencies in the 
[110] direction, that is, be more nearly isotropic, in 
order to fit the specific heat data. The first step in 
analyzing the frequency surfaces is the location and 
characterization of the critical points of a given branch, 
The smallest set of these that is consistent with the 
experimental information as well as topological and 
group-theoretical requirements is called the minimal 
set." In the first row of Table I the minimal set for the 
TA I branch is listed. The symbols for the various kinds 
of critical points have been discussed in detail previ- 
ously; at a P, point, for example, v decreases going 
away from the point along » principal axes. 

After all the critical points have been located and 
the frequencies and curvatures of the frequency surfaces 
at these points determined, one is in a position to sketch 
the frequency distribution. Since the critical points 
often occur at symmetry points such as X [the center 
of the (100) face of the zone}, most of the required 
information can be obtained from Brockhouse and 
Iyengar’s experimental data. The only exception of 
importance is the frequency near W= (1,3,0), which is 
not in a (110) plane, to which the experimental values 
were restricted. From an inspection of the data as well 
as a study of the results that are obtained from various 
force constant models, one concludes that it will be a 


TaBLE I. A list of the critical points associated with the fre- 
quency surface of each branch of the germanium vibration 
= The symbols for the critical points are,the same as 
those used previously by the author.* 





Branch 
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® See reference 11. 


LATTICES 





Fic. 4. The dispersion curves 
along the [100] direction in Ge, 
as measured by neutron scat- 
tering. The figure is taken from 
the paper of Brockhouse and 
Iyengar.® 
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good approximation to assume »v(W)=»v(Z) where = 
denotes a point along the [110] direction near k 
= (3,3,0). From Table I it is clear that this means that 
the critical frequencies associated with these points are 
degenerate, and this simplifies the frequency distri- 
bution somewhat. 

We are now prepared to sketch the form of the 
frequency distribution. We plot G(v?), which has a 
simpler analytic form, and latter calculate F(v) 
=2vG(v?). Near v=0 we find (» is measured in units of 
10” sec) 

Vo 2r(r")! 
Gi(")~— aan 
Zl 89 


Vo 2nr(v’) 
G2(")~—_ ——— (1) 

Zl 70 
for the two transverse branches. Here Vo is the volume 
of the crystal cell, Z=2 and /=3. The numerical coeffi- 
cients were first estimated from the elastic constants 
using the formulas for spheroidal surfaces given in 
reference 11, and then corrected slightly to obtain 
complete agreement with the results obtained by 
deLaunay” by numerical integration. We shall assume 
for the moment that the difference between the two 
transverse branches is small, and is significant only 
near v=0. Near other critical points we have assumed 
the two branches to be degenerate; the errors resulting 
from this assumption will be corrected later. Near »(L) 


Tv Vo 
G(r ~—(c 
21 
and near v(X) 


3(6.6—v?)! 
G")=_"(c-—_), (3) 
2 102 


we find 


(2) 


—) 


where C and C’ are constants to be determined. 


16 J. deLaunay, J. Chem. Phys. 24, 1071 (1956). 
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Fic. 5. The frequency distribution 
of Al, as obtained by three methods 
of calculation. The histogram was 
obtained by Walker,‘ using a force- 
constant model based on x-ray diffuse 
scattering data and sampling the 
solutions of the secular equation at 
approximately 150000 points of the 
zone. The solid curve was obtained by 
Squires'® in a similar manner, but 
using a different force-constant model 
based on the same data. The dashed 
curve was obtained by the author," 
using Walker’s force-constant model 
and the interpolation scheme described 
in the text. 








0.50 
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The numerical constants that multiply the singular 
terms in Eqs. (2) and (3) were determined from the 
estimated curvatures at the critical points by using the 
rules given in reference 11. The curvatures in turn were 
estimated graphically from the experimental data of 
BI, as were the frequencies v(X) and v(L). To complete 
the spectrum it was assumed for simplicity that 
G(v)~[(4Vo)/21C’ for 6.6<v<12.0, while for v? 
> 12.0, G(v?)=0. By putting v?=3.8 in (3) and com- 
paring the result with (2), we estimate C’~C+0.05. 
In order to determine C in a similar way one must 
estimate the value of v at which (1) and (2) should be 
matched. By extrapolating the assumed linear (near 
k=0) and parabolic [near the center X of the (100) 
face of the zone ] frequency curves of Fig. 4 and equal- 
izing the errors, one estimates a good matching value 
is v’=1.9. From this one concludes that C-~0.10. 
Finally this sketch can be checked by seeing how nearly 
the resulting curve is normalized. In units of rVo/Z/ 
the area should be 1.27, whereas a graphical integration 
of the smoothed distribution yields 1.23. The excellent 
agreement is probably not entirely fortuitous, and the 
final values used for C and C’ were respectively 0.102 
and 0.156. 

The method just described for constructing the 
frequency distribution may strike the reader as some- 
what arbitrary. Actually the results are believed to be 
quite accurate, so that the mathematical errors are 
small compared to the experimental uncertainties. The 
reason for this is that after the shapes of the singularities 
are known normalization of each branch separately 
almost forces the frequency distribution to have the 
right form. In this connection it is interesting to 
compare the results of a calculation of this kind with 
those that are obtained from the more conventional 
method of constructing force constant models that fit 
the experimental dispersion relations and then sampling 
the secular equation at many points of the zone by 


using a high-speed computer. For aluminum, using the 
same experimental dispersion curves, but fitting them 
by slightly different force constant models, the conven- 
tional calculation has been carried out by Walker* and 
Squires.’ On the other hand, an interpolation calcu- 
lation, using Walker’s force-constant model to estimate 
frequencies and curvatures at critical points, has been 
carried out by the author." The three results are shown 
in Fig. 5, and it is clear that the interpolation method 
yields results that are closer to Walker’s than are those 
of Squires, so that the experimental uncertainties, even 
in the case of the accurate x-ray data for monatomic 
lattices, are considerably larger than the mathematical 
uncertainties of the interpolation method. 

Prior to the development of the critical point theory, 
Houston" proposed a semianalytic method for obtaining 
the frequency distribution. His procedure fitted the 
radial dispersion curves in several symmetry directions, 
and then assumed that a suitable average of the (easily 
obtained) one-dimensional frequency distributions asso- 
ciated with these curves would give a good represen- 
tation of the three-dimensional frequency distribution. 
Since there are usually critical points along the sym- 
metry directions, Houston’s method introduced spuri- 
ous one-dimensional singularities into the distribution 
at frequencies where the correct distribution has corners 
(usually of the kind associated with P; points). How- 
ever, Houston’s method has the advantage that it gives 
an approximately correct expansion for G(v) in powers 
of k near k=0, and thus for the Debye @ in powers of T 
near 7=0. Since the neutron measurements give the 
dispersion curves along the [100] and [111] directions, 
it might be possible to apply Houston’s method to 
these curves. Unfortunately the measured values are 
sufficiently inaccurate near k=O that it is difficult to 
make an accurate power series expansion in this region. 


16 G. L. Squires, Phys. Rev. 103, 304 (1956). 
17 W. V. Houston, Revs. Modern Phys. 20, 161 (1948). 
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Thus we have calculated only the interpolated fre- 
quency distribution, and not attempted to refine it by 
including higher terms in the series expansions near 
critical points. This limitation will result in errors in 
the specific heat only at very low temperatures. 

Recently Marcus and Kennedy'® have refined 
Houston’s method by assuming a certain radial de- 
pendence but scaling the curves in each direction so as 
to yield the correct slope at the origin of & space as 
given by the elastic constants. Their method, or a 
refinement of it if more experimental data is available, 
might be used to obtain the coefficients of a low- 
temperature expansion of 0. 


3. RESULTS FOR Ge 


The minimal sets for the remaining branches are 
listed in Table I, and the initial complete frequency 
distribution F)(v) is shown in Fig. 6 and tabulated in 
Table II. The minimal sets are only schematic and the 
distributions have been simplified, this time by assum- 
ing v(W)=v(X) for each of the remaining branches. 
Actually there should be a small gap, for instance, 
between the longitudinal acoustic and optic branches; 
our approximation in effect fills this gap by shifting 
equal areas of the distribution from slightly below and 
above the gap into the gap. The effect of such errors on 
experimental quantities such as the specific heat should 
again be small compared to the uncertainties in the 
measured dispersion curves. 




















Fic. 6. The frequency distributions for Ge, Si, and gray tin, 
plotted on a frequency scale reduced by @ in each case. Here 
69= 372°, 645°, and 215°, for Ge, Si, and gray tin, respectively. 


Having obtained the frequency distribution, we are 
in a position to calculate the lattice specific heat. This 
is obtained from the usual formula 


9 


TC" 


C= 3k f ———F(y»)dy, 
0 


(4). 
(e7—1)? 

where x=hv/kT. The integrals were carried out using 

the trapezoidal rule, and the results that were obtained 

are listed in Table III as @neo!, where they are compared 

with the very accurate experimental data of MFL.” 

It can be seen that the initial distribution reproduces 


TaBLE II. The two frequency distributions used in computing the specific heat of germanium. The distributions are normalized so 
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that when integrated by the trapezoidal rule they yield an area of 24/r. 


Fir(») v Fi(») Fu(v) v Fi(v) v Fru») 





0.115 
0.130 
0.150 
0.170 
0.199 
0.278 
0.354 
0.430 
0.580 
0.810 
0.890 
0.970 
1.06 
1.16 
1.47 
1.70 
1.76 
1.82 
1.88 
1.94 
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18 P, Marcus (private communication). 
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TABLE III. The Debye @ vs T for Ge and Si. The experimental 
data were obtained by FLM,* while the theoretical values were 
obtained in the manner described in the text. All temperatures 
are reduced by 0)>=372° and 645° for Ge and Si, respectively. 








T Otheo! Otheo!t (Bexp) Ge 
0.0067 
0.0133 
0.020 
0.033 
0.040 
0.050 
0.060 
0.070 
0.080 
0.100 
0.120 
0.150 
0.175 
0.201 
0.228 
0.255 
0.309 
0.336 
0.403 
0.538 
0.672 
0.807 


Ode! sieh (Bexp)8i (@theo)8i 





0.960 
0.848 


0.932 


0.772 
0.730 
0.720 
0.723 
0.751 
0.779 
0.823 
0.880 
0.915 
0.940 
0.957 
0.980 
0.996 


0.948 
0.900 
0.838 


0.807 


0.780 
0.729 
0.718 
0.724 
0.737 
0.777 
0.822 
0.879 
0.914 
0.940 
0.956 
0.979 
1.005 


0.695 
0.689 
0.697 

0.837 


0.808 0.925 


0.940 1.07 


0.966 
1.14 


1.24 1.004 1.002 


* See reference 12 


the experimental value of @ to within about 3%, and 
has the right shape. Since the theoretical curve is 
everywhere higher than the experimental curve, the 
distribution was slightly modified by reducing all the 
neutron frequencies by 0.15 10", an amount just equal 
to the probable error quoted by Brockhouse and 
Iyengar for the acoustic frequencies. The significance 
of these corrections will be discussed at the end of this 
section. The second distribution is also tabulated in 
Table II, and the results for @neo!! are listed in Table 
III. The tabulated results for the second model agree 
with the experimental ones to within better than 1% 
for 15°<7<125°. Since the completion of these calcu- 
lations MFL have measured the specific heat of Ge 
below 15°; the significance of these measurements is 
discussed in Sec. 5. Above 125° there is an increasing 
discrepancy between the theoretical values and the 
experimental ones. At these temperatures the specific 
heat is less sensitive to the details of the frequency 
distribution; otherwise stated, a small change in the 
specific heat requires a large change in @. In order to 
modify the second model so that it would yield agree- 
ment with experiment at 300°, it would be necessary 
to reduce the Raman frequency by approximately 15%. 
Since such a change is unreasonable, we must look for 
another explanation for the high-temperature discrep- 
ancy. 

One possible explanation for the effect lies in anhar- 
monic corrections."® The simple models that have been 
proposed for these corrections suggest” that they should 

By using the high-temperature Thirring expansion FLM 
have independently concluded that anharmonic effects must be 
present. See Sec. 5. 

*” J. N. Eastabrook, Phil. Mag. 2, 1415 (1957). 
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lead to an additional heat capacity AC, proportional 
to T. FLM"® have analyzed the Ge and Si data and 
shown that a term of this form is present; when this 
term is removed from the specific heat the resulting 
moments of the frequency distribution, as obtained 
from analyzing the high-temperature specific heat data, 
are in good agreement with the moments calculated 
from the frequency distribution (see Sec. 5). 

The only previous calculation for Ge was carried out 
by Hsieh’ using short-range forces which were deter- 
mined from the elastic constants. His results are also 
shown in Table III. As pointed out by BI, a calculation 
based on their data was certain to yield results in better 
qualitative agreement with experiment than those of 
Hsieh, because their results put the plateau of the 
transverse acoustic spectrum at lower frequencies than 
his model did. What is especially satisfying about the 
present results is that such detailed agreement is 
obtained. It is perhaps worthwhile to mention why this 
was to be expected. 

If we contrast the case of Ge with that of Al, whose 
vibration spectrum was studied in detail by Walker* 
using diffuse x-ray scattering, we see that the lattice 
specific heat of Ge is easier to analyze than that of Al 
for several reasons. The most important one is that the 
electronic contribution to the specific heat at low 
temperatures is negligible in semiconductors. Thus the 
calculation of 6(7) is much less ambiguous at low 
temperatures. A second reason is that anharmonic 
effects, as evidenced by thermal expansion and de- 
pendence of the elastic constants on temperature, are 
considerably smaller. Thus the elastic constants of Ge 
change so slowly with temperature (3% in 0°-100°K) 
that no correction has been necessary below 100°. 

Let us summarize at this point the results of the 
calculations of this section. First a frequency distribu- 
tion was constructed based on the neutron scattering 
data. This frequency distribution reproduced the quali- 
tative shape of the specific heat curve very well, but 
predicted values of @ about 3% higher than those 
observed experimentally. This suggested modifying the 
distribution by reducing all the observed neutron 
frequencies by a small and constant amount. The 
resulting spectrum led to gratifying agreement with 
the specific heat data over the entire temperature range 
15°-125°. This result suggests that the assumption 
that was made at the beginning of this section, that the 
two transverse acoustic modes have practically the 
same frequency distribution, is at fault. The correct 
transverse acoustic frequency distribution probably 
consists of two parts, with one branch’s distribution 
essentially given correctly as in Fy(v), and the other 
branch’s center of gravity approximately 0.3X 10!/sec 
lower in frequency than the first’s. This could come 
about if the frequencies of the second branch along the 
[110] direction were considerably lower than those of 
the first branch. This would imply, in turn, a more 
isotropic character for the TA IT branch. 
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It should be noted that it is still necessary to reduce 
the longitudinal frequencies by 0.1510” in order to 
fit the specific heat around 7/@=0.2. This correction 
is well within the limits of experimental error quoted 
by Brockhouse and Iyengar. 


4. OTHER DIAMOND-TYPE CRYSTALS 


It is reasonable to expect that the vibration spectra of 
diamond-type crystals will exhibit a certain resemblance 
to one another. In Fig. 7 the reduced Debye tempera- 
ture is shown as a function of reduced temperature 
for C, Si, Ge, and gray tin,”! and it is seen that this 
is indeed the case for the last three crystals. The values 
of 6 of 374° and 648° for Ge and Si, respectively, have 
been taken from the calculations of deLaunay.'® Using 
his tables and the values of the elastic constants 
measured by McSkimi and Bond,” a value of @)= 2240° 
was calculated for C; this value is considerably higher 
than the one calculated on the basis of earlier and less 
accurate values of the elastic constants. For gray tin 60 
was taken to be 215°, in agreement with the value 
deduced later in this section. From the figure it is 
clear that the dip in @ increases with increasing atomic 
weight, as was first observed by Hill and Parkinson.” 

We begin by considering Si. From Fig. 7 it is clear 
that the frequency distributions of Si and Ge must be 
very similar, except for a change of scale.% Indeed the 
6(T) minimum is very well fitted by Fy({v), and at 
higher temperatures the fit is still fairly good. It is 
the neasy to see that if F\(v) is modified by shifting the 
longitudinal and optical peaks of the frequency distri- 
bution to somewhat lower frequencies, good agreement 
will also be obtained at higher temperatures. The 
resulting frequency distribution for Si is shown in Fig. 
6, and the results for 6(7) are listed in Table III. It 
can be seen that excellent agreement is obtained 
throughout the entire temperature range. 

To analyze the vibration spectrum of gray tin 
quantitatively several difficulties must be overcome. 
Large single crystals of gray tin have been grown only 
recently® and in particular the elastic constants have 
not been measured. Thus we must resort to a trick to 
estimate 4. We take advantage of the fact that the 
elastic constants of InSb and GaAs have been meas- 


+ Note added in proof.—Since this paper was submitted a letter 
has appeared [Cole and Kineke, Phys. Rev. Letters 1, 360 (1958) ] 
presenting vibrational spectra for Si and Ge. The Ge spectrum is 
quite similar to ours except for a peak in the long. acoustic branch 
near v=5-10" sec”. It is unlikely that this peak is consistent with 
the specific heat data. The Si spectrum is definitely wrong because 
the optical mode frequencies are too large by a factor of 2. 

21 The data for gray tin are taken from R. W. Hill and D. H. 
Parkinson, Phil. Mag. 43, 309 (1952). The remaining curves are 
taken from reference 12. 

2H. J. McSkimin and W. L. Bond, Phys. Rev. 105, 116 (1957). 

23 R. W. Hill and D. H. Parkinson, reference 21. 

* B. N. Brockhouse (private communication). 

260. N. Tufte and A. W. Ewald, Bull. Am. Phys. Soc. Ser. IT, 
3, 128 (1958). 
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Fic. 7. The reduced Debye temperature as a function of reduced 
temperature for elements crystallizing in the diamond structure. 


ured.”*27 The values for GaAs at 25°C are (in units 
of 10! dynes/cm?): ¢1;=1.192, ¢4.=0.538, ¢44=0.5986. 
From this we find @9(Ge)=1.0750)(GaAs), and since 
the thermal value”* of @o(InSb) = 200°, @9(Sn)=215°. 

We should also like the optical mode frequencies at 
k=0 in gray tin. These can be obtained in a similar 
way, by taking advantage of the fact that the transverse 
optical modes are optically active in GaAs and InSb. 
Since only the longitudinal modes are affected by long- 
range Coulomb forces, we feel justified in assuming 
that vo(Sn)/vo(InSb)=v9(Ge)/vo(GaAs). Here vo de- 
notes the transverse optical frequency at k=0; it has 
been found to be 5.2310" sec in InSb” and 8.02 
X10" sec! in GaAs. Now we find vo/@=1.10, 1.15, 
and 1.34 in GaAs, Ge, and InSb, respectively. Thus we 
put in gray tin vo= 1.399= 300°. 

With these numbers as a guide we can find a fre- 
quency distribution similar to the ones used for Ge and 
Si, but with the different peaks shifted somewhat to 
produce a good fit to the experimental specific heat. 
After a few tries it was found that the following distri- 
bution, which is shown in Fig. 6, yielded good results: 

(a) The distribution of the transverse acoustic 
branches is determined near v=0 to yield, for the rea- 
sons discussed above, 0)= 215°, while the bulk of the 
distribution is (relatively) lower than in Ge, in order 
to fit the experimental specific heat near the minimum 
in @. 


26R. F. Potter, Phys. Rev. 103, 47 (1956). 

27 T. Bateman and H. J. McSkimin (private communication). 

28 P. H. Keesom and N. Pearlman (private communication). 

2% H. Yoshinaga and R. A. Oetjen, Phys. Rev. 101, 526 (1956). 

* Picus, Burstein, Henvis, and Hass, J. Phys. Chem. Solids 
(to be published). 
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Fic. 8. The reduced Debye 6 as a function of reduced temper- 
ature for gray tin. The experimental curve is due to Hill and 
Parkinson,”' while the theoretical values were obtained using the 
frequency distribution shown in Fig. 6 and including the correction 
for anharmonicity discussed in the text 




















(b) The longitudinal acoustic and optic distributions 
are lowered as indicated in the figure. 

(c) The transverse optic branches are raised even 
slightly more than had been suggested by the similarity 
argument. The final value used for vp was 1.444)= 310° 
= 6.45 X 10"/sec. 

The fit obtained to the specific heat is depicted in 
Fig. 8. Although it may appear surprising that the 
longitudinal branches are reduced in frequency while 
the Raman frequency is, on a reduced scale, consider- 
ably increased, this combination is required to fit the 
sharp rise in 0/@) for T7/@) varying between 0.15 and 
0.30. At higher temperatures anharmonic corrections 
are small, for 7/@)<0.4, but they have been included 
roughly by assuming them to be similar to the correc- 
tions found by FLM for Si and Ge. Thus at 7/6 
=().4AC, was taken to be 0.02 cal/gram-atom. 

At this point it is interesting to compare the specific 
heat data of Pearlman and Keesom” on InSb with that 
of grey tin. The data are almost identical over the 
range measured by Pearlman and Keesom, which was 
from 10° to 20°K. This suggests that the frequency 
distributions of the transverse acoustic branches of the 
two crystals are very similar except for the 7% differ- 
ence in curvature near v=0. 

We conclude this section with some remarks about 
diamond, the specific heat of which has recently been 
accurately remeasured by Desnoyers and Morrison.*! 
Because of the high value of @) the measurements cover 
only T<60/7. Consequently 6(T) is known only in the 
vicinity of its minimum. The shape of the minimum is 
determined primarily by the shape and location of the 
first peak in the transverse acoustic frequency distri- 
bution. An interpolation between the results for the 
specific heat obtained here and those of Smith,” on a 


31 J. E. Desnoyers and J. A. Morrison, Phil. Mag. 3, 42 (1958). 
# H. M. J. Smith, Trans. Roy. Soc. (London) A241, 105 (1948). 
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universal scale reduced by 4, leads to the conclusion 
that if the first peak occurs at a frequency w=2zv 
=0.95 X10" sec, the resulting specific heat will closely 
resemble that shown for C in Fig. 7. This is close to 
Smith’s result (0.99X10" sec~'), and it suggests that 
the agreement she obtained with experiment (although 
she was using incorrect elastic constants) was the result 
of a fortuitous prediction by her model of the transverse 
acoustic frequency at L. 


5. SOME GENERAL REMARKS ABOUT THE 
ANALYSIS OF SPECIFIC HEAT DATA 


The very detailed agreement that has been obtained 
for the specific heats of Ge and Si prompts one to 
inquire how much can be learned about vibration 
spectra from specific heat data. In this section we shall 
try to arrive at some general conclusions about this 
question, basing the remarks on the results for diamond- 
type crystals. Similar treatments could be given for 
other crystals. 

The usual analysis of specific heat data has been 
based on either high- or low-temperature expansions 
of 0(7). A thorough discussion of these methods, with 
application to alkali halide crystals, has been given by 
Barron, Berg, and Morrison.* In the low-temperature 
region the specific heat determines the expansion of 
the frequency distribution as 

G(v)=N (av?+Bv'+yv'+ ---). (5) 

The quantities a, 8, and y were determined for a 

number of alkali halides by Barron, Berg, and Morrison 

and FLM have also determined these quantities for 

Ge and Si. At high temperatures one expands @ in 
powers of 7-?: 

@=0,,2{1—A (0,,/T)°+B(0./T)*— +++}, (6) 


and here 6,,, A, and B are determined by the second, 
fourth, and sixth moments of the frequency distribution: 


(7) 


w= f v"G(v)dv. 
0 


The quantities ue, ws, and us have also been determined 
by the above workers for the alkali halides and Ge and 
Si. From our frequency distribution for Ge it is possible 
to calculate these moments; the results are shown in 
Table IV, where they are compared with the moments 
independently obtained by FLM from their specific 
heat data. The agreement is fairly good. It should be 
noticed, as has been emphasized by Morrison et al., that 
anharmonic effects are best eliminated by use of Eq. (6). 

Recently Hwang* has shown how to obtain all the 
moments un for —3<n<0 by using the complete specific 
heat curve. Using his results Barron, Berg, and Morrison 


% Barron, Berg, and Morrison, Proc. Roy. Soc. A242, 478 
(1957). 
4 J-L. Hwang, J. Chem. Phys. 22, 154 (1954). 
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construct a smooth curve for vp(m)=[(m+3)un/3]"" 
for —3<n<6. This curve contains additional infor- 
mation from the specific heat data in the intermediate 
range. In this paper we have based all our calculations 
on the frequency distribution itself, and modified it by 
trial and error to obtain good fits to the @(7) curves. 
A more systematic approach would be to assume a 
frequency distribution having the correct general shape, 
as determined from neutron measurements or force- 
constant models by the methods outlined in Sec. 2. 
One would then determine the locations and strengths 
of the main peaks by fitting to the curve of vp(n). 
This procedure is very well suited to machine compu- 
tation. 

As was remarked earlier, it appears that the specific 
heat curve is sensitive to the shape of only the trans- 
verse acoustic distribution. This point can be illustrated 
by approximating the frequency distribution of Ge by 
three 6 functions (y is in units of 10'*/sec): 


G(v)=3[6(v—2.5)+5(v—7.0)+6(y—8.5)], (8) 


and computing pe, ws, and us. The results obtained from 
(8) are listed in Table IV, and it can be seen that they 
are scarcely distinguishable from the results obtained 
from the complete distribution. 

Assuming that one has constructed a frequency 
distribution that gives a good fit to the specific heat 
data, as we have in Sec. 4 for gray tin, what can be 
said about the vibration spectrum itself? One cannot 
expect to separate directional differences from a one- 
dimensional frequency distribution, without other 
information. By comparison with Ge we can say that 
the gray tin distribution indicates that the transverse 
acoustic curves along the [111] direction are even 
flatter in gray tin than in Ge, and on a reduced scale 
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TaBLE IV, The second, fourth, and sixth moments of the Ge 
frequency distribution. The experimental values were calculated 
from a high-temperature expansion of @ in powers of 7~*. 











m2 (1025) wa (105) uo(1077) 


Exper.* 4.0640.06 2.504015  1.75+0.21 
Theory (F:) 4.00 2.29 1.43 
G [Eq. (8)] 4.2 2.5 1.6 











® See reference 12. 


the TA frequency at LZ should be about 10% lower. 
Otherwise we know only that the longitudinal fre- 
quencies near the zone edge, again on a reduced scale, 
are about 10% lower on the average than those of Ge, 
while the transverse optic frequencies (including the 
Raman frequency) are 25% higher. 

In conclusion it appears that the greatest amount of 
information can be extracted from specific heat data 
by combining a moment analysis with a frequency 
distribution containing appropriate singularities.f 
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Exciton-Induced Photoemission from BaO near 80°K* 
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This paper reports a new photoelectric study of BaO at 80°K. Special attention was devoted to the 
spectral region near hy=4 ev, where Zollweg and Jahoda have found four peaks in the optical absorption. 
When BaO contains electron donor states lying less than 2 ev below the vacuum, these peaks show up 
clearly at 80°K in the spectral distribution of the photoelectric yield. The effect appears similar in character 
to exciton-induced photoemission from alkali halides. In BaO, the phenomenon furnishes a particularly 
sensitive means of studying the weak absorption peak at 3.8 ev, which can give rise to photoemission at 
photon energies as low as 3.3 ev. This is probably the source of the unexpected slow electrons previously 
observed by Philipp in energy distributions. Electron donor states giving rise to photoelectric thresholds as 


small as 0.8 ev were seen during the present studies. 





INTRODUCTION 


OLLWEG! and Jahoda? have found structure in 
the fundamental optical absorption and reflectivity 
of BaO near hyv=4 ev.* Sharp maxima in the optical 
absorption are similar in some ways to the fundamental 
absorption peaks of alkali halides,*:* in which the peaks 
of lowest photon energy are associated with non- 
conducting excited states ascribed to exciton formation. 
Optical energy absorbed in these exciton peaks can be 
transferred to F centers or to other electron donor 
centers present in the crystal. The centers are ionized 
and exciton-induced photoemission results.® 
This report describes new photoelectric experiments 
on BaO. Special attention was devoted to the absorption 
peaks described by Zollweg and by Jahoda. In order to 
detect exciton-induced photoemission, electron donor 
centers were introduced, and the measurements were 
made at 80°K. The results are compared with those for 
alkali halides. 


EXPERIMENTAL DETAILS 


Phototubes with cylindrical collectors were used.’ 
The BaO emitters were formed by decomposing 


* Presented in part at the New York Meeting, January, 1958 
[E. Taft and L. Apker, Bull. Am. Phys. Soc. Ser. IT, 3, 46 (1958) ]. 

1 R. J. Zollweg, Phys. Rev. 97, 288 (1955); see also Bull. Am. 
Phys. Soc. Ser. IT, 2, 342 (1957); G. A. Saum and E. B. Hensley, 
Bull. Am. Phys. Soc. Ser. II, 2, 343 (1957); K. Takayawa and 
T. Tomotika, J. Phys. Soc. Japan 9, 996 (1954); K. Okumura, 
Phys. Rev. 96, 1704 (1954). 

? F.C. Jahoda, Phys. Rev. 107, 1261 (1957). 

8 W. W. Tyler and R. L. Sproull, Phys. Rev. 83, 548 (1951), 
showed in earlier work that the absorption constant rose rapidly 
to values near 10° in this region. See also E. A. Taft and J. E. 
Dickey, Phys. Rev. 78, 625 (1950). 

4See W. Martienssen, J. Phys. Chem. Solids 2, 257 (1957) and 
cited references to earlier work; Hartman, Nelson, and Siegfried, 
Phys. Rev. 105, 123 (1957); K. J. Teegarden, Phys. Rev. 108, 660 
tiosy’ E. A. Taft and H. R. Philipp, J. Phys. Chem. Solids 3, 1 

1957). 

5 For recent theoretical references, see A. W. Overhauser, Phys. 
Rev. 101, 1702 (1956); R. L. Dexter, Phys. Rev. 108, 707 (1957); 
J. J. Hopfield, Bull. Am. Phys. Soc. Ser. II, 3, 125 (1958); J. R. 
(rose) and J. J. Hopfield, Bull. Am. Phys. Soc. Ser. II, 3, 126 

1958). 

*H. R. Philipp and E. Taft, Phys. Rev. 106, 671 (1957) and 

cited references. See also, D, L. Dexter, in Proceedings of the 


Mallinckrodt BaCO; on Pt, Ni, or Ta ribbons in the 
usual manner. The ribbon supports were vertical 
Kovar tubes (8-mm diameter) which were sealed 
through the wall of the tube envelope. Enough current 
could be passed through these to heat the ribbon 
electrically to temperatures above 1200°C. Alterna- 
tively, the Kovar tubes could be filled with liquid 
nitrogen in order to cool the emitter to temperatures 
within a few degrees of 80°K. The phototube windows 
were made of fused quartz. Small evaporators mounted 
inside the collector served in some cases as sources of 
Mg to introduce donor levels in the BaO. Donors were 
also formed by heat treatment like that used in activ- 
ating thermionic cathodes.* Other experimental details 
are given in previous papers.®.’ 


DISCUSSION OF RESULTS 


Figure 1 shows the spectral distribution of the photo- 
electric yield near 80°K from a typical BaO sample 
containing donors. Several different phenomena occur 
in different spectral ranges. Proceeding from low photon 
energy toward high, we shall treat them in sequence. 

First, a very small photoelectric yield appears at a 
threshold photon energy just below 1 ev. It has a form 
characteristic of direct ionization.® The electron energy 
level involved is surprisingly shallow. It is apparently 
populated only at low temperature. Thus, this yield 
does not appear if the emitter is warmed to 300°K. As 
judged by the photoelectric yield at hy~1.4 ev, for 
example, the concentration of these centers may be 
increased at 80°K by irradiating the emitter at higher 
photon energies (especially in the region of fundamental 
absorption above 4 ev). The centers disappear slowly 
in the dark at 80°K. In the course of a day, the photo- 
electric yield at Av=14 ev decreases from 10-° 
electron/incident photon to less than 10~7. During the 
irradiation that is necessary to measure the yield, the 
centers are of course destroyed more rapidly. 


Varenna Conference, 1957 [Suppl. Nuovo cimento 7, 157 (1958)]; 
J. Chem. Phys. 21, 849 (1953). 

7 For a sketch of a related design, see L. Apker and E. Taft, 
Phys. Rev. 81, 698 (1951). 


8 See, for example, H. R. Philipp, Phys. Rev. 107, 687 (1957). 
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EXCITON-INDUCED PHOTOEMISSION FROM BaO 


Although the center responsible for this yield was 
not identified in this work, the energy level is an 
interesting one. The behavior is somewhat like that of 
F’ centers in alkali iodides, but the level is not so deep. 
(One notes that the threshold for this yield from BaO 
is almost as small as that for emission from silver 
oxide-cesium surfaces). Conceivably, a surface level 
may be involved. In order of magnitude, 10 occupied 
levels per cm? could produce a yield this large.* On the 
other hand, if the donor is in bulk BaO, the level 
presumably lies below the bottom of the conduction 
band. If this band is not distorted by electric fields 
near the surface, the electron affinity of the BaO must 
be less than the threshold value, which itself is below 
1 ev.” This result is consistent with a suggestion by 
Hensley" that the electron affinity of BaO is less than 
1 ev. 

In Fig. 1, the yield shows a second threshold near 
1.6 ev. This is due to direct ionization of donors that 
arise when the BaO is activated by heat treatment. 
Again they were not identified in this work, but they 
are apparently the same centers as discussed by 
Philipp,* and they appear along with high thermionic 
emission. They are stable above 500°K. (Irradiation of 
BaO near room temperature can produce electron donor 
centers with about the same photoelectric threshold 
energy, but these are not stable at higher temperatures). 
The photoelectric yield from these donors has a plateau 
value near 2X10~ electron per incident photon. This 
could arise in a concentration of occupied surface 
levels 10'* cm~*. We think it more likely, however, 
that this yield arises from levels in the volume. Follow- 
ing the rough estimate made for F centers in KI,° one 
concludes that a concentration of order 10” cm~ in a 
layer 10~* cm thick near the surface could give such a 
yield. 

When these donors are present in BaO, the yield 
rises sharply at about hy=3.3 ev. This rise is not due 
to direct ionization. It reaches a plateau (and in some 
cases, a peak) near 3.8 ev, where Zollweg and Jahoda 
both noticed evidence for a weak absorption peak. 
This structure shows up more clearly in photoemission 
than in absorption. It is conceivable that it is analogous 
to 8-band or similar perturbed fundamental absorption 
in alkali halides, which can lead to a type of exciton- 
induced photoemission.” If it is due to absorption in 
the ideal lattice, it is surprisingly broad. In any event, 


§ Apker, Taft, and Dickey, Phys. Rev. 74, 1462 (1948); 79, 
964 (1950). 

10 This conclusion also holds if the conduction band rises toward 
the surface (that is, if the BaO is less strongly nm type at the 
surface than in the bulk). If the conduction band rises away from 
the surface (if the surface is more strongly m type than the bulk), 
one must be more cautious. The threshold may then be less than 
the electron affinity, but the yield should then rise with hy more 
slowly than in the other case. 

u—. B. Hensley, J. Appl. Phys. 23, 1122 (1952); see also 
reference 16. 

2. Taft and L. Apker, J. Chem. Phys. 20, 1648 (1952). 
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Fic. 1. Spectral distribution of the photoelectric yield from a 
typical sample of BaO containing donors (upper solid curve). 
The dashed line shows data on a relatively pure sample, for which 
the photoemission arises only in the valence band. The lower 
solid curve shows the optical absorption of a well-annealed thin 
film of BaO (ordinate scale at the right) measured with the same 
monochromator. Absolute values of absorption coefficient were 
estimated to be within a factor of three of those given by Zollweg; 
they have been set equal to Zollweg’s values on the scale above. 


the peak position agrees with that deduced by Zollweg 
and Jahoda. 

This absorption is doubtless the source of the 
surprisingly large yield of slow photoelectrons found 
by Philipp for values of hv near 3 ev.*8 These electrons 
had an energy distribution characteristic of exciton- 
induced emission, which, at the time that this work 
was done, was quite unexpected at such low photon 
energy. 

The sharp peaks at 3.91, 4.05, and 4.30 ev are 
coincident in position and consistent in magnitude," 


13 Evidence for this same type of emission may be found in 
spectral distributions given by H. B. DeVore and J. W. Dewdney, 
Phys. Rev. 83, 805 (1951) 

14 For the carefully annealed films used by Zollweg and for the 
single crystals used by Jahoda, the peak at 4.05 ev is stronger 
than at 4.31. For less carefully annealed films, the peak at 4.05 
is weaker. The photoemission from BaO made by pyrolysis of 
BaCO; shows structure that resembles the absorption in the latter 
films. One notes also that for alkali halides, at least, the photo- 
electric yield rises more slowly than the optical absorption 
constant when the latter exceeds about 2X 105 cm™ (presumably 
because photoelectrons escape from depths of order 5X 10~¢ cm). 
Both photoemission and optical absorption measurements made 
on thin films of BaO in a tube like that of reference 7 indicate 
that the temperature dependence of the exciton peak positions 
is about 10~ ev per degree. There is an indication that the higher 
energy peaks move slightly toward higher energy as temperature 
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{ 
with the optical absorption peaks of BaO. It is most 
unlikely that they are a trivial consequence of structure 
in the reflectivity of BaO, since they would then have 
quite different locations and magnitudes. Thus, we 
interpret these peaks as due to exciton-induced photo- 
emission. One notes that this process is about 100 
times more efficient than direct ionization at the con- 
centration of donors used in the experiment of Fig. 1. 
The photoelectric yields are large, rising above 0.01 
electron/incident photon. As in the case of alkali 
halides,® the donors are probably so numerous and 
close together that either resonant transfer (with a 
range of about 50 A) or exciton migration could account 
for the observed yields.* This exciton-induced emission 
(as well as that at 3.8 ev) appears only when there are 
donor centers lying less than 2 ev below the vacuum, 
as judged by the threshold for direct ionization. For 
donors lying farther below the vacuum than this, the 
yield exhibits a decrease, rather than an increase, as hv 
enters the region of fundamental absorption.’ Thus, 
we conclude that while about 4 ev is required to create 
the excitons in BaO, only about half of this is transferred 
to the electrons in donor centers when they are ionized. 
This is similar to the situation for F centers in alkali 
iodides. 

To facilitate discussion of yields from BaO at higher 
photon energies, we first restate the present situation 
for_alkali halides. Just beyond the first peak in the 
photoemission from alkali iodides, there is a small peak 
(as yet of unexplained origin) near an optical absorp- 
tion edge which has been attributed to interband 
transitions.'!® Beyond the edge, the optical absorption 
shows a plateau, but the photoemission decreases. 


increases ; the peak at 3.8 ev may move slightly toward lower 
energies (thus i in photoemission it is better resolved as a peak at 
room temperature). 

16 E. A. Taft and H. R. Philipp, J. Phys. Chem. Solids 3, 1 
(1957). 
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AND APKER 


Optical absorption peaks lying at higher energies than 
the edge do not show up in the photoemission. At an 
energy about 1 ev above the edge is the threshold for 
photoemission from the valence band (except in the 
case of CsI, for which the threshold is practically co- 
incident with the edge). 

For BaO at 80°K there are four optical absorption 
peaks, as follows: a weak, broad one at about 3.8 ev; 
a very sharp one at 3.91 ev (width, 0.02 ev); two 
broader ones at 4.05 ev (width, 0.07 ev) and 4.30 
(width, 0.22 ev). These are followed by a plateau 
absorption; if this is due to exciton absorption bands 
they are not resolved. Finally, just above hyv=5 ev is 
a rapid rise in absorption which has been ascribed to 
interband transitions.!* Continuous absorption due to 
indirect interband transitions may set in at even lower 
energies, but it is not easy to tell just where it begins. 
One may consistently explain the optical absorption 
data, for example, as due to four peaks followed by 
continuum that begins at about Ay=4.5 ev. 

In any event, all four peaks show up clearly in the 
photoemission. Tf we argue by analogy with alkali 
iodides, this suggests that none of these peaks is super- 
posed on strong continuum due to interband transitions. 
We can not be sure, however, that the analogy is 
reliable in this case. 

Photoemission from the valence band begins near 
5 ev.!7 (It becomes large enough at about 5.5 ev in 
Fig. 1 to produce a rise in the yield.) If we subtract the 
electron affinity of BaO from this threshold value of 
5 ev, we get the threshold for indirect interband 
transitions. An electron affinity less than 1 ev and an 
interband optical absorption threshold above 4 ev, as 
mentioned above, are consistent with the data of Fig. 1. 


16 J. A. Krumhansl, Phys. Rev. 82, 575 (1951); A. Morita and 
C. Horie, Science Repts. Toheku Univ. 26, 260 (1952). 
17 Apker, Taft, and Dickey, Phys. Rev. 84, 508 (1951). 
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Peculiar changes in the ferroelectric hysteresis loops of single 
crystals of triglycine sulfate result when the crystals are subjected 
to ionizing radiations (x-rays and electrons). Fully polarized 
crystals develop hysteresis loops biased along the field axis while 
partially polarized crystals develop double-loop patterns, each 
subsidiary loop being biased to the same extent but in opposite 
directions. The biased loops retain their rectangularity during the 
early stages of the bombardment. The bias field builds up steadily 
during the bombardment while the reversible polarization shows 
no change at first but eventually, at a fairly well-defined value of 
the bias field, it begins to decay in a fairly rapid manner. 

Unusual field- and temperature-dependent changes in the 
shapes of the ‘“‘damaged” hysteresis loops are observed. Under 
certain conditions, a double-loop pattern will ‘‘anneal” into a 
normal single loop simply as a result of applying the ac field; but 
when the field is removed, the crystal relaxes back to its double- 
loop form. Such cycles can be repeated, apparently indefinitely, 
provided that the field is not removed for too long a period. If 
this happens, the double-loop pattern fails to respond to further 


INTRODUCTION 


HILE studying the effects of radiation damage 

on the electrical properties of ferroelectrics, 
some strange results were obtained when triglycine 
sulfate crystals were subjected to ionizing radiations. 
In some preliminary experiments electrons of up to 
1-Mev energy from a Van de Graaff accelerator were 
used, and it was found that even at electron beam 
current densities of a few microamperes per square 
centimeter the ferroelectric characteristics of the 
crystals deteriorated considerably in a few seconds. 
Furthermore, electrons of less than 100-kev energy 
also produced rapid deterioration of the dielectric 
hysteresis loop. Such low-energy electrons were un- 
suitable for controlled radiation damage experiments 
because of their low penetration into the crystal com- 
pared with the thickness of the crystal, thereby resulting 
in considerable nonuniformity in the amount of damage 
and, consequently, inhomogeneous strains in the crystal. 
To minimize this difficulty, all subsequent experiments 
were made using x-rays of up to 30-kev energy from an 
x-ray tube designed for x-ray diffraction work. The 
primary action of the x-rays is to liberate photoelectrons 
more or less uniformly throughout the volume of the 
crystal and with energies ranging up to the maximum 
photon energies present. This paper describes the 
effects such radiation has on the conventional dielectric 
hysteresis loop and on the pyroelectric properties of the 
crystal. The ferroelectric mechanism of a crystal is 
usually pictured with the aid of a potential energy 
diagram, generally the well-known double-minimum 


* This work was supported in part by the Wright Air Develop- 
ment Center of the U. S. Air Force. 


field treatments though it can be returned to the more unstable 
state by gentle heat treatment of the crystal. 

The experiments rule out explanations of the effects base ' on 
the setting up of space charge fields or on nonuniform damaging 
of the crystal. It seems most likely that the effects are caused by 
the gradual building up of a more or less uniform strain in the 
crystal. The results are discussed in terms of the conventional 
double-minimum potential energy curve used for describing 
ferroelectric mechanisms. On the basis of some pyroelectric 
studies, however, it appears that a rather more complicated 
potential energy curve is needed to describe ferroelectricity in 
triglycine sulfate. 

It is pointed out that, as the x-ray dosages required to produce 
large changes in the ferroelectric properties are small compared 
with those usually used in crystallographic structure determina- 
tion, it seems most unlikely that the structure of an undamaged 
triglycine sulfate crystal has yet been determined, and one 
wonders how true this may be of certain other structure determina- 
tions for radiation-sensitive organic crystals. 


curve. To account for the radiation damage effects in 
triglycine sulfate it seems necessary to modify this 
idealized curve somewhat and to ascribe certain 
progressive changes to it during the bombardment. 


EXPERIMENTAL 


Ferroelectricity in triglycine sulfate crystals was 
reported by Matthias, Miller, and Remeika.' The 
crystals used in these experiments, which were grown 
by Remeika, were cleaved into thin slices. These slices 
were ground down to the desired thickness, usually 
about 0.005 inch. Crystals of this thickness produced 
only a few percent attenuation of the x-rays. Early in 
these investigations it became obvious that many of 
the strangely distorted hysteresis loops observed with 
freshly prepared samples could be traced to the use of 
x-rays to determine the crystallographic orientations 
in the parent crystal preparatory to cleaving or cutting. 
All the results described here were obtained using 
crystals that had not previously been exposed to x-rays 
at any time; as the cleavage plane is perpendicular to 
the ferroelectric axis it was not essential to use x-rays 
to determine the crystallographic orientation. 

The thin crystal slices were cut into units about 3 
mm square and gold electrodes, 2 mm in diameter, 
were evaporated opposite each other on the major 
faces. The leads were narrow strips of aluminum foil, 
affixed to the gold electrodes by minute spots of air- 
drying silver paste. The other ends of the leads were 
cemented onto a microscope slide using silver paste. 

The crystal was mounted about 1 cm from the 
window of the x-ray tube where it was subjected to the 


1 Matthias, Miller, and Remeika, Phys. Rev. 104, 849 (1956). 
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Fic. 1. Transient change in the shape of the hysteresis loop as 
frequently observed in crystals subjected to an electric field for 
the first time. The solid line represents the initial shape of the loop. 


full spectrum emitted by a copper target. Except where 
noted otherwise, the electrical measurements were made 
with the x-rays turned off. Many of the hysteresis loop 
measurements were made using the well-known Sawyer- 
Tower circuit. However, this has phase compensation 
controls the settings of which are rather arbitrary, 
making measurement of the coercive force unreliable. 
This difficulty is avoided with a second type of circuit 
which was used in all the later work, the circuit having 
been developed by Diamant, Drenck, and Pepinsky.’ 
The loops were normally obtained using the line fre- 
quency of 60 cps. The pyroelectric measurements were 
made using the light-chopper technique that has been 
described previously .* 


RESULTS 
(a) Hysteresis Loops of Undamaged Crystals 


In practice it was usual to increase gradually from 
zero the amplitude of the ac field applied to the crystal, 
thus enabling the onset of the hysteresis loop to be 


Fic. 2. Typical 
distortion of hys 
teresis loop that re- 
sults when triglycine 
sulfate crystals are 
subjected to “moder- 
ate” amounts of 
bombardment __ by 
x-rays. 


? Diamant, Drenck, and Pepinsky, Rev. Sci. Instr. 28, 30 (1957). 
* A. G. Chynoweth, J. Appl. Phys. 27, 78 (1956). 


Fic. 3. Example 
of the more complex 
distorted hysteresis 
loops _ occasionally 
produced by x-ray 
bombardment. 


observed on the oscilloscope. Crystals subjected to 
switching fields for the first time usually exhibited 
peculiar little kinks in their hysteresis loops at approxi- 
mately zero polarization, the kinks being particularly 
noticeable when the maximum amplitude of the field 
was just sufficient to switch a major fraction of the 
crystal. These kinks, which are shown in Fig. 1, always 
died out within a few seconds whereupon the loop 
became normal and almost rectangular. The kinks 
could not be made to reappear by removing the field 
temporarily. 


(b) Changes Observed in Shapes of Hysteresis 
Loops during Bombardment 


The first experiments were with unpoled crystals 
(i.e., less-than-saturated polarizations). After moderate 
bombardment the hysteresis loops take on forms of 
which Fig. 2 is a typical example. The striking feature 
is that the original rectangular hysteresis loop has split 
up into two separate loops, each fairly rectangular, 
and which are biased by equal and opposite amounts 
along the field axis. The heights of the two loops are 
usually different but their sum is equal to the height 
of the loop before damaging. As the bombardment 
continues, the separate loops retain their individual 
heights but the bias field increases steadily so that the 
two loops move further and further apart. (The bias 
field is defined as the value of the applied field cor- 
responding to the center of the hysteresis loop.) 
Sometimes more complex hysteresis patterns were 


(b) 


Fic. 4. Biasing effects produced iri two similar crystals subjected 
to identical bombardments, the crystals having been polarized to 
saturation before the bombardment by dc fields of opposite 
polarities. 





RADIATION 


Fic. 5. Effect of 
maintaining an ac field 
on the crystal during 
the bombardment: hys- 
teresis loops (a) before 
the bombardment, (b) 
at the end of the 
bombardment, and (c) 
after removing the field 
for a few minutes. 


(a) 


observed suggesting three, or even four, loops altogether. 
An example of this is shown in Fig. 3. 

A pattern for the major biasing effects was established 
as follows. If, before the bombardment, the crystal was 
polarized to saturation by a short application of a dc 
field, the bias developed as before but the loop moved 
as a whole rather than splitting up into two loops. 
This is shown in Fig. 4. Furthermore, the direction in 
which the loop biased depended on the direction of the 
dc field used for the initial polarizing of the crystal. 
The pyroelectric measurements to be described later 
showed that if the crystal was polarized with a negative 
field the loop developed a bias in the positive field 
direction, and vice versa. 

Next, a 60-cps field of amplitude considerably 
greater than the coercive field was applied throughout 
the bombardment. During the bombardment the ap- 
pearance of the hysteresis loop remained normal apart 
from a relatively slight increase in the coercive field 
[ Fig. 5(b)]. However, if the field was removed for 
several minutes and then reapplied, the loop showed a 
splitting, as shown in Fig. 5(c). More of these time 
effects will be described later but this experiment again 
indicates that the sign of the bias developed by the 
crystal, or individual domains thereof, depends only 
on the direction of the spontaneous polarization in the 
crystal, or individual domains. Furthermore, the fact 
that the separating loops remain fairly rectangular 
shows that the magnitude of the effect brought about 
by the bombardment is the same in every part of the 
crystal. Also, the clean separation of the loops shows 
that the damaging effects in a part of the crystal 
polarized in one direction proceed independently of 
what is happening in an adjacent region polarized in 
the opposite direction. 


(c) Effect of Bombardment of Crystal above 
the Curie Temperature 


A crystal, whose initially normal room-temperature 
hysteresis loop is shown in Fig. 6(a), was subjected to 
the 30-kv radiation while it was kept at a temperature 
considerably higher than its Curie point. No field was 
applied during this bombardment which lasted for 10 
minutes, a period sufficient to make the biasing effects 


DAMAGE EFFECTS 


(c) 


apparent. At the end of the bombardment the crystal 
was cooled to room temperature whereupon its hys- 
teresis loop [Fig. 6(b)] at first appeared rather like 
the split loop of Fig. 5(c). However, maintaining the 
ac field for a few minutes caused the loop to return to 
normal [ Fig. 6(c) ]. If the field was next removed for 
several minutes and then reapplied, the hysteresis 
loop initially appeared split [Fig. 6(d)], but again, 
the normal loop was soon regained if the field was 
maintained. 


(d) Effect of Energy of X-Rays 


For most of the experiments the x-ray machine was 
run at 30-35 kv, producing the behavior described 
above. However, very similar results were obtained 
with the machine running at 8 kv, although, on account 
of the reduced intensity, the bombardment times had 
to be considerably greater to produce comparable 
effects. In one experiment a crystal was exposed for 
several hours to the radiation from the machine running 
at 3 kv and there were indications that the same sort 
of loop splitting and biasing effects were occurring. 
Thus there appears to be no appreciable threshold 


(d) 


Fic. 6. Effect of maintaining the crystal above its Curie 
temperature during the bombardment: hysteresis loops (a) before 
the bombardment, (b) immediately after cooling the crystal at 
the end of the bombardment, (c) after keeping the ac field on the 
crystal for a few minutes, and (d) after removing the field for a 
few minutes, 
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Fic. 7. Variation of the bias field and the spontaneous polarization 
during the bombardment with 8-kv x-rays. 


energy required of the x-rays in order to produce the 
effects, suggesting that the damage results from the 
effects of ionization rather than from ionic displace- 
ments. With the maximum energy transfer possible, 
a 3-kv electron could just displace a hydrogen atom if 
its displacement energy were not more than about 8 ev. 


(e) Bias Field vs Bombardment Time 


Figures 7 and 8 show the changes in the bias field 
with bombarding time with the x-ray tube running at 
8 kv, 15 ma, and 30 kv, 20 ma, respectively. The three 
crystals used in these measurements all had thicknesses 
of about 0.005 inch and had similar hysteresis loops to 
start with. They were not polarized prior to the bom- 
bardment and so they developed split loop patterns. 
The bias fields plotted in Figs. 7 and 8 refer in each 
case to the average of the magnitudes of the bias fields 
developed by the subsidiary loops. .It will be noted 
that the bias field increases more or less linearly with 
time though it is difficult to establish the behavior after 
long bombardments as the quality of the loop is then 
deteriorating rapidly. Referring to Fig. 7, the x-rays 
were incident on the same face of crystal 9 throughout 
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Fic. 8. Variation of the bias field and the spontaneous polarization 
during the bombardment with 30-kv x-rays. 
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the bombardment while crystal 10 was turned over at 
the point 7, about half-way through the bombardment, 
so that the x-rays were thereafter incident on the face 
opposite the one bombarded initially. It will be noted 
that turning the crystal over had no apparent effect on 
the progress of the bias field during the bombardment. 

It was also determined that the biasing effect was 
not changed in any way if the crystal was shorted during 
the bombardment. 

In Fig. 9 the bias field versus bombardment time is 
shown for two different crystal thicknesses and it is 
apparent that the bias field produced by the bombard- 
ment is independent of the crystal thickness to within 
experimental error. 


(f) Spontaneous Polarization vs 
Bombardment Time 


Also shown in Figs. 7 and 8 is the way the spontaneous 
polarizations, Ps, are affected by the bombardment. 
For a quite well-defined period there is no noticeable 
change in Ps but at the end of this period a relatively 
rapid decay begins and with continuing bombardment, 
the decay is quite abrupt rather than a gradual tailing- 
off. It is interesting to note that the breakover in Ps 
occurs at the same value of the bias field for all three 
crystals, to within experimental error. Further studies 
showed this result to be very reproducible among 
crystals of different thicknesses. The shape of the 
hysteresis loop remains quite rectangular during the 
period Ps is constant but as Ps decays the quality of 
the loop deteriorates; it becomes smeared out and re- 
sembles, somewhat, the loop shapes usually associated 
with ceramic ferroelectric materials. 


(g) Coercive Field vs Bombardment Time 


Figure 10 shows the way in which the coercive field 
depends on the bombardment time, the coercive field 
being defined as half the width of the hysteresis loop 
whatever the value of the bias field. (For these measure- 
ments the ac field was maintained throughout the 
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Fic. 9. Growth of the bias field with bombardment time 
for two crystals of different thicknesses, 
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bombardment.) The coercive field at first increases 
steadily during the bombardment to a maximum value, 
after which it goes into a steady decline. The maximum 
coincides, approximately, with the point at which the 
polarization starts to decrease. 


(h) Pyroelectric Measurements 


After first examining its hysteresis loop, a crystal 
was polarized to saturation with a dc field and then 
subjected to a bombardment sufficient to reduce the 
spontaneous polarization by about 50%. At the com- 
pletion of the bombardment the diminution in height 
of the hysteresis loop was checked. Pyroelectric meas- 
urements at zero applied field were made throughout 
the bombardment and it was found that both the 
magnitude and sign of the pyroelectric signal remained 
unchanged to within experimental error. From the 
fact that the sign did not change it was possible to 
deduce the direction of the biasing effect, as mentioned 
earlier. When a dc field sufficient to overcome the bias 
field and switch the crystal was applied, the pyro- 
electric signal reversed its sign but its magnitude 
showed no appreciable change. This result, at first 
sight, appears to contradict the hysteresis loop measure- 
ments but it should be remembered that the pyro- 
electric signal is determined primarily by (dP/dT), 
the pyroelectric coefficient, which does not necessarily 
depend on the amount of reversible polarization. 


(i) Hysteresis Loop as a Function of Frequency 


Another possible reason for the difference between 
the pyroelectric and hysteresis measurements is that 
the former are made under dc field conditions while 
for the latter, the field is alternating with a frequency 
of 60 cps. A decrease in the height of the hysteresis loop 
could conceivably be produced by dispersive effects 
becoming effective if the relaxation time for switching 
gets greater than or equal to the frequency. However, 
no difficulty was experienced in saturating the hysteresis 
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Fic. 11. Diagram showing the pattern of the bombardment 
and “annealing” effects. 


loops; increasing the amplitude of the alternating field 
did not increase the height of the loop. Furthermore, 
the height of the hysteresis loop did not change over 
the frequency range from 15 cps to 1000 cps. Thus, 
dispersive effects appear to be ruled out. 


(j) Reversible Annealing Effects 


Mention has already been made of time-dependent 
phenomena and to these will be added some further 
observations. Figure 11 shows, schematically, the 
behavior pattern of these effects. (The remarks in this 
section refer, primarily, to crystals that have been 
subjected to relatively short bombardment times, say 
10 to 15 minutes.) 

Starting with a randomly polarized crystal that shows 
a normal hysteresis loop, the split-loop hysteresis pat- 
tern is revealed when the field is applied immediately 
after the bombardment, the latter having been carried 
out either above or below the Curie point but without 
an applied field. However, as the field is maintained, 
the two parts of the loop “slide” towards each other 
along the field axis and eventually merge to form a 
normal hysteresis loop, though with slightly greater 
coercive field than initially. This “annealing” takes 
place in a time of the order of a minute. If the field is 
then removed for about a minute the split loop pattern 
is again obtained when the field is reapplied. Alterna- 
tively, if the field is maintained throughout the bom- 
bardment, with the crystal either above or below the 
Curie point, there is no splitting observable at the end 
of the bombardment. But again, briefly removing the 
field enables the crystal to adopt a split-loop pattern 
which also anneals back to a single loop as the field is 
maintained. The process of relaxing to a split-loop 
pattern with the field off and its subsequent annealing 
with the field on could be repeated continuously 
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provided that the field was not removed for too long a 
period, say half an hour or more. 

If the field was removed for too long, the split-loop 
pattern became permanent, the field no longer having 
the annealing effect. However, if the crystal was heated 
to about 80°C for a few seconds (with a heat lamp) 
and then cooled rapidly to around room temperature, 
it returned to its previous unstable state where it 
could be cycled by the field between the split- and 
single-loop patterns. It was established that it was not 
sufficient merely to heat the crystal to above its Curie 
point momentarily. It was also found that dc fields 
annealed out the split-loop pattern in a way similar to 
that of the ac field. 

The above remarks apply in particular to crystals 
that had been damaged only slightly, that is, by an 
amount much less than that required to make Ps 
decrease. However, qualitatively similar behavior was 
observed in severely damaged crystals where Ps had 
dropped by more than 60%. Heating the crystal to 
about 140°C for 30 minutes caused the loop to return 
to its normal height and the bias field to become zero. 
The fact that the annealing took some time at 140°C 
shows again that it is not sufficient merely to take the 
crystal momentarily to a temperature greater than its 
Curie point. In no instance has it proved possible to 
permanently anneal out the effects of the bombardment 
with gentle heat treatments of the sort described above. 


(k) Positive Evidence of Clamped Domains 


From the preceding section it is evident that the 
crystal has a memory for the effects of the radiation 
and that this memory is not obliterated by field or 
heat treatments. In particular, the loop of a partially 
polarized crystal splits up during the bombardment 


Fic. 12. Domain structures as revealed by the powder pattern 
technique: (a) before bombardment, (b) after bombarding a 
circular region in the center of the crystal, (c) after heating the 
crystal to above the Curie point for a few minutes, and (d) the 
opposite side to that of (c). 
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into two loops, the relative sizes of which depend on 
the relative amounts of polarization in the two direc- 
tions initially. Even after heat treatment, the split-loop 
pattern usually returns with the loop sizes in about the 
same ratio as previously. This suggests that the 
original domain pattern must be regained. This con- 
clusion was confirmed by using the beautiful powder 
deposition techniques that have been developed by 
Pearson and Feldmann.‘ In these, a drop of hexane 
containing a fine suspension of lead oxide or sulfur 
powder is placed on the surface of the crystal and, as 
the hexane evaporates, the powder settles preferentially 
where domains of a particular polarization direction 
intersect the surface. The powder deposition pattern 
obtained on the surface of a slab of a triglycine sulfate 
crystal prior to bombardment is shown in Fig. 12(a). 
The powder was then cleaned off and a circular area 
near the center of the crystal bombarded for about 1 
hour with the 30-kv radiation. The powder pattern 
obtained after this bombardment is shown in Fig. 12(b). 
It will be seen that the domain pattern is essentially 
the same both inside and outside the bombarded area. 
However, it was noticed that the powder had a pref- 
erence for settling on the bombarded area rather than 
the unbombarded area, probably caused by charging 
of the crystal during the bombardment. This was 
particularly noticeable for domains which extended 
across the boundary of the bombarded area, several 
examples being obvious in Fig. 12(b). Next, after again 
cleaning the crystal, it was heated to around 80°C for 
about a minute. When it had cooled to room tempera- 
ture a fresh powder pattern was obtained; this is 
shown in Fig. 12(c). It is obvious that the domain 
pattern outside the bombarded area has been consider- 
ably modified and in fact it gives the appearance of 
having become almost a single domain. On the other 
hand, the bombarded area has re-established at least 
the main features of the original domain pattern. The 
other side of the crystal, which was about 2 mm thick, 
gave a powder pattern which was essentially the mirror 
image of that on the bombarded face, showing that the 
domains extended right through the crystal. From 
these experiments it is concluded that as a result of 
the radiation-produced damage a region of the crystal 
originally occupied by a particular domain strongly 
encourages the reformation of that same domain after 
heat treatment (and, presumably, after field treatment). 


(1) Evidence for Severe Strain in Crystal 


After appreciable bombardment of thick samples it 
was found that they cracked very easily, often with 
relatively gentle handling. This indicates that the 
bombardment results in considerable strain in the 


crystals. 


4G. L. Pearson and W. L. Feldmann (to be published). 
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(m) Estimate of Radiation Dosage 


Rough estimates were made of the radiation dose 
required to deteriorate the hysteresis loops to about 
one-half of their original height. For both electron and 
x-ray bombardments this dose could be expressed as 
equivalent to an energy expenditure of about 10 ev per 
unit cell. This estimate could be out by an order of 
magnitude either way but it is certainly compatible 
with the damaging-by-ionization mechanism. 


DISCUSSION 


As described above, it seems fairly certain that the 
main damage-producing mechanism is not by atomic 
displacements but by ionization followed by chemical 
reactions resulting in molecular rearrangements. 
Radicals formed as a result of the ionization could be 
relatively stable when confined within the crystal 
lattice. However, the behavior of the hysteresis loops 
cannot be explained directly by the properties of the 
gradually accumulating damaged unit cells since the 
whole crystal has to reflect a relatively minor amount 
of local damaging if the hysteresis loop is to retain its 
entity throughout the initial stages of the bombard- 
ment. In particular, the results cannot be explained by 
the steady accumulation of randomly located damaged 
cells or regions in which, for example, (i) the spontane- 
our polarization has been changed in magnitude, or 
made zero, or changed in direction, (ii) the coercive 
force has been changed by a discrete amount, (iii) the 
dielectric permittivity has changed, or (iv) a conversion 
to antiferroelectric behavior has been produced. 

Another possibility is a multiple-hit process which 
would require the damaging of several adjacent cells 
in order to destroy the dipole coupling across the 
damaged portion, or the creation of two damaged 
regions along a dipole chain so as to inhibit the switching 
of the dipole chain between them. Such a model could 
possibly fit the variation of the spontaneous polariza- 
tion with time but it would not account readily for the 
biasing effects. 

Conceivably, local damaging could indirectly affect 
the whole crystal through the creation of over-all space 
charge fields or elastic strain. The first, as a possible 
explanation of the biasing, is ruled out for several 
reasons. In particular, the space charge fields would 
have to be microscopically detailed with the fields 
acting on each domain in the direction appropriate 
to its polarization, while the results of the bombard- 
ment above the Curie point go further; they suggest 
that on cooling down, each unit cell would have to 
have its own hypothetical space charge field of appro- 
priate sign, a clearly absurd situation. Also, the 
absence of any noticeable change in the growth of the 
bias field with bombardment time when the crystal is 
turned over is contrary to what one would expect if an 
over-all space-charge field were being built up. These 
conclusions are further supported by the fact that there 
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was no noticeable change in the damaging effects if 
the crystal was shorted during the bombardment. 
These arguments would seem to apply to any arbitrary 
space charge distribution. The building up of strain is 
a more attractive hypothesis and the cracking of 
crystals is a sure sign of strain though, to date, attempts 
to measure changes in the lattice constant during the 
bombardment have been unsuccessful. However, the 
failure of the biasing effect to reverse direction when 
the crystal is turned over shows that the effects are not 
due simply to the building up of a nonuniform strain. 

Not knowing the detailed origin of the radiation 
damage effects and not knowing very much about the 
crystallographic structure and the ferroelectric me- 
chanism in triglycine sulfate, about all that can be done 
at this stage is to discuss them in terms of a phenomeno- 
logical model based on a potential energy diagram. It 
will be supposed that the steady accumulation of 
damage is reflected in a steady change in the shape of 
the double-minimum potential energy curve usually 
used for describing ferroelectric mechanisms. This pro- 
gressive change may come about through the agency 
of uniform strain which could be the case in a two-phase 
crystal regarding the damaged and undamaged regions 
as the two phases. A progressive change which fits 
most of the experimental facts is shown in Fig. 13. It 
is not intended that this is the true explanation for the 
effects, but merely to show that it is possible to arrive 
at some such model which accounts for them. The ion 
responsible for the ferroelectric mechanism has either 
of the two potential minima, A and B, available to it 
in the undamaged state. It will be supposed that the 
effect of the radiation is to modify one side of the 
energy diagram with respect to the other and in 
particular, it will be supposed that the minimum in 
which the ion happens to reside is relatively unaffected 
by the radiation. In this way one can account for the 
dependence of the sign of the bias field on the initial 
polarization direction. If, during the bombardment, 
minimum B is steadily raised relative to that at A one 
can account for the bias field which is equivalent to a 
tilt of the undamaged energy curve. Maintaining 
constant, at first, the horizontal distance between the 
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Fic. 13. Hypothetical phenomenological model that accounts 
for the major changes in the ferroelectric properties with increasing 
bombardment time, ¢. 
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two minima can account for the initial constancy of Ps. 
If minimum B is gradually obliterated the crystal will 
become polar and nonferroelectric, as confirmed by the 
persistence of the pyroelectric effect after the hysteresis 
loop has been considerably deteriorated. However, 
this model would not account for the reversibility of 
the undiminished pyroelectric signal in the heavily 
damaged crystal though with sufficient ingenuity, such 
as by adding finer structure to the energy curve and 
making further assumptions, one could account for this 
also. Nevertheless, it would seem that simple changes ina 
simple double-minimum potential curve cannot account 
for all the experimental facts and a more complicated 
curve is required. This is equivalent to adding more 
terms to the usual expression for the free energy as a 
function of crystal polarization but such an analysis is 
unlikely to be profitable until more is known about 
the nature of the ferroelectric mechanism in triglycine 
sulfate. 

Little can be said at present about the peculiar 
annealing effects and time-independent changes in the 
hysteresis loops though it is of some interest that 
somewhat similar results have recently been observed 
in (Pb,Cay_,)TiO; ceramics by Sawaguchi, Mitsuma, 
and Ishii,® in mixed single crystals of (K,Na:_,) NbO; 
by Cross,® and in BaTiO ; crystals with various de- 
liberately added impurities.’ Cross has indicated that 
at least some of his results can be explained in terms of 


a thermodynamic treatment of the properties of solid 
solutions that he has given previously.® 

Mitsui? has suggested that the radiation damage 
effects might be ascribed to a migration of the imper- 
fections produced by the x-rays into the domain walls. 
This process is quite feasible as there is probably a 


( ’ Sawaguchi, Mitsuma, and Ishii, J. Phys. Soc. Japan 11, 1298 
1956). 

*L. E. Cross, Nature 181, 178 (1958). 

7 J. P. Remeika and G. W. Brady (private communication). 

* L. E. Cross, Phil. Mag. 1, 76 (1956). 

* T. Mitsui (private communication). 
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strong mechanical stress field within or near a domain 
wall, as discussed by Mitsui and Furuichi,” which will 
provide favorable sites for some crystal imperfections. 
Imperfections segregating in this way could serve to 
trap the domain wall. Such a mechanism appears 
attractive in that one could more readily account for 
the memory effects and possibly the time effects also. 
However, the experiments have shown that the presence 
of domain walls is not necessary for the production of 
biased hysteresis loops or a decrease in the polarization, 
and the author feels that it would be too speculative 
to pursue this model further until more experimental 
studies have been made. 

Finally, it should be noted that as the x-ray dosages 
required to produce large changes in the ferroelectric 
properties are small compared with those usually used 
in crystallographic structure determinations, it would 
seem most unlikely that the structure of an undamaged 
triglycine sulfate crystal has yet been determined by 
x-ray crystallography. One wonders, also, how true 
this may be of certain other structure determinations 
for radiation-sensitive organic crystals. 

[ After this paper was written, the author found that 
strikingly similar behavior has been observed in 
Rochelle salt crystals damaged by nuclear radiation 
or x-rays. Zheludev and Iurin" observed spiitting of 
the hysteresis loop when the crystals were bombarded 
with y and x-rays. Very similar split-loop patterns 
were also observed by Eisner” in Rochelle salt crystals 
that had been doped with boron or copper during 
growth. It therefore seems that split hysteresis loops 
occur quite generally in distorted ferroelectric crystals, 
and they may be explicable in terms of some thermo- 
dynamic theory. ] 

10 T, Mitsui and J. Furuichi, Phys. Rev. 90, 193 (1953). 

uJ, S. Zheludev and V. A. Iurin, Bull. Acad. Sci. U.S.S.R. 
English translation 20, 193 (1956), and Bull. Acad. Sci. U.S.S.R. 
English translation 21, 336 (1957). 


2]. Ia. Eisner, Bull. Acad. Sci. U.S.S.R. English translation 21, 
341 (1957). 
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The adiabatic elastic constants of a single crystal of indium antimonide have been measured by an 
ultrasonic pulse technique in which 10-Mc/sec acoustic waves were employed. The elastic constants 
extrapolated to 0°K are, in units of 102 dynes/cm?, ¢:;=0.6918, ¢:2=0.3788, and ¢44=0.3132. A Debye 
characteristic temperature, 0, of 205°+2°K at 0°K was calculated from these values of the elastic constants. 


I. INTRODUCTION 


HE ultrasonic pulse-echo technique provides a 

convenient method of measuring the elastic 
constants of a solid substance. In the case of a crystal 
with cubic symmetry, measurement of the velocities 
of longitudinal and transverse acoustic waves propa- 
gating in the [110] direction suffices to determine the 
three independent elastic constants ¢11, C12, and C44; the 
relations between the wave velocities (U) and the 
elastic constants being 


pU P= 3 (curtci2t 244), 
(polarized parallel to [001 ]), (1) 
(polarized perpendicular to [001 ]), 


pU?=cu 
pU?= 3 (¢11—€12) 


where p is the density, and the subscripts / and ¢ refer 
to the longitudinal or transverse character of the wave. 
In the [111] direction it is possible to propagate a 
longitudinal and a transverse wave with velocities 
given by 


pU?= 3 (Cut 212+ 4044), 


pUP=4(cu~ciwtcss) (any polarization) (2) 
In this work the elastic constants of indium antimonide 
were determined over the temperature range 4.2°K to 
300°K by fitting the measured velocities of longitudinal 
and transverse acoustic waves propagating in the [110] 
and [111] directions. The results obtained at room 
temperature are in good agreement with those of 
McSkimin, Bond, Pearson, and Hrostowski,! who used 
a phase-comparison technique employing ultrasonic 
waves of 50 Mc/sec. Our values of cy and ce are 
several percent higher, and our values of c44 somewhat 
lower, than those obtained by Potter,? who measured 
the elastic constants of indium antimonide from 77.6°K 


* This work was supported in part by the U. S. Army (Signal 
Corps), the U. S. Air Force (Office of Scientific Research, Air 
Research and Development Command), and the U. S. Navy 
(Office of Naval Research). 

} Alfred P. Sloan Foundation Research Associate: Summer, 
1958. 

1 McSkimin, Bond, Pearson, and Hrostowski, Bull. Am. Phys. 
Soc. Ser. II, 1, 111 (1956). 

2R. F. Potter, Phys. Rev. 103, 47 (1956). 


to 700°K, using the composite-oscillator technique 
with resonant frequencies of approximately 50 kc. 


II. EXPERIMENTAL METHOD 


The cryogenic technique used in this work has been 
described previously.’ In the ultrasonic pulse method,‘ 
trigger pulses from a Du Mont 256-D oscilloscope are 
used to trigger an oscillator that applies a 10-Mc/sec 
pulse (approximately 2 wsec in duration) to a quartz 
transducer cemented to the sample. The elastic wave 
so generated traverses the length of the sample, reflects 
off the far end, and on returning is partially recon- 
verted into an electrical impulse by the quartz crystal. 
The interval between successive echo pulses gives the 
transit time of the pulse in the sample when a small 
correction is made for the delay of the pulse in the 
adhesive seal between the transducer and the sample. 

The sample was obtained in the form of a cylinder 
approximately 1 inch in diameter and 2 inches long, 
with the cylinder axis parallel to the [111] direction. 
Crystal orientation was determined in a back-reflection 
Laue apparatus, and pairs of (111) and (110) faces 
were ground off. At 300°K the distance between the 
(111) faces was 1.7879 inches, the distance between 
the (110) faces 0.8179 inch. Approximate values of the 
delay times associated with these path lengths are 
23 usec for the longitudinal wave and 48 usec for the 
transverse wave in the [111] direction, 11 usec for 
the longitudinal wave and 18 and 25 usec for the two 
transverse waves in the [110] direction. The error in 
the orientation of the faces, and thus in the direction of 
propagation of ultrasonic waves, did not exceed 30’. 

A Dow Corning 200 silicone fluid (viscosity 2.5 10° 
centistokes at 25°C) proved to be a satisfactory adhesive 
seal for work with longitudinal waves over the entire 
temperature range that was investigated. However, 
this material transmits transverse waves poorly above 
215°K. Phenyl salicylate (Salol) gave good results in 
the temperature range 300°K to 230°K; below 230°K 
Fisher ““NONAQ” stopcock grease was satisfactory for 
both longitudinal and transverse waves. Corrections of 


3L. J. Slutsky and C. W. Garland, Phys. Rev. 107, 972 (1957). 
4H. B. Huntington, Phys. Rev. 72, 321 (1947). 
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Fic. 1. The values of pU? for longitudinal waves in the [111] 
and [110] directions. The smooth curves are calculated from the 
elastic constants given in Table I. 


0.03 usec for longitudinal and 0.04 usec for transverse 
waves’ were subtracted from the observed delay times 
to correct for the delay in the seal. 

The density of InSb at 300°K was taken? to be 5.7751 
g/cm, and the density and path lengths were corrected 
for the effects of thermal expansion with the data of 
Hidnert and Kirby cited by Potter.? It was observed 
that below 100°K the attenuation increased consider- 
ably. Since it was desired to preserve this fairly large 
single crystal intact, it was not possible to reduce the 
path lengths in order to decide whether this increased 
attenuation was a characteristic of the sample or of 
the sealing compounds. 


III. RESULTS 


The independent elastic constants of indium anti- 
monide are listed at 50°K intervals in Table I. The 
values of cs were determined directly from a smooth 
curve through the experimental values of pl? for the 


TABLE I. The adiabatic elastic constants of indium antimonide. 
All entries are in units of 10 dynes/cm’. 








cz cu 


0.3788 0.3132 
0.3775 0.3123 
0.3753 0.3117 
0.3735 0.3111 
0.3698 0.3096 
0.3670 0.3076 
0.3652 0.3051 
0.3645 0.3020 
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[001 ] polarized transverse wave in the [110] direction. 
The values of cy, and cy. were obtained by a least- 
squares fit to the measured values of $(¢114+-¢12+2c4s), 
4 (Cyr +2c12+4e44), and $(c11—C12). Because of the small 
delay time and the consequently greater effect of the 
uncertainty in the seal correction, values of pU/? in the 
[110] direction were given half weight in the least- 
squares treatment. The experimental values of pU? for 
longitudinal waves in the [111] and [110] directions 
are plotted in Fig. 1. Results for the two transverse 
waves in the [110] direction are given in Fig. 2. The 
smooth curves in these figures were obtained from the 
elastic constants in Table I by means of Eqs. (1) and 
(2). Measurement of the velocity of the transverse 
wave in the [111] direction at 300°K and 77.6°K 
provided an additional check on the internal con- 
sistency of the data. The experimental value of pU? for 
this wave is, in units of 10” dynes/cm?, 0.2020 at 300°K 
and 0.2068 at 77.6°K, while the values calculated from 
the elastic constants given in Table I are 0.2015 and 
0.2079, respectively. Values of cas given by Potter? are 
plotted in Fig. 2. Our values of pW? for the two longi- 
tudinal waves are consistently 3% higher and our 
values of $(c11—¢i2) are consistently 6.5% lower than 
those calculated from Potter’s results. 

The probable error in the measured values of pU? as 
estimated from the average deviation among the time 
intervals between successive echo pulses and the un- 
certainty in the seal correction is +0.7%. In the 
measurement of }3(¢11—¢i2) below liquid nitrogen 
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Fic. 2, The values of pU? for the two transverse waves in the 
[110] direction. The smooth curves are calculated from the 
elastic constants given in Table I. Values of ca, given by Potter 
are shown as open circles. 
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TABLE II. The elastic constants of indium antimonide at room 
temperature obtained from the present measurements (SG) 
compared with values obtained by Potter* (P) and McSkimin, 
Bond, Pearson, Hrostowski> (M). Results are in units of 102 
dynes/cm*. 








Temp. 
300°K 
298°K 
300°K 


Freq. 


10 Mc/sec 
50 Mc/sec 
50 kc/sec 











® See reference 2. 

b See reference 1, 
temperature the increased attenuation made the later 
echoes difficult to range. The uncertainty in pl? for 
this wave below 77.6°K is estimated at +1.5%. The 
probable error in ¢,; and ¢)2 is about +1%. The various 
checks on the internal consistency of the data are 
satisfied to within 0.5% over the entire temperature 
range. 
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The results of this work are compared with other 
determinations of the room temperature elastic con- 
stants of indium antimonide in Table II. A Debye 
characteristic temperature, 6, of 205°+2°K was 
calculated from the 0°K values of the elastic constants 
with the aid of the tables given by de Launay.® The 
calorimetric value is 200°+6°K.? 
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The Waller-Hartree theory for the incoherent Compton scattering of x-rays is extended to include the 
effects fo the inherent nonsphericity of atomic charge distributions. The dependence of the scattering on 
atomic orientation is treated by a general formalism which depends on the use of the matrix elements of a 
unitary representation of the group of three-dimensional rotations. Application is made to derive the one- 
electron scattering matrix elements from atoms with s, p, and d electrons. It is shown that by a proper 
averaging over all orientations of the scattering vector, ‘‘mean’’ scattering formulas result which may be 
used directly for predicting the scattering from monatomic gases. 


I. INTRODUCTION 


A QUANTUM-MECHANICAL theory of the 
scattering of radiation by a free atom has been 
given by several authors!“ to account for the observed 
coherent and incoherent parts of the scattered inten- 
sity. Since accurate crystal wave functions are not 
available, a valuable first approximation to the inco- 
herent Compton scattering function for a crystal may 
be obtained by considering each atom in the crystal to 
behave independently of its neighbors, and hence the 
scattered intensity for the crystal will be given by that 
determined for the free atoms. This then gives added 
importance to the available formulas for the free-atom 
Compton scattering. Of these the one most frequently 
employed is the Compton-Raman-Wentzel'~* equation 


1A. H. Compton, Phys. Rev. 35, 925 (1930). 

2C. V. Raman, Indian J. Phys. 3, 357 (1928). 

3G. Wentzel, Z. Physik 43, 1 (1927). 

4]. Waller and D. R. Hartree, Proc. Roy. Soc. (London) A124, 
119 (1929). 


for the intensity in electron units (e.u.) : 


Z 
Teu.=Z-X | fail’, (1) 
i=l 
where Z is the number of electrons. To date the most 
accurate formula, which is based on a nonrelativistic 
wave equation and on a total atomic wave function 
expressed as a product of one-electron wave functions 
which specifically includes the effects of exchange, is 
that due to Waller and Hartree*: 


Z 
Feu. =2-Q fil? d | fie|?, (2) 


7 


fa f vi exp(ixS- r)dv, (3) 


xk=2z/X; X is the wavelength of the incident radiation ; 
S= s— 80, where s, So are unit vectors along the reflected 
and incident directions; and the y’s are appropriate 
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one-electron wave functions. Both Eqs. (1) and (2) 
have been written (for convenience) without the Breit- 
Dirac*-* correction factor (v’/v)*, where v and y’ are the 
frequencies of the x-rays before and after scattering. 

The extra negative terms in the Waller-Hartree 
equation arise from application of the Pauli exclusion 
principle which forbids electronic transitions to an 
occupied state, and so the summation is over one-elec- 
tron wave functions of the same spin only. 

For spherically symmetrical charge distributions, the 
incoherent scattering may be calculated directly from 
Eq. (2) in a rather straightforward way. When the 
atomic charge distributions are no longer sphericaily 
symmetrical, as is the case for many free atoms, the 
scattering will be dependent on the orientation of the 
scattering vector, S. The scattering can no longer be 
calculated with S along the polar axis, but must be 
calculated for an arbitrary orientation of S. The angular 
dependence of the scattering intensity must then be 
treated in a manner suitable for comparison with 
experiment. 

In this paper, a general formalism is presented for 
calculating the Compton scattering of x-rays which 
includes the effects of the inherent nonsphericity of the 
atomic charge distributions in the Waller-Hartree 
theory. Formulas for all the matrix elements f;, for 
atoms with s, p, and d electrons are given. Using re- 
cently determined Hartree-Fock wave functions,’ the 
predictions of the theory are compared with the experi- 
mental results of Walker* for aluminum in the paper 
which follows.® 


II. CALCULATION OF fj, FOR SPHERICAL 
CHARGE DISTRIBUTIONS 


If the charge distribution is assnmed spherically sym- 
metrical, the scattering is also angle independent and so 
the matrix elements, f ;., may be calculated by taking the 
vector Salong the polar axis. Setting k= «|S | =4a sin6/d 
(26 is the angle of scattering, not to be confused with 
the polar angle in what follows), and using the expansion 


eikr ot = Fn i"(2n+1)P,(cos@)7,(kr), 


where the j, are the spherical Bessel functions, we may 
write 


Sir=Ln in(2n+1) fv, () (1) Pa(cost br. (4) 


Writing y; in the separable form 
¥j=(P;(r)/r JO (Lm) ®(m)), 


where P(r) is the normalized radial function, ©(J;m;) 
the normalized associated Legendre functions (as 
5G. Breit, Phys. Rev. 27, 362 (1926). 
6p. A. M. Dirac, Proc. Roy. Soc. (London) A111, 405 (1926). 
7D. R. Hartree and A. J. Freeman (unpublished). 
8C. B. Walker, Phys. Rev. 103, 558 (1956). 
® A. J. Freeman, Phys. Rev. 113, 176 (1959), following paper. 
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defined by Condon and Shortley”), and &(m;) the 
ordinary normalized ¢ eigenfunctions, and denoting 


2 \t¢r 
Cu(lamylams) = ( )f O(nm,— m2) 
2n+1 0 
x O(1:m1) O (leme) sinéd6, 


we have upon substitution into Eq. (3) and its sub- 
sequent integration 


fin=Lin i*(2n+1)C, (Lym: hm) 


x f Pi(r)Px(r)jn(Rr)dr. (5) 


Denoting the radial integrals in Eq. (5) by (jn), we 
see that the fj, terms of Eq. (2) are simply linear com- 
binations of (j,) with coefficients which depend only on 
the angular dependence of the one-electron wave 
functions. These coefficients are listed in Table I for 
the matrix elements, f/x, of s-like, p-like, and d-like one- 
electron wave functions; the subscripts 0, +, and +2 
denote the component of orbital angular momentum 
along the axis of quantization. When the individual 
charge density is spherically symmetrical, Eq. (5) 
reduces to the familiar form 


nk 


sinkr Gio) 
dr = jo). 
kr : 


f Pi Pi(?) 


III. SCATTERING MATRIX ELEMENTS FOR 
NONSPHERICAL CHARGE DISTRIBUTIONS 


When the atomic charge distribution is no longer 
spherically symmetrical, the scattering will be depend- 
ent on the orientation of the scattering vector, S. 
Hence, the scattering may not be calculated with S 
along the polar axis, but must be calculated for an 
arbitrary orientation of S. 

In Sec. II we saw that there were a number of mathe- 
matical simplifications associated with carrying out the 
integrations of the f;, in a coordinate system in which 
S is chosen parallel to the z axis (such as selection rules 





Common 


coeff. (jo) (ju) (32) (js) 


Sas 1 

fs, Po t 1 
Ss, do fn 

Spo, Po 

Ips, P+ 

Spo, do 

Sps,d4 

fag, do 18/7 
fas,d5 : —12/7 
Sd42,d42 3/7 





10 E. U. Condon and G. H. Shortley, Theory of Atomic Spectra 
(Cambridge University Press, Cambridge, 1953), p. 52. 
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on the magnetic quantum number, m,). It therefore 
seems wise, for calculating the scattering when S is not 
along z, to transform the one-electron wave functions, 
¥;, from the xyz coordinate system in which they are 
defined, into a new coordinate frame, x’y’z’, in which S 
is parallel to 2’. In this way, as will be shown later, the 
matrix elements of Eq. (3) can be calculated as linear 
combinations of the matrix elements of the spherical 
Bessel functions, (j,), listed in Table I. 

The problem, then, is to transform the one-electron 
wave functions y,(r,0,¢) into the rotated coordinate 
frame, 7, 6’, y’. Since the y; have been written in the 
separable form [P;(r)/r]@1;"1(cos0)®m;(¢), we need 
only find the transformation of the spherical harmonics 
from the coordinates of one reference frame to another. 
In general, this is a good deal more complicated than 
for the usual cases encountered in that the well-known 
spherical harmonic addition theorem does not suffice. 
The general problem of the rotation of spherical har- 
monics has been discussed by Wigner! and more re- 
cently by Corbaté," who redefined some of Wigner’s 
factors, such as normalization, choice of Eulerian angles, 
and use of a left-handed coordinate system. Corbaté 
then defines the rotation of spherical harmonics by 

m 1 (l—|m|)! 
Pi™'\(cost!)®m(¢)= | ————Fm"(B) 
i—ml (1+ |m|)! 


X e-im’ag—imy |Pom (cos@)Pn(¢g), (6) 


where a, 8, y are the Eulerian angles of rotation of the 
unprimed to the primed coordinate axes. See Fig. 1 for 
an illustration of these angles. The particular rotation 
formula given by Eq. (6) was chosen because for m’=0, 
F"(8)= P,'™! (cos), and the ordinary addition theorem 
of spherical harmonics results. The F functions are 


defined by 
F »™'(B)= (- 1) 3 (m+) mi-+m’+|m’| T(2e | m | (+ | m'|) ! 
(-— 1) ‘Lcos(8, 2) Pitm’ —m “2 sin(8/2) Po m—m' 


(l—m—t) '(14+-m’—t) \(t-+-m—w') ' 7 


Fic. 1. Definition 
of the Euler angles, 
a, B, y. 


HE. P. Wigner, Gruppentheorie und ihre Anwendung auf die 
Quantenmechanik der Atomspektren (F. Vieweg und Sohn, Berlin, 
1931). 

2F, J. Corbat6é, Ph.D. thesis, Physics Department, Massa- 
chusetts Institute of Technology, 1956 (unpublished). 
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where ¢ has all values giving non-negative factorials. 
Furthermore, the F function may also be expressed in 
terms of the hypergeometric function, which in turn is 
related to the Jacobi polynomial. 

The behavior of the spherical harmonics under rota- 
tions has also been investigated by group theoretical 
methods.“ Representations of the rotation group in 
three dimensions can be found as linear transformations 
on the space of analytic functions defined on the surface 
of a sphere, for which the spherical harmonics form 
bases for their irreducible subspaces.!* Under a rotation R, 
which transforms a coordinate system 1,6, ¢ into 7,6’, ¢’, 


l 
0,” (cos) Pm (¢g’)= > Him’ (R)O7™(cos8)Pn(y), (8) 


m=—l 


where the ©,”(cos@) represent the normalized associated 
Legendre functions” (chosen as normalized because the 
representations are to be unitary). The H,””’, called 
the Herglotz polynomials,” are the matrix elements of a 
unitary irreducible representation of the group of three 
dimensional rotations. If the rotation R is described in 
terms of the Euler angles, then the definitions in Eqs. 
(6) and (7) are in complete accord with Eq. (8). In 
either case we see that under a rotation spherical har- 
monics transform linearly among themselves, which 
proves our earlier statement that in the rotated system 
the f;; may be written as linear combinations of the 
integrals, (jn). 

With the rotation R described by the Euler angles, 
a, B, y, we may also write 


H,"”' (a,8,Y) =¢ im! aH] ™™' (B)e imy_ (9) 


Hence a knowledge of the H,;”""'(8) matrix elements 
completely specifies the total matrix elements H,”"™ 
(a,8,y). The matrix elements H;""'(8) have sym- 
metry properties which are useful in simplifying the 
calculations. These symmetries are found by use of the 
matrix elements of the rotation with B= and further 
successive applications of these rotations, remembering 
that the H,””’(8) are real elements of a unitary matrix. 
Some of the resulting relations are 


H,"™' (1) a (- 1) +5, —m'; 
Hy," (—7) = (_ 1)? Oe ct 


Hmm (8) =Him'™(—B) = (—1)"-"'Hi™-"(6) 
=(—1)"-""Hn'(8), 


These symmetry relations may of course be extended 
to include the complete matrix elements H,””’ (a,8,7) 
by use of Eq. (9). 


18 McIntosh, Kleppner, and Minner, Memorandum Report No. 
1097, July, 1957, Ballistic Research Laboratories, Aberdeen 
Proving Ground, Maryland (unpublished). 

4 W. Magnus, Appendix to R. Courant and D. Hilbert, 
Methods of Mathematical Physics (Interscience Publishers, Inc., 
New York, 1953), Vol. I. 
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A. Scattering from p Electrons 


Application of the formulas in Eqs. (6) and (7) to 
the normalized spherical harmonics for p electrons, 
/=1, results in the matrix H,”™’(8) listed in Table IT. 

From the H,""'(8) we readily find the scattering 
matrix elements of Eq. (3) for p electrons: 


fon | vn? exp(ixS - r)ypdv= (cos*B) fi, + (sin’8) fi, 


(11) 


and 
Sps.ps — free exp(ixS : r)Wpsdv 


=} (sin’8) fir+ } (1 +cos*8) f., 


where 
fu= f P2LO"(cos0) Pe cos? sin*@ d@dgdr (12a) 
is the scattering for a p orbital directed parallel to S, and 
fix f PALO: cos) Pe™ co sin?@ dOdgdr (12b) 


is the scattering for a p orbital directed perpendicular 
to §.!° 

From Eg. (11) we see that the scattering from a p 
orbital is completely described by two principal scat- 
tering factors and the angle between the scattering 
vector and the polar axis. Furthermore, for a group of 
three p electrons forming a half-closed shell in the 4S 
state we find from Eq. (6) that the coherent scattering 
factor is 


F fr= fut2fs, (13) 
i=l 


and is angle independent. This was to be expected 
since a half-closed shell has a spherically symmetrical 
charge distribution and hence the scattering must also 
be spherically symmetric. This also follows from the 
unitary nature of the matrix H,”"’, as will be shown 
later. 

We may obtain an “average” scattering factor by 
averaging over all values of 8 in either of the equations 


TABLE II. The matrix elements H,""’(8) for p electrons, where 
for convenience we have listed the matrix elements H,,/*(8) 
instead of the complete matrix elements H;"™’(a,8,7). 


mm’ +1 0 —1 


+1 }(1+-cos8) $v2 sing if ‘(1 —cosg) 
0 — $v? sing coss $v2 sing 
—1 4(1—cosp) — }v2 sing $(1+cosg) 


16 These results are equivalent to those of R. McWeeny, Acta. 
Cryst. 4, 513 (1951). McWeeny’s method is however not easily 
generalized for electrons with angular momentum greater than 
one (p electrons). 
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in Eq. (6) (since they both give the same result), 
weighted by the element of solid angle 27 singdg. Since 
(cos’B)w=4, we find that 


(fodw=3(fut2fr), (14) 


which states that the scattering from three p electrons 
is just three times the average value for one # electron. 

These results are all that are needed for calculating 
the atomic scattering factors which contribute to the 
coherent scattering. For the incoherent scattering inten- 
sities we require the | /;;|* terms. These are calculated 
in a similar way to that outlined above, but since the 
squares of the matrix elements are involved there are 
certain other complications which enter, especially con- 
cerning the angular averages. 

Using the expressions in Table II for the rotation of 
the spherical harmonics, we find that 


foc? = (cos'8) fu? + (sin'8) f,°+2(sin’B cos*8) furf., 
and 


frs2=}(sin's) fi?+4(1+cos*8)* fi? 
+4 sin?B(1 +cos*8) fifi, 


(15) 


(16) 
which upon averaging in the way already outlined gives 


( fro”) w= Bfiret+ (8/15) f+ (4/ 15) fifa 
=(jo)’+ $(j2)*, 


(fs?) = (2/15) fi? + (7/15) f2+ 3 fifi 
=( jo)’ + $(j2)*, 


where the (j,) are the matrix elements listed in Table I. 
The results of Eqs. (17) and (18) are in contrast with 
those of Eq. (14) in that whereas the average scattering 
factor for different p electrons is the same, the average 
of the squared scattering factor is not. 

From Table I, we have the result that the Compton 
scattering from a half-closed shell of p electrons, calcu- 
lated when S]!z, is 


(17) 


(18) 


(19) 


3 
DY | fis|?=3( jo? +6 jo)”, 
i=1 


and is angle independent. But the results of Eqs. (11) 
and (12) state that when S has an arbitrary orientation, 


3 
X | fir|?= (cost8+3 sing) fi? 
i=1 
+[sin'8+4(1+-cos'8)*] 2 


+[2 sin’ cos*B+3 sin’?8(1+-cos*8) | fifi, (20) 


which is certainly not angle independent. 

The apparent contradiction is resolved by recognizing 
that the selection rules prohibiting matrix elements 
between electrons of different m; quantum numbers 
when S||z no longer holds for a rotated system. This is 
so because the orbitals are not eigenfunctions of the 
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TABLE III. The matrix elements H,””’ (8) for d electrons. 








+2 +1 


0 =-1 





cos*(8/2) 2 cos*(/2) sin(8/2) 


—2sin(8/2) cos*(8/2) cos*(8/2)—3 cos?(6/2) 
Xsin?(g/2) 

— 64[cos*(8/2) sin(8/2) 
—sin*(8/2) cos(6/2)] 


3 cos?(8/2) sin?(8/2) 
—sin‘(6/2) 


6? cos?(8/2) sin?(6/2) 


—2 cos(8/2) sin*(8/2) 


6 cos?(8/2) sin?(8/2) 


— 64[cos (8/2) sin*(8/2) 
—sin (8/2) cos*(8/2) ] 
cos*(8/2)+sin‘(6/2) 
—4 cos?(8/2) sin?(8/2) 


6*[cos(8/2) sin3(8/2) 
—sin (6/2) cos*(8/2) ] 


2 cos(8/2) sin*(6/2) 
3 cos*(8/2) sin?(6/2) 


—sin‘(6/2) 


6*[cos*(8/2) sin(6/2) 
—sin*(8/2) cos(8/2) ] 


cos'(8/2)—3 cos?(6/2) 
Xsin?*(6/2) 


sin‘(6/2) 
2 cos(8/2) sin*(6/2) 


6 cos?(6/2) sin?(8/2) 
2 cos*(8/2) sin(8/2) 


cos*(8/2 





sin‘(p/2 


— 2 cos(8/2) sin?(8/2) 


orbital angular momentum in the rotated system, as 
shown in Table IT. We must therefore add to Eq. (20) 
the contributions from all the off-diagonal matrix 
elements. For p electrons these are 


| fr,.ps.|2=4 cos’B sin’B( f,?+ f2—2fiufr), 


| fos.re |?=3 sin'Bf,?+ (1+coss)?(cosB—1)*f,? 
+2 sin?8(1+-cos) (cosB—1) fir fi. 


Therefore, $= >> «> | fi;|?= 3 jo)*+6(j2)*, in agree- 
ment with the result in Eq. (19), showing that the 
Compton scattering from a half-closed shell of p elec- 
trons is, as expected, spherically symmetric. [As will 
be shown later, this result follows from the unitary 
nature of the matrix H,”™ (R).] 

We now also see how to explain the results of Eqs. 
(17) and (18). The “average” scattering from a single 
p electron cannot simply be 3 of the scattering from a 
half-closed shell of p electrons [as is the case for 
coherent scattering, see Eqs. (13) and (14) ], because 
there are “transition” terms, | f;;|?, which contribute 
whenever the number of electrons exceeds unity. As 
these “transition” terms are also dependent on atomic 
orientation, we may define an average transition scat- 
tering contribution in the same way as before. From 
Eqs. (21) and (22) we find that 


(| fro.p+|*)w= §(J2)”, 
(| fos.re |*)w= (6/5) j2). 


These “‘mean” formulas, as will be shown later, are 
useful for making comparisons between theory and 
experiment. 


(21) 


(22) 


and (23) 


p—p Transitions 


These transition matrix elements occur between p 
electrons in different shells in the atom. Consider a 39 
orbital outside a closed shell of 2 electrons. The 
required matrix elements are 


| f3p,200|?= (cos) fi.?+ (sin‘s) f.? 
+2(sin’B cos’B) fifi, 


(24) 
| far.2r4|?= 4 cos’B sin’B(fir+fr—2fufi), 


6? cos?(8/2) sin?(8/2) 


— 2 cos*(8/2) sin(6/2) 


and hence the sum of all possible transition terms is 
Li Lil fis|?= 2(cos’B) fi? +2(sin’s) f,’, 
which upon averaging gives 
(201 Lei] film =F (fu? +21?) = 2 jo? +4 j 2). 


Similarly, for a 3p, orbital outside a closed shell of 2 
electrons 


Di Lal fis|?= (sin’B) fi?+ (1+ cos*p) £22, 


(25) 


(26) 
and 


(oi Lil fis? d= 3 (fur? +2 fs?) = 2( jo)? +4 j2)”. 


s—p Transitions 


(27) 


These are the contributions to Eq. (2) due to 
“transitions” between electrons in s and p shells. 
Denoting the scattering contribution in the rotated 
system by a prime, we have for these matrix elements 


| fs,’ |?=cos%B| f,n0|?, 
| fe.ny"|?= | fe.r'|?=3 sin’s| fs,r0|?. 
Averaging either of the equations above results in 
(| fer’ |?)w={| fore’ |?)w=3| fe.r|?=(frY. 


These formulas allow us to calculate the scattering for 
different cases, e.g., atoms with p electrons outside 
closed s shells or an s electron outside a closed p shell, 
according to the rules outlined above. 


(28) 


(29) 


B. Scattering from d Electrons 


The transformation properties of d electrons are 
found by applying the formulas in Eqs. (6) and (7) with 
l=2. The matrix elements H,””’(8) are listed in 
Table ITI. 

In terms of these matrix elements and with the 
following definition, 


fm(d) = f P#(r)[O2™(cosé) Pe*"" sin’ dédgdr, (30) 


for the scattering factor of a d orbital with m= |m,|, 
we may write the relation between the scattering factors 
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in the primed and unprimed coordinate system as 


fo! (d)=}(1+6 cos*B+cos') f2(d)+4(1—cos'8) fi(d) 
+#2(1—2 cos’*8+cos‘8) fo(d), 


fi (d) =} (1—cos'8) fo(d) + (4—§ cos*B+ 2 cos‘s) 
X fi(d) +4 (cos*8—cos*8) fo(d), 
fo’ (d) =3(1—2 cos*B+cos'8) f2(d) 


+3(cos*@ —cos‘8) f1(d) 
+[4—3 cos’8+ (9/4) cos8] fo(d). 


(31) 


Equations (31) give the variation of the scattering from 
a particular d orbital as a function of the angle of 
orientation of the scattering vector. Only for 8=0, in 
which case fm’(d)= fm(d), may we speak of a unique 
scattering factor, i.e., f,(d). For 8640, the symmetry 
of the orbitals, represented by their momentum quan- 
tization, no longer exists and now the scattering factors 
fm'(d) are mixtures of the f,,(d). Thus we see that the 
scattering from d electrons of arbitrary orientation may 
be completely described by stating the three principal 
scattering terms and a function of the angle 8 between 
the z axis (the polar direction) and the 2’ axis (the 
direction of the scattering vector, S$). The geometrical 
relation which existed for the principal scattering 
factors for p electrons [see Eq. (11) ] is entirely lost 
since d electrons transform as tensors while p electrons 
transform as vectors. 


» Again, for a half-closed shell of d electrons, i.e., all 
orbitals with different m; occupied, the coherent scat- 
tering factor is 


X fm,(d)=2 fe! (d) +2 fy’ (d) + fo’ (d) 


my 


=2f2(d)+2fi(d)+fo(d), (32) 
which is of course angle-independent and is the same 
result obtained if the calculation is made for 8B=0. For 
calculating the Compton scattering intensities, accord- 
ing to the Waller-Hartree expression, Eq. (2), we require 
the matrix elements | f/;;|*. These may be calculated 
directly from the matrix H,””’ of Table ITI in the way 
already outlined. Since there are 15 independent terms, 
consisting of linear combinations of products of the 
fm(d) with coefficients which are quite complicated 
trigonometric functions of the angle 8, we shall not 
list them here. 

However, as our work strictly applies to the scat- 
tering from a monatomic gas only, what we really need, 
for any actual comparison with experiment, are the 
“mean” values of these matrix elements. These mean 
values are defined by averaging over all orientations of the 
scattering vector, S, weighted by the element of solid angle 
2m sin§d8. This follows from the fact that in such a gas 
the atomic orientation is completely at random, and so 
the angle 8 between the polar axis of the atom and the 
scattering vector, S, takes on all values. In Table IV 
we list these matrix elements as linear combinations of 
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the (j,)* integrals defined earlier in Table I. It is an 
interesting consequence of the averaging procedure 
that the matrix elements do not involve any cross 
terms involving the (j,) integrals. This feature con- 
tributes to simplifying the mathematical calculations in 
the actual numerical work. 


Scattering from a Half-Closed Shell 


The unitary properties of the matrix H,(R) may be 
used to simplify some of the calculations and to provide 
some useful general results. As an example, we shall 
calculate the Compton scattering from any half-closed 
shell and shall show that it is indeed angle independent. 
For this we must calculate $=>°,>°;| /:;|? for an 
arbitrary orientation of the scattering direction. 

In terms of the matrix elements H ;,, it follows that 


fi =e HicHe;* fur, (33) 
and so 
Di dsl fi’ P=Li Vide AecHe;* fer] 
XC, AijHi*fu*) (34) 


= Did La kot AA ;* Hj Hii fiefu*). 


For terms in which /=k, Eq. (34), reduces to 


DLE iL 5 AeA * His ai*)| frx|? 
=Dil(L: AeHe*) (D5 AejsHe;*) ]| fee|*. 


Since the matrix H;(R) is unitary, each of the sums in 
parentheses in Eq. (35) is equal to one. For the terms 
lA#k, Eq. (34) becomes 


LL Ly (AeA * A Hi* fer fu* 


é gf & Ustk 


=> > C(> AyHi*)(X Ai;Hi;*) fee fur. 


k l#k i i 


(35) 


(36) 


Again, from the unitary property of H,(R) each sum 
in parentheses is zero. Upon combining these results, 
we see that for any half-closed shell of electrons 


F= Di Leal fi P=De| few’, 


a result which is certainly angle independent. 


(37) 


TABLE IV. Mean values of the matrix elements | f;;|? 
for d electrons. 


(| Fai |?) aw 
(| fe 2’ |?)ay 
(| fa,1"|?)av 
(| f0,0|?)av 
(| fo, 2" |?)av 
(| fo1" |? a= (| f—2, -1"|?)ay 
(| fo, -1"|®)av= (| f —2,1'|?)av 
(| f2,0" |?) =| f—2, 0" |?) 
(| fi, 1" |?)av 
(| fio’ |®)av=(| fs, 0° |?)aw 


20/49 
5/49 
20/49 
0 
30/49 
0 
20/49 
30/49 
5/49 


ooooco c= 











COMPTON SCATTERING OF X-RAYS 


For a half-closed shell of d electrons, we have from 
Table I and Eq. (37) that the scattering is 5(jo)? 
+ (350/49)< j2)?+ (630/49)( 74). This is also the result 
obtained by summing all the contributions of the 
“mean” scattering contributions in Table IV. 

Similarly, for the coherent scattering factor, we have 
that 


f=Xi fi’ =D Aj Hi* fii] 


=D (Li AnHs*) fii, (38) 


and therefore 


f=Li fil =X fis (39) 
which is also invariant. 

These results may be shown more simply from the 
following considerations. For a half-closed shell, the 
integrals f;; form a matrix F of which f=); fj; is its 
trace. Since the trace of a matrix is invariant under a 
unitary transformation, the coherent scattering factor, 
f, is thus seen to be independent of orientation (in- 
variant under rotations in three dimensions). 

Now $=)),);| fi,|? is the trace of the square of 
the matrix F. By a familiar theorem in matrix theory, 
we know that if the trace of a matrix is invariant then 
so is the trace of any power of the matrix.!® Therefore, 
it follows that F as well as f is independent of orienta- 
tion. These results show us that for any closed or half- 
closed shells, both the coherent and incoherent scattering 
functions may be calculated for any orientation of the 
scattering vector, S (usually conveniently chosen par- 
allel to the polar axis). In all other cases this invariance is 
lost and so we must proceed according to the methods 
already outlined. 


s—d Transitions 


These are matrix elements of scattering which are 
due to transitions between s- and d-shell electrons. 
Again, we shall not write down the complete angular 
dependence of these terms but shall give only their 
“mean” values. In each case the averaging procedure 
gives the same result, 


(| fe.dm’ |?) = 3 | fsdo|?=(j2). (40) 


16T am grateful to Professor G. F. Koster for initially pointing 
out the possible use of this theorem. 
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TABLE V. Mean values of the p-d transition matrix elements. 





(ja)? 


«| fii” |?) ay (ji)? 





9/105 
135/105 
27/105 
90/105 
54/105 
45/105 
72/105 
81/105 


{| frs.dse’ |*)w 126/105 
(| frs.dxo" |*)ay 0 
(| fps.ds"|*)av 63/105 
{| fos.de’ |*)ay 0 
(| fps.do’ |*)ay 21/105 
(| f9.d42" |*)ay 0 
(| fred’ |?)av 63/105 
(| fp o.do’ |?)aw 84/105 





The total contribution to ¥ from these s-d terms for 
half-ciosed shells of s and d electrons is 10( 72). 


p—d Transitions 


These are contributions to § due to electronic transi- 
tions between p and d shells. The “mean” matrix ele- 
ments are listed in Table V. From half-closed shells of 
p and d electrons, the total contribution to the scat- 
tering is just 12(71)?+18(j;)*. 

These are all the matrix elements one needs to cal- 
culate the Compton scattering of x-rays from atoms 
with incomplete d shells. For atoms with f electrons, 
similar results are obtained by following the methods 
given earlier in this paper. 


IV. CONCLUSION 


The effects of the inherent nonsphericity of atomic 
charge distributions on the Compton scattering may 
formally be included in a practical way into the Waller- 
Hartree theory according to the methods outlined in 
this paper. As illustration, all the matrix elements for 
the single-electron scattering terms for atoms with s, p, 
and d electrons have been specifically worked out in- 
cluding their dependence on atomic orientation. By a 
proper averaging over all orientations of the scattering 
vector, these matrix elements may be used directly for 
predicting the scattering from monatomic gases. In the 
absence of a theory for crystalline scattering, this theory 
offers the best available means for theoretically deter- 
mining the Compton scattering from polyatomic 
systems. 

In the paper which follows, a direct comparison 
between the predictions of theory and experiment is 
presented for the scattering from aluminum. 
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Compton Scattering of X-Rays from Aluminum 
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(Received July 8, 1958) 


Hartree-Fock self-consistent field wave functions were determined for the aluminum atom and used to 
calculate the x-ray Compton scattering for aluminum according to the Waller-Hartree theory as extended 
in a previous paper. The predictions of this theory are compared with experiment and previous theoretical 
calculations. The theoretical results are in very good agreement with the measurements of Walker but 


differ from those of Laval at low sin@/d. 





HERE is at present only very little experimental 

information on the Compton scattering of x-rays. 
The most extensive accurate measurements are those 
of Walker' and Curien and Deroche’ on aluminum. 
Even though the Waller-Hartree theory is strictly valid 
only for free atoms, the very existence of the experi- 
mental data itself invites comparison with the pre- 
dictions of this theory. This comparison seems par- 
ticularly appropriate since the results of Walker and 
Laval* showed that the Compton scattering functions, 
as calculated by James and Brindley,‘ based on the 
Compton-Raman-Wentzel equation® and currently in 
constant use, are considerably in error. Furthermore, an 
approximate calculation of the incoherent scattering 
that Walker himself carried out, based on the Waller- 
Hartree expression,® also was found unreliable and led 
Walker to conclude that the known theoretical ex- 
pressions were incapable of accurately predicting the 
experimental data. For all these reasons we decided to 
calculate the Compton scattering intensity for alu- 
minum, using the complete Waller-Hartree theory as 
developed in the preceding paper’ (referred to hereafter 
as I). 

METHOD OF CALCULATION 


Since the results of the computations depend directly 
on the choice of one-electron basis functions, it was 
decided to use Hartree-Fock self-consistent field solu- 
tions, as these represent the best free atom wave 
functions available to date. As no such wave functions 
had been computed for aluminum, a limited self-con- 
sistent field calculation was carried out by the late D. R. 
Hartree and the writer,® using the recently published 
results for Al*.? These wave functions were then used 


1C. B. Walker, Phys. Rev. 103, 558 (1956). 

2H. Curien and C. Deroche, Bull. soc. franc. minéral. et crist. 
79, 102 (1956), have results equivalent to those of Walker! except 
for a greater scatter in their measurements. 

3 J. Laval, Compt. rend. 215, 359 (1942). 

4R. W. James and G. W. Brindley, Phil. Mag. 12, 81 (1931). 
Their data are conveniently tabulated in A. H. Compton and 
S. K. Allison, X-Rays in Theory and Experiment (D. Van 
Nostrand Company, Inc., New York, 1935), p. 782. 

5See A. J. Freeman [Phys. Rev. 113, 169 (1959), preceding 
paper ], for complete details. 

®D. R. Hartree and A. J. Freeman (unpublished). 

7C. Froese, Proc. Cambridge Phil. Soc. 53, 206 (1957). 


to calculate the scattering matrix elements according to 
the methods outlined earlier in I. 

The numerical integrations were carried out on 
Whirlwind I, the M.I.T. digital computer; the numeri- 
cal wave functions were used as direct input data, 
after being interpolated to a mesh suitable for machine 
calculation by a routine written by Corbaté.§ The 
effect of the interpolation procedure on the numerical 
accuracy was checked by the normalization condition. 


RESULTS 
The numerical results are given in Table I, as a 
function of siné/A in A“ units. Here $=>°,> | fij|?; 
and for aluminum in its *P ground state, made up out 
of the (1s)*(2s)?(2p)°(3s)? 3p configuration, we have, 
from the matrix elements derived in I, 
F=2fisP+2 fos? +6 fap? +2 fas? + fz” 
+4( fic, 20° + fis, 36° + fos, 36”) 
+12( fis, 2p?+ fos, 25° + fis, sp’) 
+2 (fis, 3p°+ fos, 3p? + fas, 3p?) +12 fey, 2p” 
+2 for, ap (0) +4 fey, sp (2) + 5 fsp, 3p» 


with the definitions? 


Sns= | Prs?(r) jo(kr)dr, 


i f Pay?(r) jolkr)dr, 


Ins, n's— J Pu Peal0 jolt, 
tus vom f Pael)Pa (0) old, 
Fan ov= f Pash() aller, 


fap. n’p(™) = f Pap(1)Paip(1)in(kr)dr, m=0,2. 


SF. J. Corbaté, Ph.D. thesis, Physics Department, Massa- 
chusetts Institute of Technology (unpublsihed). 

® This notation is equivalent to that introduced by D. T. Keat- 
ing and G. H. Vineyard, Acta. Cryst. 9, 895 (1956). 
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COMPTON SCATTERING OF X-RAYS FROM 


Al 


TABLE I. X-ray incoherent scattering function for aluminum. 











Sis Svs Sop Sas Sap 


Fis,20 fis,se Soe,se 


Sis,p 





1.0000 
0.6023 
0.1041 
—0.0354 
—0.0185 
0.0088 
0.0192 
0.0187 
0.0088 
0.0020 


1.0000 
0.2650 
—0.0136 
0.0063 
0.0219 
0.0222 
0.0172 
0.0126 
0.0056 
0.0020 


1.0000 
0.9985 
0.9942 
0.9871 
0.9773 
0.9649 
0.9500 
0.9330 
0.8929 
0.8465 


1.0000 
0.9669 
0.8745 
0.7411 
0.5895 
0.4406 
0.3089 
0.2017 
0.0626 
0.0009 


1.0000 
0.9678 
0.8788 
0.7527 
0.6128 
0.4778 
0.3595 
0.2624 
0.1292 
0.0567 


-ssososososoo 
OTA U SP WNHK OO 


0.0000 
0.0334 
0.0387 
0.0151 
—0.0183 
—0.0449 
— 0.0584 
— 0.0609 
—0.0482 
—0.0301 


0.0000 
0.0172 
0.0399 
0.0499 
0.0642 
0.0770 
0.0878 
0.0969 
0.1087 
0.1133 


0.0000 
0.0002 
0.0009 
0.0022 
0.0039 
0.0060 
0.0083 
0.0109 
0.0162 
0.0212 


0.0000 
0.0189 
0.0590 
0.0953 
0.1107 
0.1048 
0.0856 
0.0624 
0.0238 
0.0035 


0.0000 
0.0014 
0.0051 
0.0112 
0.0191 
0.0286 
0.0392 
0.0502 
0.0726 
0.0928 


—0.3082 
—0.3419 
—0.3407 
—0.3150 
—0.2751 
—0.1842 
—0.1069 











Sis.ap Sos,sp Sas,ap Sop,2p 


Fap.ap fop,sp fap,sp) DI fai |? i 13-—F 








2. 
o|§ 


0.0000 
—0.3000 
—0.1215 
—0,0052 
+0.0098 
— 0.0003 
— 0.0083 
—0.0116 
—0.0100 
— 0.0063 


0.0000 
0.0128 
0.0463 
0.0918 
0.1345 
0.1679 
0.1884 
0.1962 
0.1842 
0.1543 


0.0000 
—0.0059 
—0.0192 
—0.0375 
—0.0532 
—0.0613 
— 0.0614 
—0.0560 
— 0.0387 
—0.0226 


0.0000 
0.0035 
0.0069 
0.0100 
0.0130 
0.0156 
0.0177 
0.0196 
0.0220 
0.0230 


moosoooso 
RS ONOAU PWN 





0.0000 
0.2125 
0.1100 
0.0186 
—0.0019 
— 0.0007 
0.0035 
0.0057 
0.0076 
0.0070 


13.00 
10.72 
8.97 
7.80 
6.62 
5.52 
4.58 
3.81 
2.72 
2.08 


0.00 
2.28 
4.03 
5.20 
6.38 
7.48 
8.42 
9.19 
10.28 
10.92 


13.00 
10.29 
8.19 
6.55 
5.08 
3.96 
3.20 
2.70 
2.11 
1.74 


0.0000 
0.1226 
0.1356 
0.1371 
0.1232 
0.1008 
0.0770 
0.0563 


0.0000 
—0.0029 
— 0.0060 
—0.0018 
+0.0094 

0.0217 

0.0307 

0.0359 
0.0272 0.0368 
0.0117 0.0317 








From Table I we see that the exchange contribution, 
ie., the >> ji| fi;|? terms in Eq. (2) of I, are by no 
means negligible. 

Even though individually the exchange terms are 
small, there are so many of them that their total con- 
tribution is considerable. With increasing atomic 
number, the number of such exchange integrals rises 
rapidly and hence so does their sum. In fact, for alu- 
minum, for sin@/A equal to 0.3 and 0.4, the exchange 
integrals amount to 25% of the total scattering 
intensity. 

For aluminum, with only a single 3p electron outside 
a closed shell, the contribution to the total scattering 
due to the nonsphericity of the charge distribution is 
small since this nonspherical charge density is quite 
small. Furthermore, these terms contribute mainly at 
small sin@/A, the region in which the outer electronic 
scattering is most effective. 


COMPARISON WITH EXPERIMENT 


In Fig. 1, we show a comparison of our results, Curve 
C, with the experimental results of Walker (open 
circles) and some earlier measurements of Laval (closed 
squares) on aluminum. The dotted curve represents 
Walker’s estimate of the best experimental curve. Also 
included are the results of several other theoretical 
calculations (referred to briefly above). 

Curve A is a plot of the James and Brindley‘ values 
calculated from Eq. (1) of I. Self-consistent field wave 
functions without exchange were used in this calculation 
and only the (jo) terms in Table I of I were included. 
These values differ very markedly from the experi- 
mental data over the entire range in sin#/A, due in part 
to the many approximations that were made in the 
calculation. 


Curve B was obtained by Walker from a modified 
Waller-Hartree calculation. For the core electrons he 
used the >-| f;;|? values of James and Brindley for a 
free aluminum atom, and the exchange contribution 
calculated for neon by Harvey et al.” To this was added 
the contribution of three conduction electrons, calcu- 
lated for a free electron gas. For neon, Harvey et al." 
only included the exchange contribution between the 
2s and 2 electrons. All other exchange terms were 
totally neglected. This calculation shows better agree- 
ment with experiment than Curve A, but still shows 
substantial disagreement for high sin#/A. Again, by 
comparison with the earlier results of the preceding 
paper we recognize the many approximations made in 
this calculation as well. 

The agreement between our results, Curve C, and 
experiment is quite good, within the estimated experi- 
mental error quoted by Walker, over the whole region 
of Walker’s results. For low sin@/A the agreement with 
Laval’s data is not as good, but since Laval made no 
estimate of the accuracy of his measurements it is 
difficult to state how large these deviations really are. 
(It is at low sin@/\ that the experimental error is largest 
since there are many experimental difficulties connected 
with measurements at small scattering angles.) 

Actually though, this deviation between theory and 
experiment at low sin@/d is to be expected since we have 
used a free-atom theory to predict the scattering from 
a crystal. In the crystalline environment it is the elec- 
tronic distribution of the outer electrons which are most 
disturbed from their free-atom form. Since these outer 
electrons contribute mostly in the region of small 
sin@/A, it is in this region that we should expect the 
largest deviations with experiment to occur. 


10 Harvey, Williams, and Jauncey, Phys. Rev. 46, 365 (1934). 
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Fic. 1. Compton scatter- 
ing intensity for aluminum 
in electron units (e.u.). The 
open circles are the measure- 
ments of Walker, the closed 
squares those of Laval. 
Curve A_ is calculated 
from the Compton-Raman- 
Wentzel equation, Curve B 
is Walker’s modified Waller- 
Hartree calculation and 
Curve C is the present 
result obtained from the 
complete Waller-Hartree 
theory. 
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There are of course other reasons for expecting the 
scattered intensities to be weaker than that predicted 
by the Waller-Hartree theory. As Curien'! and Laval* 
have pointed out, the ejected electrons are not free 
electrons but must travel through the crystal. Therefore 
the number of allowed energy states for these electrons 
is not the continuum of states which exist for the free 
atom, but rather consists of a series of allowed and 
forbidden energy bands. Since the recoil electron may 


not occupy any of these forbidden states, this leads to 
a reduction of the Compton scattering for the crystal. 
This effect, however, is probably of greater importance 
for insulators and semiconductors than for metals. 


CONCLUSION 


Even though based on a free-atom theory, the 
Waller-Hartree equation has been found to predict, 
with good accuracy, the intensity of Compton scat- 
tering for crystalline aluminum for all but small values 
of siné/A. The exchange terms in the scattering ex- 


“ H. Curien, Revs. Modern Phys. 30, 232 (1958). 


pression, Eq. (2) of I, are of great importance for obtain- 
ing these good results. 

It is too soon to say whether this free-atom theory 
will yield the same good agreement with experiment 
for crystals other than aluminum. More experimental 
work, along the lines suggested by Curien, Walker, and 
Laval, is required, together with more new calculations 
(such as the one described here for aluminum), before 
the general validity and applicability of the theory is 
established. In the absence of a theory for crystalline 
scattering, the best theoretical calculation of the 
Compton scattering intensity is found from the Waller- 
Hartree equation using self-consistent field wave func- 
tions with exchange. 
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It has been found by Breit and Teller that double photon emission is the principal cause of decay of 
interstellar hydrogen atoms from their metastable 2s state and the mean life corresponding to this decay 
was bracketed by them between upper and lower limits. In the present note an account is given of a more 
accurate evaluation of the transition probability A ,;= (8.226+0.001)Z* sec“, where Z is the atomic number. 
Relativistic effects on the atomic wave functions have been neglected in the calculations which are therefore 


accurate only for small Z. 





I. INTRODUCTION 


T has been found by Breit and Teller! that double 
photon emission is the most probable mode of 
radiative decay of the metastable 2s state of hydrogen. 
They also found that the mean life + corresponding to 
this mode of decay can be bracketed by the relation 


6.5 sec!?<1/7<8.7 sec. (1) 


The hydrogen atom was treated by them as a Dirac 
electron in the field of a point charge and in the ap- 
proximation of nonrelativistic radial wave functions. 
At the time, the mean life of the metastable state was 
of interest primarily in connection with interstellar 
hydrogen. Since then, the knowledge of the transition 
probability has become of additional value, the decay 
of the 2s state of ionized helium being of interest in 
atomic beam measurements.” It may also be of interest 
in connection with a possible test of the existence of an 
electric dipole moment of the electron.’ In the present 
note an account is given of calculations of the prob- 
ability of the double emission process which have been 
performed with a higher accuracy than those of BT. 

The problem has changed aspect since the time of the 
first estimates through the discovery of the Lamb shift. 
The 2; state is now known to lie between the 2s and 
the 1s levels. Accordingly it is necessary to consider the 
way in which cascade emission 2s — 2,;— 1s of two 
photons can affect the probability of double photon 
emission. It may be said at the outset that no appre- 
ciable effect of the cascade process is found. It never- 
theless appears desirable to describe the considerations 
which lead to this conclusion. 


* This research was supported in whole or in part by the U. S. 
Air Force monitored by the AF Office of Scientific Research of 
the Air Research and Development Command and by the Office 
of Ordnance Research, U. S. Army. 

t Now at Fordham University, New York, New York. 

1G. Breit and E. Teller, Astrophys. J. 91, 215 (1940); this 
paper will be referred to as BT in the text. 

2R. Novick and E. Commins, Phys. Rev. 103, 1897 (1956). 

3 The effect of the hypothetical electron dipole moment on the 
position of energy levels of hydrogen has been considered by 
G. Feinberg to whom the writers would like to express their 
thanks for a discussion and a prepublication copy of the manu- 
script. The possible effect of the admixture of the 2p state on 
the mean life mentioned by one of us (GB) in the discussion with 
Dr. Feinberg may constitute perhaps a test of the existence of 
the moment if accurate measurements of the mean life should be 
obtained. 


II. DOUBLE AND CASCADE EMISSION 


Double photon emission takes place through the 
virtual formation of atomic states n” together with the 
formation of one of the final photons Av’ followed by 
the formation of the other final photon hv’’ accompanied 
by the transition of the atom from the state n” to the 
final state m’. The amplitude for this process has to be 
added to the amplitude for the transition from the 
initial state to the state m’’ together with the forma- 
tion of the final photon hv” followed by the formation 
of the final photon Av’ accompanied by the transition 
from n’’ to n’. Amplitudes for different ’’ are added 
and in the nonrelativistic problem are combined linearly 
with the amplitude arising from the terms in the inter- 
action energy which are quadratic in the vector poten- 
tial. If the level m”’ has an energy intermediate between 
that of m and n’ the usual calculation of double emission 
does not strictly apply because the probability ampli- 
tude for n’’ with photon Av’E(nn’’) grows until a 
state of equilibrium is reached between arrivals into n’ 
and departures through emission of a second photon 
with energy hv’’E(n''n’). If the spontaneous emission 
coefficient A(nn’’) is much larger than A (n’’n’), the 
atoms pile up rapidly in ”’ and leave n”’ at their leisure 
for n’. A typical case of cascade emission is obtained 
in this case. Similarly if there are no other ways of 
leaving the state m, cascade emission occurs even if 
A(nn"')<«A(n''n') but with a small number of atoms in 
the state n’’ since they are quickly removed from n” 
on account of the relatively large A (n’’n’). In the limit 
of this very large A(n’’n’)/A(nn’’) there is no appre- 
ciable building up of the population in n”’ and there is 
then no distinction between the cascade and double 
photon emissions. 

In the case of the metastable state of hydrogen 
cascade emission 2s— 2p,;— 1s has a negligible in- 
fluence, the probability of the transition to 2; being 
very small on account of the smallness of the transition 
frequency. The transition probability corresponding to 
this process is 


’ es 1 ’ 
A(2s — 2p;)=- ae | =—_—_—_. (2 
Pi 3L het 5X 109 sec 


Here the transition frequency of the Lamb shift levels 
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is denoted by w/(2m), a is the radius of the first Bohr 
orbit and the other symbols have their usual meaning. 
The quantity in square brackets is the transition prob- 
ability in the imaginary case of a 2s — 2¢ transition in 
a nonrelativistic problem with spinless particles and an 
energy difference equal to that between 2s and 2;. The 
factor in front allows for the statistical weight of 2p; 
being 4 of that of 2p; and 2p, together. Comparison of 
(2) with (1) shows that cascade emission occurs with 
a negligible probability of the order of 10-*. 

The formula for the probability of double emission 
with one photon in frequency range dv’ at v’ is* 


2g Sey’ y "8 
hc’ . 
| (n’| (r-1’)|n"’)(n”’| (r-1)|n) 
dle | 
n? v(n!'n) +" 
/2 
| ) dv’. (3) 
| 7 wv 


= (r-1”)|n"){n"| (r-1’)|n) 
v(n'’'n)+v' 

Here v” is the frequency of the second photon related 

to v’ by 








v'+v"=[E(n)— E(n’) //h, (3.1) 


r is the displacement vector of the electron with respect 
to the proton, 1’, 1” are respectively unit vectors in the 
direction of the electric intensities of the photons hy’, 
hv” and the summation is carried out over all inter- 
mediate atomic states m”’. For future reference it may 
be noted that Eq. (3) gives the emission probability 
into a frequency range of one of the photons for a pre- 
assigned photon pair and that if v’ is varied through the 
whole range available to it energetically the same pair 
will occur twice. 

The quantities in the denominators contain transition 
frequencies designated in the convention 


v(n"’'n)=(E(n")— E(n) |/h. (3.2) 


The average is taken over directions of polarization 
vectors 1’, 1’ and directions of photon emission. If 
cascade emission is possible, one of the denominators in 
(3) nearly vanishes when 


v'=v(nn"). (4) 


Equation (3) as it stands gives an infinite value of the 
integral of the transition probability over »’. This 
infinity occurs because the radiation damping broaden- 
ing of the intermediate state n” is neglected in the 
derivation of (3). If the broadening is taken into 
account, then the resonance peak corresponding to (4) 
contributes to the probability the amount corresponding 
to cascade emission after equilibrium for the cascade 
process has been established. 


‘ Maria Géppert, Naturwissenschaften 17, 932 (1929); Maria 
Géppert Mayer, Ann. Physik 9, 401 (1931). 
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In the general case one would thus have to calculate 
by means of a modified formula with imaginary parts 
in the denominators of (3). In the present problem, 
however, the extreme smallness of the transition prob- 
ability »—> ” shown by the comparison of (1) with 
(2) makes it unnecessary to evaluate the contribution 
of this region. Since for small values of either v’ or v’” 
the factors v’’, v’’* depress the value of A(v’), the con- 
tributions to the total transition probability through 
the frequency region of order of magnitude v(nn”) is 
negligible. The change in the value of the transition 
probability produced by neglecting the Lamb shift is 
therefore negligible also. The total transition prob- 
ability may thus be calculated as though the 2p; and 
2s levels were exactly coincident. The ratio of the Lamb 
shift frequency to the 2p — Is transition frequency is 
of the order 10° and the weighting factor v’*v’’ is of the 
order 10~'? of its maximum value in the frequency 
region within which this alteration is important. The 
error committed is therefore of no practical interest. 


III. CALCULATIONS FOR THE MODIFIED PROBLEM 


According to the parity selection rule the only inter- 
mediate states to be considered are p states.® Rela- 
tivistic effects in the positions of the levels are of relative 
order a® and may be neglected. Relativistic effects on 
the values of dipole matrix elements are of the same 
relative importance. The mean life 7 and the total 
transition probability A, are obtained from (3) by 
means of 


v(nn’) 
-=4,=3 f A(v’)dv’, (5) 
0 


T 


which is Eq. (6.1) of BT, the factor } arising from the 
significance of (3) mentioned between Eqs. (3.1) and 
(3.2). Averaging over directions of polarization vectors 
and photon directions needed for (3) has been per- 
formed by BT and gave their Eq. (6.2). Direct substi- 
tution in terms of the quantity C of BT, an explicit 
expression for which is written out as an unnumbered 
equation on p. 233 of BT, gives 

Pac w 


A(v’)dy'= 
eg 


1 
x; 2 rs 4 
. §— §m~—y 


is 1 
+ f Culs| ——— 
0 gt+fet+y 


(1-9) Rap! Rnp” 


m=2 





2 
dy. (6) 


+ |e 
$+ $2-y 


5 If the electron should have a small electric dipole moment, 
the above statement will have to be modified and the double- 
photon emission probability will be slightly affected. 





MEeTAOTADIEITY OF 2% 


y= v'/Van = (8ah/3e*)r’, (6.1) 


Rnp* = f Ri. (1) Rmp(r) dr, (i=1,2), (6.2) 
0 


where R;,(r), Rmp(r) are radial functions for states is 
and mp, respectively the normalization convention 
being 


f Re@ra- f Rnj?(r)rdr, (6.3) 
0 0 


and the m standing for the principal quantum number. 
The quantities C;,, C2, are radial integrals for the 
continuum and are written out explicitly as Eqs. (6.8), 
(6.9) of BT where references to the literature of the 
subject may be found. The quantity i/x is analogous 
to the principal quantum number m of the virtual state 
in the discrete part of the spectrum and is related to 
the energy E of the state by 


E=27(e/2a), 


so that —1/m? corresponds to x’. In Eqs. (6), (6.2), 
(6.3) the unit of length for r is the Bohr radius a. The 
quantity y is the frequency of one of the photons 
expressed in terms of the maximum value of this fre- 
quency as a unit. In the present work the emitted fre- 
quencies were expressed in terms of the Rydberg 
frequency through the introduction of 


n= v' (2ah/e?). 


Substitution in (6), making use of the equations of BT 
already referred to, gives 


A (v’) = (275/38)a%y®($—n)*|M(n)+M(i—n)|?, (7) 


where 


(6.4) 


(6.5) 


M(n)= > 
m=21—yn—m~ 


(7.1) 





«  R(m) @ R.(x)dx 
+f 


1—nt+a? 


R(m) = —1/(2°38), 


m' (m— 1)™-?(m— 2)" 
=— , (m>2) 
(m-+1)™*?(m-+-2)™*8 


(m= 2) 
(7.2) 





while 


2x\ T" 
R.(x) =x(t4s8)2(1+438)41 -exn(-*)] 


x 


2 
Xexp; —-[tanx+tan“2x]}. (7.3) 
x 


The subscript c on R,(%) stands for ‘‘continuum”, 
R.(x) playing the same role for the continuum as R(m) 
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does for the discrete spectrum. The quantity A (v’) as 
defined by (3) is dimensionless. The conversion to 
atomic units for the radial integrals took place in BT 
and yielded (6). In going from (6) to (7) dy was 
expressed in terms of dv’. Thus (7) gives the dimen- 
sionless A(v’) defined by (3). The transition prob- 
ability A, owes its dimensions to the factor dv’ in the 
integral on the right hand side of (5). Numerical 
quadrature was used to evaluate the transition prob- 
ability A, making use of (5), (7), (7.1), (7.2), and (7.3). 
The integrand was calculated for values of 7 at intervals 
of 0.0375 throughout the range 0<<0.75. The con- 
tributions to M(n) from m=2 through m=7 were 
obtained by direct substitution in (7.2). From m=8 to 
m= the approximation 


: 1 rs 
Rin) =| —+—+0(—) ae —+—) (7.4) 


m3 m® m' m> m5 


was employed. The expansion used here is readily 
obtained from (7.2) by taking the natural logarithm 
of m®R(m) and expanding in reciprocal powers of m, 
which yields —6—8/m?+O(1/m‘) from which (7.4) 
follows on expanding the exponential of the natural 
logarithm. From (7.4) one obtains 


oe R 6 i) 9—8 « 
be = =| + » |, (7.5) 


n=m1—n-—n™ 1—7 n=m 1—7n n=m 


which was used in the evaluation of the contribution to 
M(n) in the part of the discrete spectrum beyond m=7, 
use having been made of tables of Riemann’s ¢ function. 
Comparing values obtained from (7.5) with values 
calculated without approximation from (7.2), it has been 
estimated that the error caused by the approximate 
character of (7.5) is ~1/23 000 of the leading m=2 
term. 

The contribution of the continuous spectrum to M (n) 
was evaluated by numerical quadrature of the integrand 
in (7.1) employing (7.3). The integrand was tabulated 
for this purpose at intervals of 0.05 in the rangeO<« <1 
and at intervals of 0.10 in 1<«<2. These tabulations 
were carried out at intervals of 0.0375 in the range 
0<n<0.75. The integral in Eq. (7.1) was then cal- 
culated by Simpson’s rule in the limits x=0 to x=2. 
The integrand was sufficiently small for x>2 to justify 
the omission of the integral from «= 2 to x= ~. Finally 
the quadrature in Eq. (5) was performed numerically 
with the result (8.226+0.001) sec. 

Equation (3) contains frequencies v with total power 
5 and lengths with total power 4. Since the v depend on 
atomic number Z as Z? and lengths as 1/Z, the factor 
representing the dependence on Z is Z'-*= Z® and the 
transition probability is 


1/r= A,= (8.226+0.001)Z* sec. (8) 
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Total Cross Sections for Multiple Electron Stripping in Atomic Collisions 
at Energies to 100 kev* 


P. R. Jones,t F. P. ZrempBa, H. A. Moses, AND E. EVERHART 
Physics Department, University of Connecticut, Storrs, Connecticut 
(Received August 8, 1958) 


Total cross sections have been measured for electron capture and stripping of He*, Net, and A* ions in 
single collisions of Het on He, Ne, and A; Ne* on Ne and A; and A* on A. Where He? ions are incident, 
the cross sections are given for electron capture, a0; for electron loss, 012; and for “elastic” scattering in 
excess of one degree, o1:>1°. Where Ne* and A* are incident, the cross sections for multiple stripping 
@13,"**,017 are given also. The measurements were made at 25, 50, and 100 kev and at additional energies 
in two cases where a maximum in the electron capture cross section was observed. Each total cross section 
was compiled by adding the contributions from the various angular regions into which the incident particle 
may be scattered. The contribution from the particles scattered between 0° and 1° was measured directly, 
while that for regions in excess of 1° was obtained by integrating the measured differential cross sections. 
In the region between 1° and 4° the differential cross section for each process was measured with high 
resolution and these data are presented here separately. These differential measurements supplement data 
previously published for angles in excess of 4°. Tables are presented showing the contribution of each of the 
angular regions to the various total cross sections. Large-angle scattering is found to make a significant 


contribution to the total cross sections for the production of the more highly ionized particles. 


1, INTRODUCTION 


OTAL cross sections for the multiple stripping of 
an ion in single collisions with an atom may 
evidently be obtained by integrating the measured 
differential cross sections over all angles of scattering. 
Previous differential measurements of single collisions 
of helium, neon, and argon ions and atoms at energies 
of 25 to 100 kev have been reported by this laboratory 
in two papers,'” hereinafter called I and II, respectively. 
Similar studies have been reported by Fedorenko* and 
by Kaminker and Fedorenko.* These investigations 
have shown that for the higher charge states important 
contributions to total cross sections arise from large- 
angle scattering. 

Measured values of the total cross sections are given 
here for processes in which a singly ionized atom 
strikes a neutral target atom and is 0, 1, 2, to 7 times 
ionized after the collision. These are called, respectively, 
the cross sections for electron capture (sometimes 
called charge exchange), “elastic” scattering, and 
various degrees of multiple stripping. The collisions 
studied include He* incident on He, Ne, and A; Net 
on Ne and A; and A* on A at energies of 25, 50, and 
100 kev. The electron capture cross sections are 
compared with those of a number of other investigators. 
In the case of “elastic” scattering the cross section for 


* This work was sponsored by the Office of Ordnance Research 
U. S. Army, ewe the Ordnance Materials Research Office at 
Watertown and the Springfield Ordnance District. 

tNow at the University of Massachusetts, 
Massachusetts. 

1 Carbone, Fuls, and Everhart, Phys. Rev. 102, 1524 (1956). 
Here referred to as I. 

? Fuls, Jones, Ziemba, and Everhart, Phys. Rev. 107, 704 (1957). 
Here referred to as II. 

3.N. V. Fedorenko, Zhur. Tekh. Fiz. 24, 784 (1954). 

*D. M. Kaminker and N. V. Fedorenko, Zhur. Tekh. Fiz. 25, 
2239 (1955). 
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scattering in excess of 1 degree was measured. These 
collisions are “elastic” in the sense that there is no 
change of charge, but there may be an excited state 
created and photons emitted which are not detected in 
these measurements. For some of the higher charge 
states Kaminker and Fedorenko‘ show data on the 
cross sections for stripping which may be compared 
with our results. 

The procedure is to determine the contribution to 
the total cross section arising from each of the several 
regions into which the incident particle may be scat- 
tered. The differential cross section measurements for 
the 1 to 4 degree region are reported here in Sec. 2. 
The 0 to 1 degree measurements are discussed in Sec. 
3 to follow. The data for the region in excess of 4 
degrees are obtained from paper II. The total cross 
sections obtained in this way are presented and dis- 
cussed here in Sec. 4. 


2. MEASUREMENTS FROM 1 TO 4 DEGREES 
a. Apparatus 


The scattering apparatus shown in Fig. 1(a) is 
essentially that described in II. This apparatus meas- 
ures the scattered incident particle current in each 
charge state resulting from single collisions with target 
gas atoms as a function of scattering angle @. In II it 
was used to study the range of angles above 4 degrees, 
extending up to 40 degrees in some cases. Here it has 
been adapted to make measurements in the 1 to 4 
degree range. This entailed making the holes smaller 
to provide the necessary resolution. The extreme 
angular width of acceptance is now +0.2 degree 
although about three quarters of the scattered particles 
come from a range of +0.1 degree about the chosen 
angle 6. 
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b. Theory and Procedure 


The particle differential cross section is the area of 
the scattering center for scattering of particles, ir- 
respective of their charge after scattering, into a unit 
solid angle at the angle in question. This is found from 
the data through the expression 


o(0)=1I/NmLAQ, (1) 


where J is the number of scattered particles per second 
of all charge states detected at the angle 0, N is the 
number of incident particles per second, m is the 
number of target particles per unit volume, L is the 
length of the target volume in the direction of the 
incident ion beam, and AQ is the effective solid angle 
over which the average value of the particle differential 
cross section o(6) is determined. 

The value of AQ is determined by the scattering 
geometry, which is shown in more detail in Fig. 2 of II, 
and is the average solid angle of scattering over the 
target volume. The integration over the target volume 
yields 

AQ= 2S*h/[4yo(yi.S+yeh) ], (2) 


where S is the diameter of hole d in Fig. 1(a), h is the 
height of the rectangular hole c, 1, and ye are the 
distances from the point 6 of holes ¢ and d, respectively. 
Here S=0.15 mm, h=0.08 mm, y;=24.2 mm, and 
yo= 57.8 mm. 

The length Z is given by 


L= 4[csc(@— | A0|) 
+csc (0+ | A0|) ](yohk+y1S)/(ye—y1), (3) 


where AO=+0.2 degree is the extreme angular width 
of acceptance determined by the holes c and d. For 
large values of the scattering angle @, this expression 
is well approximated by Eq. (2) of II. Substitution of 
Eqs. (2) and (3) into Eq. (1) gives an expression for 
o(8) in which everything can be measured. 

At each scattering angle @ in the 1 to 4 degree range 
the scattered particle current 7, in each charge state 
n was measured, and from these data the fraction P, 
of the scattered particles in each charge state deter- 
mined. Each data set included some very small scatter- 
ing angles 6 for which the data was obtained in two 
ways—with the detecting apparatus in Fig. 1(a) 
rotated an angle @ first above, and then below, the 
incident ion beam direction. An average of these two 
values was recorded. The scattered currents at small 
angles are very rapidly changing functions of angle 
and this procedure corrects for errors, of the order of 
0.1 degree, in alignment between the direction of the 
ion beam and the zero index on the angle scale. 

Immediately after each data set was taken, the 
target gas supply to the collision chamber was shut off 
and the experiment repeated to determine the scattered 
currents due to residual gas atoms or any other extrane- 
ous source. The pressure in the collision chamber was 
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Fic. 1. The scattering apparatus used (a) in the 1 to 4 degree 
measurements and (b) adapted to the 0 to 1 degree measurements. 


then about 5X 10~* mm of Hg, this being the pressure 
in the accelerator to which this chamber is connected. 
This compares with a pressure of about 10-* mm of Hg 
in the chamber with the target gas supply turned on. 
The scattered currents were found to be about 5% of 
the value they had when the target gas was present, 
except for certain cases of Het on He when they reached 
15%. In every case these were subtracted from the 
corresponding currents measured with the target gas 
present. 


c. Data and Discussion 


The charge analysis of the scattered particles and the 
particle differential scattering cross sections are shown 
in Figs. 2 through 7 for collisions of Het on He, Ne, 
and A; Net on Ne and A; and At on A at energies of 
25, 50, and 100 kev. The fraction P, of scattered 
particles in each charge state, and the particle differen- 
tial scattering cross section, are shown at each energy 
as a function of the scattering angle @ in laboratory 
coordinates. Each data point represents the average 
of two or more determinations from experiments per- 
formed on different days. Empirical lines are drawn 
through the charge analysis data points. 
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Fic. 2. The charge analysis and differential scattering cross 
sections for single collisions of Het on He at 25, 50, and 100 kev. 
The fraction of scattered particles in each charge state is plotted 
vs scattering angle and empirical lines drawn through the data 
points. The differential cross section is plotted vs scattering 
angle, the solid lines being calculated using the Rutherford 
scattering formula. These data are an extension to small angles 
of the data in Figs. 4 and 10 of reference IT. 


When helium ions are the incident particles the 
fraction P, is observed to be entirely independent of 
the scattering angle 6 at 100 kev, and nearly so at 50 
kev. The variation of P, with @ is seen to be present 
only in the range of gentler collisions, encountered at 
low-energy and small angles of scattering, corresponding 
to large impact parameters for the collisions. A variation 
of P,, with the energy of the incident helium ion is also 
observed. When neon and argon ions are incident upon 
neutral neon and argon atoms, P, is seen to vary 
considerably with @ as well as with the incident ion 
energy. A theoretical treatment of the At on A collision 
has been given by Russek and Thomas.® Their calcula- 
tions reproduce quite well the general behavior of P, 
as a function of @ observed here and in reference IT. 

The measured particle differential scattering cross 
section for collisions of Het on He is compared in Fig. 2 
with that calculated using the Rutherford scattering 
formula. In these collisions the effect of electron screen- 
ing is negligible and the observed scattering should be 
given quite accurately as that calculated froma Coulomb 
potential. The excellent agreement of the data points 
with the Rutherford curves is taken as evidence that 
there was no excessive systematic error in the differen- 
tial cross-section measurements. 


5 A. Russek and M. Tom Thomas, Phys. Rev. 109, 2015 (1958). 
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3. MEASUREMENTS FROM 0 TO 1 DEGREE 
a. Apparatus 


Figure 1(b) shows the apparatus as adapted to the 
analysis of scattered particles which have been de- 
flected by less than 1 degree from the incident ion 
beam. No differential cross section measurements were 
attempted below 1 degree and the design here is such 
that all particles scattered by less than 1 degree enter 
the detectors, separated only according to their charge. 
The circular hole d subtends a linear angle of 2 degrees 
from a and 23 degrees from c, so that particles scattered 
into a 1-degree radius cone at a and a 1}-degree cone 
at c reach the detectors. In this part of the experiment 
the incident ion beam entered the collision chamber 
with a collimation of +0.1 degree and traversed a 
thickness of 8.9 mm of target gas. 


b. Theory and Procedure 


The contributions to the total cross section o1, by 
the 0 to 1 degree region is given by 

oin*(0°1°)=1,/Nmi, (4) 

where J, is the particle current of m-times ionized 

atoms resulting from target gas collisions, V is the 

incident particle current of singly ionized atoms, m is 


the number of targets per unit volume, and ¢ is the 
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Fic. 3. The charge analysis and differential scattering cross 
sections for single collisions of Het on Ne at 25, 50, and 100 kev. 
The fraction of scattered particles in each charge state is plotted 
vs scattering angle and empirical lines drawn through the data 
points. The differential cross section is plotted vs scattering angle. 
These data are an extension to small angles of the data in Figs. 5 
and 11 of reference II. 
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thickness of the target in the direction of the ion beam. 
All quantities in this expression can be measured. 

The apparatus was here locked as shown in Fig. 1(b) 
so as to prevent rotation about point b. The particle 
current in each charge state was determined at several 
target gas pressures as shown in Fig. 8. The linear 
plot shows that the particles reaching the detector 
had undergone only single interactions. In practice, 
ain*(0°—>1°) was determined by the slope of the best 
straight line through the data points since this is 
proportional to the factor J,/Nm in Eq. (4). 

The residual current shown at ‘‘zero”’ pressure in 
Fig. 8 was the steady value reached after the target 
gas supply to the collision chamber had been shut off 
for several minutes. The principal source of this 
extraneous current is the interaction of the ion beam 
with impurity gases in the long path outside the 
collision chamber where the pressure is about 5X 10~® 
mm of Hg. This current makes no contribution when 
71n*(0°—1°) is determined from the slope of the straight 
line as described above. 

It was found in the 0 to 1 degree measurements that 
target gas atoms outside of the collision chamber, as 
well as impurity gases, give rise to a significant fraction 
of the observed particle current in a given charge state. 
These atoms stream out through holes a and c which are 
necessarily open. Although the target gas pressure 
outside the chamber was only about 0.01 of that inside 
the chamber, the much longer path length of the beam 
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Fic. 4. The charge analysis and differential scattering cross 
sections for single collisions of Het on A at 25, 50, and 100 kev. 
The fraction of scattered particles in each charge state is plotted 
vs scattering angle and empirical lines drawn through the data 
points. The differential cross section is plotted vs scattering 
angle. These data are an extension to small angles of the data in 
Figs. 6 and 12 of reference II. 
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Fic. 5. The charge analysis and differential scattering cross 
sections for single collisions of Ne*+ on Ne at 25, 50, and 100 kev. 
The fraction of scattered particles in each charge state is plotted 
vs scattering angle and empirical lines drawn through the data 
points. The differential cross section is plotted vs scattering 
angle. These data are an extension to small angles of the data in 
Figs. 7 and 13 of reference II. 


outside the chamber accounted for the size of the 
effect. The presence of this effect was determined by a 
simple experiment. The particle current was recorded 
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Fic. 6. The charge analysis and differential scattering cross 
sections for single collisions of Net on A at 25, 50, and 100 kev. 
The fraction of scattered particles in each charge state is plotted 
vs scattering angle and empirical lines drawn through the data 
points. The differential cross section is plotted vs scattering angle. 
These data are an extension to small angles of the data in Figs. 
8 and 14 of reference IT. 
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Fic. 7. The charge analysis and differential scattering cross 
sections for single collisions At on A at 25, 50, and 100 kev. The 
fraction of scattered particles in each charge state is plotted vs 
scattering angle and empirical lines drawn through the data 
points. The differential cross section is plotted vs scattering 
angle. These data are an extension to small angles of the data in 
Figs. 9 and 15 of reference IT. 


as a function of the time after the target gas supply to 
the collision chamber was cut off. It was observed that 
the current fell off very rapidly in the first 5 or 10 
seconds, and then much more slowly for the next 120 
seconds at which time it had essentially reached the 
steady value shown at zero pressure in Fig. 8. After 
one subtracts this steady value the current may be 
plotted vs time as shown in Fig. 9. 
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Fic. 8. The ratio of three times ionized neon particle current 
to incident ion particle current vs target gas pressure for single 
collisions of Ne* on A at 25 kev. The linearity of the data indicates 
the predominance of single interactions. The ordinate intercept 
is the value of the residual effects and the slope of the line yields 
the contribution to o;; from the 0 to 1 degree range. 
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The explanation of this behavior is that the collision 
chamber was pumped out through holes a and c to a 
small fraction of its original target gas pressure in just 
a few seconds while the much larger volume of target 
gas at lower pressure surrounding the chamber was 
reduced in pressure rather slowly once its supply from 
the chamber was cut off. The target gas pressures in 
these two regions are then exponential functions of 
time with rather different time constants. 

In Fig. 9, where the relative current of target gas 
scattered particles is plotted on a logarithmic scale vs 
time on a linear scale, the points for time greater than 
20 seconds are indeed found to fall in a straight line. 
It is evident upon extrapolating this line back to time 
zero that 23% of the current results from interactions 
with target gas atoms outside of the chamber and 77% 
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Fic. 9. The relative current of neutral helium atoms os time for 
single collisions of He* on Ne at 25 kev. The target gas supply 
to the collision chamber was shut off at time zero. The residual 
value of current reached after several minutes has been subtracted 
so that each point represents the current resulting from inter- 
actions with target gas atoms only. The straight line portion of 
the data extrapolated back to time zero yields the relative contri- 
bution from target gas atoms outside of the collision chamber. 


from those inside. These percentages were found to be 
independent (within 2%) of the charge state detected, 
the kind of target gas, and the kind and energy of 
incident ion. This effect was taken into account by 
using for ¢ in Eq. (4) an effective length equal to 
1.00/0.77 or 1.30 times the actual length of the collision 
chamber. 

Another correction must be applied to Eq. (4) in 
order that o1,*(0°-+1°) may represent the contribution 
to cin from the 0 to 1 degree region only. Particles 
deflected through angles up to 1} degrees reach the 
detectors when they are scattered from target atoms 
near c, and it is necessary to correct for those scattered 
more than 1 degree. The amount to be subtracted is 
easily computed since the scattering geometry is known 
and the differential cross section for each of the proces- 
ses under study has been determined at 1 degree and 
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14 degrees as described in Sec. 2 above. In most 
cases this correction was small, although in a few 
instances where the differential cross section for the 
process in question was rising sharply with increasing 
angle at 1 degree the correction reached 20%. In these 
few cases the contribution to o;, from the 0 to 1 degree 
region was small compared with that from the large- 
angle region. 
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ANGLE OF SCATTERING 6, LABORATORY COORDINATES 
Fic. 10. The process differential cross section weighted by 
sin vs scattering angle for single collisions of Net on A at 50 kev. 
The processes Net—Ne®, Net—Ne**, and Net—Ne*t are shown. 
Empirical lines are drawn through the data points. The area 


under the curve gives the contribution from the 1 to 40 degree 
range to the total cross section for the process in question. 


c. Data and Discussion 


The relative contribution from the 0 to 1 degree 
range is shown in column 5 of Tables I, II, and III. 
The absolute value of the contribution may be ob- 
tained by taking this percentage of the entry in 
column 4, which is the measured total cross section 
for the process. The discussion of these data and their 
relation to the contributions from the other. angular 
regions is given in Sec. 4, 
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Fic. 11. The total cross sections for electron capture oj, 

elastic scattering through angles greater than 1 degree o1,>1°, 

and electron loss 12 vs incident ion energy. Het ions are incident 


on neutral He gas atoms. Empirical lines are drawn through the 
data points of the present paper. 


4. TOTAL CROSS SECTIONS 
a. Method of Compiling 


The total cross section o1, for the production of 
n-times ionized particles from singly ionized incident 
ions is the effective area of the target gas atom for the 
process. For a particular process the scattered incident 
particles in the given charge state have a certain angular 
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Fic. 12. The total cross sections for electron capture ayo, 
elastic scattering through angles greater than 1 degree o:,>1°, 
and electron loss a2 vs incident ion energy. He* ions are incident 
on neutral Ne gas atoms. Empirical lines are drawn through the 
data points of the present paper, ‘ 





JONES, ZIEMBA, 














~&-BARNETT & STIER,G 
©-FEDORENKO et al.,Oj, 
oe F 


4 
| 1 J | eS 


25 30 40 5O 70 
INCIDENT ION ENERGY kev 





TOTAL CROSS SECTION, Het—+He"*, cm* 











100 


Fic. 13. The total cross sections for electron capture o10, 
elastic scattering through angles greater than 1 degree o1,>1°, 
and electron loss o12 vs incident ion energy. He* ions are incident 
on neutral A gas atoms. Empirical lines are drawn through the 
data points of the present paper. 


distribution which can be designated by the differential 
cross section for the process ¢,(6)=P,(6)o(@). The 
fraction P, of the particles in each charge state, and 
the particle differential cross section ¢(@) were obtained 
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Fic. 14. The total cross sections for electron capture #10, 
elastic scattering through angles greater than 1 degree o1,>1°, 
and various degrees of,stripping o12,- - + ,o1s vs incident ion energy. 
Net ions are incident on neutral Ne gas atoms. Empirical lines 
are drawn through the data points. 


MOSES, 


AND EVERHART 


at each scattering angle 6, as indicated above and in II. 
The contribution to o1, by collisions which produce 
n-times ionized particles at scattering angles between 
6, and # may then be obtained by integrating the 
differential cross section for the process, so that 


6 


O1n* (0,0) = 2 f 7,(9) sin6d@. (5) 


8a 


Thus, the contribution to 1, from a particular angular 
region may be computed from Eq. (5) anywhere within 
the range of the angular measurements. The integration 
was done numerically over the 1 to 4 degree region 
using the data of Sec. 2, and over the regions beyond 
4 degrees using the data of IT. The integrand appearing 
in Eq. (5) is plotted in Fig. 10 as a function of 6 for 
three typical cases, showing how different angular 
regions contribute to the total cross section. In each 
case the integrand is plotted up to a maximum angle 
6, which is the largest angle for which the differential 
data is known. 

An estimate of the contribution to o;, from the 
region between 6, and 180 degrees was made in the 
following way: It can be observed from the data of IT 
that the fraction P, of scattered particles in a given 
charge state shows little variation with angle for the 
higher charge states at large angles. Thus, if the impact 
parameter p corresponding to the angle of scattering 
6, were known, the contribution to oi, from the 6; to 
180 degree region could be obtained at once as 


o1n* (8:180°) = P,(0,) rp. (6) 


w 


n 


ooh 
o 


°20 25 30 40 50 70 100 
INCIDENT ION ENERGY kev 


Fic. 15. The total cross sections for electron capture 10, 
elastic scattering through angles greater than 1 degree o>1°, 
and various degrees of stripping o12,- - -,o15 vs incident ion energy. 
Net ions are incident on neutral A gas atoms. Empirical lines are 
drawn through the data points, 
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The impact parameter p was determined on the 
basis of a calculation by one of the present authors® in 
which the particle differential scattering cross section 
was calculated for a Coulomb potential with exponential 
screening. In the great majority of the cases, including 
all cases where Het ions were the incident particles, 
this term was negligible. 

The contribution to o;, from the 0 to 1 degree region 
was obtained as indicated in Sec. 3 and the total cross 
section 1, obtained as the sum of the contributions 
from the various angular regions: 


in= O1n*(0°1° 
+ o1n* (1°—4°) + 1n* (4°01) +01n*(01:-180°). (7) 
b. Data and Discussion 


Figures 11 through 17 show the measured values of 
the total cross sections oj, as a function of incident ion 
energy. The data of other authors are shown for 
comparison where available. Empirical lines are drawn 
through our data points. 

The electron capture cross section oi9 for He* ions 
in helium, neon, and argon gases has been reported 
by Barnett and Stier’ and by Fedorenko, Afrosimov, 
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Fic. 16. The total cross sections for electron capture aio, 
elastic scattering through angles greater than 1 degree o1,;>1°, 
and various degrees of stripping o12,- - + ,017 vs incident ion energy. 
At ions are incident on neutral A gas atoms. Empirical lines are 
drawn through the data points of the present paper, except those 
for o1g and 017 which were determined at only one energy. 


6 Everhart, Stone, and Carbone, Phys. Rev. 99, 1287 (1955). 
7™C. F. Barnett and P. M. Stier, Phys. Rev. 109, 385 (1958). 
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Fic. 17. The total cross section for electron capture vs incident 
ion energy for single collisions of Ne*t on A and Het on A. 
Empirical lines are drawn through the data points of the present 
paper as indicated by the open circles. 


and Kaminker.’ In addition Allison, Cuevas, and 
Murphy® give measured values of o19 and o12 for Het 
ions in helium gas. The data of these authors as well 
as our data are shown in Figs. 11 through 13. The 
agreement among these various determinations is seen 
to be generally good. 

The remaining cases of Ne* ions in neon and argon 
gases, and A* ions in argon gas, are shown in Figs. 14 
through 16. Here it was possible to compare the various 
cross sections for A*+ ions in argon gas with those ob- 
tained by Kaminker and Fedorenko‘ and by Fedorenko 
et al.8 Figure 16 shows that there is some difference in 
the slopes of the cross sections vs energy for the higher 
charge states as obtained by this laboratory and by 
Kaminker and Fedorenko. The data presented here 
have been obtained over a larger angular range than 
those of Kaminker and Fedorenko whose measure- 
ments extend to 15 degrees. Therefore it may be 
significant that our data points lie well above theirs in 
just those cases where very-large-angle scattering was 
found to make an important contribution. Despite 
these differences the agreement between our data and 
those of Kaminker and Fedorenko is generally good. 

A maximum in the electron capture cross section 019 
as a function of incident ion energy was observed to lie 
within the 25 to 100 kev energy range for both Het 
and Net ions in argon gas. Additional measurements 
of a1) were made in each of these two cases at a number 
of energies between 10 and 175 kev in order to more 
definitely establish the location of these maxima. In 
both cases comparison could be made with the data of 
DeHeer, Huizenga, and Kistemaker," as well as with 


Afrosimov, and Kaminker, Zhur. Tekh. Fiz. 26, 
(Tech. Phys.) 1, 1861 


8 SF edorenko, 
1929 (1956) (translation: Soviet Phys. 
(1957) ]. 

9 Allison, Cuevas, and Murphy, Phys. Rev. 102, 1041 (1956). 

1 DeHeer, Huizenga, and Kistemakeir, Physca 23, 181 (1957). 
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Taste I. The total cross section o:, for the process Het—+He"* and the percent of 1, contributed by various angular regions are 
shown. Helium ions of 25-, 50-, and 100-kev energy are incident upon helium, neon, and argon gas targets. 








Target 
= E (kev) ¢in(10-1em?) %(0°—+1°) % (1° —+4°) % (4° 2 


He 25 38 99.6 0.34 0.016 
50 30 99.7 2 0.019 
100 19 99.95 0S 0.002 
25 0.24 nm 
50 0.074 
100 0.018 
25 0.093 
50 0.26 
100 
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50 
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100 
25 
50 
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TABLE II. The total cross section oi, for the process Ne+—Ne”* and the percent of o1, contributed by various angular regions 
are shown. Neon ions of 25-, 50-, and 100-kev energy are incident upon neon and argon gas targets. 
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19 . ~0 
ee ’ 17 

4.5 
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TaBLE III. The total cross section o:, for the process At—+A"* and the percent of o1, contributed by various angular regions 





are shown. Argon ions of 25-, 50-, and 100-kev energy are incident upon an argon gas target. 











Target 


gas oin(10-7cm?) 


%(0°—1°) 


%(1°—4°) % (4°01) %( >) 
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97.4 
99.1 
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0.37 ~0 
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~0 
~0 
~0 
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1.2 
0.15 
~0 

22 

2.8 
~0 

41 

9.7 
1.0 
15 








the data of the previously mentioned authors in the 
case of Het in argon gas. Figure 17 shows these data 
in the extended energy range. 

It can be observed quite generally from the figures 
that in the energy range of this investigation the 
electron capture process is by far the most probable 
one and that the electron stripping processes occur 
with decreasing probability for increasing numbers of 
electrons removed. Except for the two cases noted, 
710 is seen to be a decreasing function of incident ion 
energy, while the stripping cross sections are all 
observed to be increasing functions of energy. 

Tables I, II, and III show the relative contribution 
to each of the cross sections o1, by the various angular 
regions. Since the cross section oy is for “elastic” 
scattering through angles greater than 1 degree there 
is no 0 to 1 degree contribution listed for it. For all of 


the other cross sections the relative contribution of the 
0 to 1 degree region is seen to increase with increasing 
incident ion energy. Also, for the collision of a specific 
ion and target atom at a particular energy, the relative 
contribution from the 0 to 1 degree region always 
decreases with increasing degree of ionization (increas- 
ing m). Thus large-angle scattering generally becomes 
more important with both decreasing incident ion 
energy and increasing charge state of the scattered 
particle. A comparison of Tables I, II, and III, in 
which He*, Net, and At‘, respectively, are the incident 
particles, shows also that large-angle scattering is more 
important for collisions of the heavier atoms. 

In conclusion we should like to express our apprecia- 
tion to Dr. Arnold Russek for discussions of the 
experiment and suggestions in the preparation of this 
paper. 
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Nuclear Structure Correction to the Hyperfine Structure in Hydrogen 


C. K. Ipprncs* anp P. M. PLatzMant 
California Institute of Technology, Pasadena, California 
(Received September 11, 1958) 


In previous papers, corrections to the hyperfine structure (hfs) in hydrogen of relative order am/M have 
been calculated by treating the proton as a point particle with an anomalous magnetic moment in addition to 
its Dirac moment. In this paper the proton is treated as a particle with structure by making use of the high- 
energy electron-proton-scattering data. Corrections of the previous work in which only a point particle was 
considered are calculated by using the Feynman formulation of quantum electrodynamics. It is also shown 
that exactly the same terms may be obtained by using the covariant Bethe-Salpeter equation. 

The calculated shift of —35 parts per million (including the “recoil corrections’’) is not in agreement with 
the combined results of several experiments (—1.4+18 parts per million). A possible source of this difference 
is meson corrections to a two-photon form-factor which is taken here as the product of two (Hofstadter) 


single-photon form-factors. 


INTRODUCTION 


LTHOUGH the hyperfine structure splitting of 

atomic hydrogen has been measured precisely! to 

one part in 10’, the theoretical value is not as accurately 

known. However, within the past ten years a relatively 

extensive series of calculations have been performed 

which correct the Fermi formula for the hyperfine 
structure, hereafter called hfs: 


2rapp 


hfs = ———-(@,: o») |@(0) |?, (1) 
3mM 


3m 


where a is the fine structure constant and is equal to e* 
in units in which hf and ¢ are each equal to 1; uv, is the 
proton moment in nuclear magnetons, and m and M are 
the electron and proton masses, respectively ; |@(0)|? is 
the magnitude of the nonrelativistic Schrédinger wave 
function at the origin. The hfs is corrected by higher 
order terms in a and in m/M. Most recently, Arnowitt,? 
used the Schwinger-Tomonaga formulation of quantum 
electrodynamics, and Newcomb and Salpeter,* hereafter 
referred to as N.S., using the covariant Bethe-Salpeter 
equation,’ have calculated corrections up to and in- 
cluding terms of order am/M/(hfs).. The corrections 
involving powers of m/M may be considered to be recoil 
corrections. These calculations, which would be exact to 
the required order of magnitude, are complicated be- 
cause of the anomalous moment and the finite size of the 
proton. The only presently available method for in- 
cluding the interaction of the proton with the electro- 
magnetic field is to treat the proton as a point Dirac 
particle and to introduce a Pauli interaction for the 
anomalous part of the magnetic moment. All the correc- 
tions for mass are produced by processes which involve 
the interchange of two intermediate virtual photons 


* National Science Foundation Predoctoral Fellow. 

t Howard Hughes Fellow. 

1A. G. Prodell and P. Kusch, Phys. Rev. 79, 1009 (1950). 

?R. Arnowitt, Phys. Rev. 92, 1002 (1953). 

*W. A. Newcomb and E. E. Salpeter, Phys. Rev. 97, 1146 
(1955). 

‘E. E. Salpeter and H. A. Bethe, Phys. Rev. 84, 1232 (1951). 


between the electron and the proton. The terms in- 
volving two Pauli interactions are logarithmically di- 
vergent ; this accounts for the appearance of the rather 
arbitrary sharp cutoff, Ao in the results of N.S. and of 
Arnowitt. The cutoff, of course, corresponds crudely to a 
spreading of the proton of order Ag'. We propose to 
treat the cutoff empirically by using an experimental 
form factor for the charge and for the magnetic moment 
of the proton, obtained from the data on high-energy 
electron-proton scattering.® 

Unfortunately, a study of the corrections due to the 
structure of the nucleon indicates that what is essential 
is the amplitude for the rapid exchange between the 
electron and nucleon of two photons (of high but nearly 
opposite momenta). The Hofstadter results give only 
the coupling for a single photon. 

In the present paper we have made the crude ap- 
proximation that the two-photon amplitude is given by 
the product of two single photons acting alone. The 
amplitude which is really needed is the forward- 
scattering amplitude of virtual photons on nucleons at 
high momenta; at present we are investigating other 
contributions to this amplitude by dispersion-theory 
techniques. Although the results of this paper are only 
approximate, they do indicate explicitly how one might 
find the corrections to the hfs if the exact scattering 
amplitude were known. 

We assume, in accord with the Hofstadter results,® 
that the absorption of a virtual photon of four-mo- 
mentum &, and polarization 7 is characterized by the 
proton interaction operator 


eA‘ a 
— [y+ (by 7.8) |ePa(B) a), (2) 
(A?— k*)? 4M 


where A=0.91M, pw=yn,—1=1.79, R=k,7,, A;(R) is the 
term in brackets on the left-hand side of (2), k,?=h, 
—k,’—k.?—k;?, and the poles of F, are handled in the 
usual way. 

We shall compute only the difference between the 


5 R. Hofstadter, Revs. Modern Phys. 28, 214 (1956). 
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corrections to the hfs that results from using the form 
factor F,(k?) times A,(k) [as in (2) ] as opposed to using 
A; alone with a sharp cutoff on the logarithmically 
divergent terms. That is, we compute all terms AE’ of 
order am/M (hfs) by using “‘(#4—1)A,” as a perturba- 
tion. In the second section we obtain this shift in terms 
of a set of four-dimensional integrals. In the third 
section, these integrals are tabulated, and in the fourth 
section these same results are calculated using the 
Bethe-Salpeter equation. The fifth section contains a 
numerical evaluation of the results for various values of 
A/M and some remarks on the validity of this method. 


EXPRESSION FOR AE’ 


We consider the corrections arising from the processes 
indicated by the three graphs of Fig. 1. The change of 
energy caused by the process shown in Fig. 1(a) is given 
by associating the change of amplitude of the wave 
function with a series expansion of an exponential, 


eiSFAY = (1—iAEI+ - ++ )y (3) 


in the same manner as given in Secs. 3 and 4 of 
Feynman’s paper.® For the diagram in Fig. 1(a) we find” 
that 


4 


iAE,=4et [F4(k?)F a(R) —1] 
(2m)2h!2h? 


X [oM wr(RR)e \[tiaN yr (RR')Ua |, (4) 
M,»=A,(R’)(pot+k—M)“A,(R), (5) 
Nuv=Yu(Pa—R—m) ly,. (6) 


where 


The terms [F4(k?)F4(k”)—1] arise because we want 
to find the difference between the result obtained with 
the form factor and that obtained by N.S. (F4=1) fora 
point proton. Using (F4—1)=h?/A? for k’<A’, the 
single-photon exchange, which would ordinarily give the 
hfs, will now give a contribution of the order of 
a®(m?/M?) (hfs) (if |k| is taken to be of the order of the 
Bohr momentum). Since this is of higher order than the 
corrections due to Fig. 1(a), the single-photon terms 


(a) (b) (c) 
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Fic. 1. Feynman diagrams for corrections to hfs splitting. 
Fermions are denoted by solid lines, bosons by wavy ones. (The 
slashed symbols p and & represent P=pyy, and kR=kyyy.) 


6R. P. Feynman, Phys. Rev. 76, 769 (1949). 
7 We have used the notation of reference 6 throughout, except 


that dtk=dkdkodksdk,, 
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may be dropped. That these terms should not contribute 
is quite reasonable since only high-momentum photons 
can “see” the difference between the form factor and 
one. However, such high-energy single scatterings leave 
the final state approximately orthogonal to the hydro- 
gen wave function. In the case of Figs. 1(a) and 1(b), if 
the high-momentum photons are to contribute, they 
must leave the final state in approximately the same 
condition as the initial state (both particles nearly at 
rest); that is, they must have nearly equal aid opposite 
momenta. It can also be shown that, to the required 
order, the motion of the proton and electron may be 
neglected. Thus, k’ is taken as —R, fa as (m,0,0,0), and 
m/M and m/|k| are neglected compared with one. 

The hyperfine splitting is the difference in the ex- 
pectation values of AF; in the triplet and singlet states. 
Inserting the spin projection operators for 3S and 15S, 


3S=}(3+0,-0), 
1S=}(1—o,:¢;5), 


(7) 


and summing over all polarizations of the electron and 
proton (three triplet states and one singlet state) we 
obtain 


(MyNw)3s—(MyNyis=  4MyN wore"). (8) 


spins 


Since the final matrix element is to be a scalar under 
rotations, we may equate the terms involving different 
Cartesian components, taking 


(M oN yoo 290 2") =(M ywN pty oy”) =(M rN 02°02"). 


If we insert positive-energy projection operators and 
sum over a complete set of states, the matrix element 
becomes a trace and we obtain 


(M wN y)38 ; (M ye y)is 


(1+ye") - 
= Tr] M,, (iv2°y,°) 
) 


_ . (A+y:*) 
TERN os (sy "7y°) 


(P+20)RM? 


where 


(2ka+$ 


— 142 (208+ $ Ra — 2a — bath? 3B), 


(10) 


in which & is a dimensionless momentum, k/M, K is the 
three-dimensional part of k, and we have replaced the 
squares of Cartesian components by their averages in 
solid angle, e.g., R2=4K?. 4 

In the approximation k,’=—k,, m/M<1, k?=M?, 
Fig. 1(b) shows a contribution equal to that in Fig. 





194 Cu 
1(a), as is obvious upon writing out the matrix element. 
The energy shift in hydrogen is then equal to that due to 
Figs. 1(a) and 1(b), multiplied by |¢(0)|?, the density 
of the electron at the proton in the atom. The final 
expression for the energy now becomes 


16¢7e! d‘kn 
f. Cre) —1}. (11) 
Mx? J k8(25+?) 


EVALUATION OF AE’ 





+H(AE’)ss.18= — 


If we write 
[F2(k*)—1]=Op[k?/(k—a?)], 
where 
Op=[—1+4°d—4a‘d?+3a°d*], 
in which 


a@’=A?/M*, d=0/00’, 


and if we write 7 as 


n= {[4(1+n)—}(1+u)* ok ?+§(1+n)k 
—}y?(26+K*) (3K? — a?) 
+ (4—2y) (4a) (26+%)}, 


then the integral for AE’ may be split up into four 
integrals. The last term yields zero since it is odd in w, 
and the first two terms may be integrated by the method 
given in reference 6: 


(14) 





d‘k(@,1) 
f (2n)?(B—a?) a 
 dx{—(1—2"), +2( i+s)] 
i (1—x)*+a*x 





The third term is integrated first by taking residues in 
the plane and then integrating over solid angles. The 
remaining integral, 


i; (3K?— Path 
k(— a) (2)? 


1 Aol Mo Rs SK 
~— f ik|—+— 
3ia’® Jy e 2 


K3 3K? 
a*(K?-+a")! en 


is logarithmically infinite because the interaction (2) is 
finite while that of N.S. (F4=1) is infinite. Thus the 
difference is infinite, but this infinity will cancel against 
a similar term in the work of N.S. and give a finite 
answer for the over-all energy shift. Since the N.S. 
term was integrated up to Ao in (three-dimensional) 
momentum space in the center-of-mass Lorentz frame, 
we must also impose such a cutoff on our three-mo- 
mentum vector in order to make the cancellation 
unambiguous. 


ac RIS TRAIN ‘inca 


IDDINGS AND P. M. PLATZMAN 


bate arth 
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7 (1—x)*+a*x 


+ [-<+ in(2~") (17) 


C=}(1+n)—3(1+n), 
D=4(1+un). 


The integrations with respect to x and the differentia- 
tions with respect to a? are straightforward : 


AE'(3S)—AE’(1S) 





8a’¢? 
= "| —C+4D OpI+2(D+C) 


11 a’ 
x| -no+———1"| 
ie 


a’(a?—2) 
r| 
12 


7 9 2Ao 
“|- Last - ina], (18) 
“3 4 


10 2 4-—a@ 
a “(= I 


Primes indicate differentiations with respect to a’. 


a’]"” 


(19) 


COMPARISON WITH THE BETHE- 
SALPETER EQUATION 

As an alternative to the preceding perturbation 
theory, we have considered the correction to the hfs due 
to the finite size of the proton by means of the covariant 
Bethe-Salpeter equation. 

We follow the procedure of N.S. exactly and attempt 
to make all notation used in this section agree with 
theirs. 

The starting point is the Bethe-Salpeter equation, 
which is [after we separate out the center-of-mass 
motion and adopt a coordinate system where the mo- 
mentum of the center-of-mass K, is (0,0,0,£) ] 


1 

F (pv b) =-— f dR G'(k,W(peth,), (20) 
1 

where . 


F (py) =[weE—Ha(p)+psl[w.E—Ho(p)— pa], 


in which 


(21) 


H4(p)= (mB*+p-a°), 
H»(p)= (MB*—p-a’). 


Superscripts on the Dirac matrices indicate that they 
operate only on the components of y corresponding to a 


(22) 





NUCLEAR STRUCTURE 


or b, respectively. y is a 16-component spinor whose 
variable is the relative momentum of the two particles. 

G’(k,) is a slightly modified, complete interaction 
function representing a sum over all possible irreducible 
diagrams.’ A Ga’, whose effect is small, produces a 
perturbation in the energy given by 


AE’= f d'pd'h V(p,)Ga! (ke, W(Pyt hy). (23) 


N.S. consider the expression 


e? 7:2A,;°(R) 
Gi' (ky) = ya%y4°@— ———— 
a? B 


mM 
A ;*=—y,"(ky:—7R) 
4M 


as the fundamental interaction between the electron and 
proton. ¥(p,) is found by iteration of the Schrédinger, 
nonrelativistic wave functions, as explained by Salpeter.’ 

We modify the interaction by placing an F, in front 
of (24) and then proceed to calculate the effects of the 
small perturbation, (Fs—1)G,/=Ga'(k,), on the hfs. 
The first two terms of (F4—1)G,'(k,) will be called C’ 
and Q’ interactions and the last two 7” and P’. In N.S. 
D is used in place of T, Thus P’ is 


¢ ..afA, (ho 
eth bin 


wr 1,2 k? 


(25) 
? 

As in N.S., all corrections of the mass that arise from 
single-photon exchanges contribute at high values of the 
momentum of one of the wave functions in (23). Thus 
all single-photon terms such as 7” must be iterated, and 
give rise to the so-called uncrossed diagrams, which, of 
course, correspond exactly to the uncrossed diagrams 
discussed in the second section. 

It is convenient to express y in terms of positive and 
negative energy components : 


Wis (Ru) =Ax*(K)A,?(K)y(h,), 
———) 
2E(p) J 


Then it may be shown that to the required order of 
accuracy (first order in a) for all values of the mo- 
mentum p, up to ~p,~am exp(137), 


(pu) = —L2riF (py) J 


 f ales!) +6! (ba) W, +(putk,). (27) 


(26) 
where 


sie)-| 


8 E. E. Salpeter, Phys. Rev. 87, 328 (1952). 
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To the same order, when (27) is used in (23), Y may be 
taken as Y,,, that is, only J or W need be iterated, not 
both. For every diagram considered by N.S. we must 
consider three separate ones. For example, the diagram 
labeled CT in N.S. means that we should iterate with 
the Coulomb kernel and treat the single exchange of a 
transverse photon as a perturbation. In addition to this 
term, we must consider the effect of (1) iterating with 
the modified Coulomb potential and treating 7 as a 
perturbation (Ar), (2) iterating with the unmodified 
Coulomb potential and treating the modified transverse 
interaction as a perturbation (AE¢r-), and (3) using the 
modified Coulomb and modified transverse parts 
(AEcr’). 
For example, we give the results for AKer: 


e a,;*a;° 
AEor= aici a fv +* (pu) > mney W1(py')d*pd'p’, (28) 
Qn? 12 - 
where 
Pu =puthk,’, 


and to the required order 


1 e 
¥1( py) = — ee (=) 
2riF (p,’) \ 2x? 
d‘k’ 
x f SCR) —1H, +(py’’), (29) 


where 
py" = Ps th, 


and 


(30) 


0 Rk 
[Fi(k?) _— ij= 1 +A? — ra 


OA? JA? — k? 

The integral for AEc-r contributes to the required 
order of magnitude only when |p’|=M and |p| and 
| p’’|=am (Bohr momentum). It may also be shown 
that the integral has its major contributions when 
pa=|p|, p=! p'|, pa’~= |p|. Similarly, it may be 
shown that no corrections of the required order arise 
unless the intermediate momentum k,” is the order of 
the cutoff (as in the second section). Therefore, in all 
integrals in which p,, p,’, and p,”’ appear together we set 


pu=0=p,”, 
ky! = —p,'=—k,. 


(31) 


With these approximations our integrals may be con- 
siderably simplified. We write 


rvs 14 f) 
sEor=(—) (-—) (144 ) 
2x? 2ri OA? 


dtp’ 
x fs onto f yi a 
pu? (A?— py”) 

1 


XE a,*a;°— fare vaso (32) 
rz, F(p’) 
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After interposing projection operators to remove the 
Dirac matrices (A,*+A_*)(A,°+A_°)=1 and after 
using the approximations (31), we may integrate over 
p” and and obtain® 


e \2 F) 
AEc:rt*= | (0) ean ( - ) (8 .) 
2n* OA? 
d‘p' «a 


x(- -f. han Ahi -). (33) 
2m (A?— p,”)F 44( py" \6E, E 


where (o*-o°p,*/6E,E») is the expectation value of a 
product of Dirac matrices and projection operators. The 
expectation value is taken between completely N.R. 
spinors. After summing up the contributions from all 
diagrams of a given type, that is to say, the contribution 
from the four energy states of the system, the contribu- 
tion from the three diagrams for the uncrossed terms, 
and that for the crossed terms, we may write our results 
in the notation of N.S. as 


mf 1 
AEags=a |. - Jor, 
Mim, 


Tap=OpT as’, 


where 


and Op is given by (13). The values of 7.3’ are tabulated 
below. 


KdK 
Ter'=+40 f - — 
(R2+a? R+ (R+a wee +8) 


f (a?—2)dK 
—) detec 
(K? +1) R2-+82) 


dK 
((K2+1)!+K ](K°+B) 
(4—a2)dK 
rer'=—a| f o- ms = 
[K+ (1+K*)! ](K2+8*) 
KdK 


~ 208 f 
(R°+a@ K+ (R? +a?)!](K?+6°) 


KdK 2K? 
+2 - (:- m2 rT "4 "4 )] 
R°+Bh (K?+a’)'( K+ (K?+<a’)*] 


im 
+-Ter’, (34) 
2 
Ter’ =nT cr’, 
Ao/ M KdK 
Ter'=aTor'—4e f 2 a | 
0 [(R?+a2)!+-R](K2+<2)! 


* For terms of the C’7” type, factors of the form (F,—1)? appear 
in the integrals. These may be written as D[k®/(k®—A*) ], where D 
is a differential operator, operating on A?, 
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K-dK 
[(K?+a?)!+-K ](K?+2) 
KdK 
+ f 57 eee 
(K?+ 8?) 
—a’)KdK 








( 
ee << 
*S [(R241)!+- RK ](R?2-+8% (R241)! 


Trp’ = QuT rr’, 


Qu? rol K KF? 
T pp =T rr’ —-— dK Se eee 
a’ Yo 2 K+(K?+a’)! 


where 
a= A /M, 


b=a?—}a'. 


Now if (10) and (12) are substituted in formula (11), 
it separates naturally into three types of terms corre- 
sponding to a term without u in front, one with uw, and 
one with yu’. If we now proceed to integrate out the 
fourth component of the momentum for the term with- 
out uw, we obtain 


am 
AE’ (u°) -| - Joni, (35) 


Tip! 
6 Op dtk (3a*— 2K?) 
B= J; Brn: aed 
tr kA( 260-8) (FE —@ 2) 


R°-dK | 1 —3a—K? 
=—16 Op d pe |— — i a 
@ |I8K 8 RB) ( R+4 2)4 


RK? (4a‘+$a~*) +40? 


8R2(R2+8%)(K2+1)4) 


and Op is the same operator which appears above. If, in 
addition, we add up Ter and T rr and find their related 
energy, with the aid of algebra, we get the integral (36). 
It is easily shown that the other terms also agree. 
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AE /AE (A=0.8) 


Fic. 2. Correction due to the finite size of the nucleus as a function 
of the form factor parameter A. 
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DISCUSSION 


When the value 0.91 is given to A, the calculated 
correction becomes {(am/mu,M) (hfs)[—73+ (9u?/4) 
XIn(2Ko/M) ]}. Combining this result with the results 
of N.S., we find!® 


am 
AE’ =hfs—— 


Tip 


[—76], (37) 


or a total shift of —35 parts per million. The exact 
expression for the hfs then becomes! 


160° Mp Me\? my 
onde Me 
3 my, Fe M 


<(1+ $e? J[1—($-—In2)a?]XP, (38) 
where P is equal to (1—35X10-°), the correction 
calculated here plus that of N.S. The precision with 
which the terms of (39) are known is discussed in 
reference 10. We use the values and probable errors 
quoted there for c, R,,, and m/M. The term (u,/uo) has 
recently been recalculated” and is (1.0011596). The 
term ue/u, is subject to some uncertainty because of the 
polarizability of the oil used for the proton sample. We 
take the value 658.2087 quoted by Koening, Prodell, 
and Kusch® and assume a rather arbitrary uncertainty 
of +0.001. The results may then be written 


a~'=[137.0391+0.0001 ]P}, (39) 


a! =[137.0367+0.0001 ], (40) 


where the quoted limits are the roots of the sums of the 
squares of the uncertainties of c, R,, m/M, and wy/we, 
and no allowance has been made for uncertainties in the 
theoretical corrections. Figure 2 shows the variation in 
the corrections with changes in A. Fine-structure meas- 


10 The form of the “‘Hofstadler Form Factor’’ used in this article 
is open to a good deal of theoretical questioning. If one assumes 
that the form factors have a mass spectral representation, that 
is to say 


. 2 
Fug) =f sn dm 


Then our choice corresponds to the use of a p(m?)~8'(A?—m?). A 
more natural choice for p(m?) might be p(m?)=2 a;6(A;?—m?). 
We have repeated our calculation choosing a simple p(m?) with 
a;= —a2=A’2A"2/A2—A'2, With A’?=.52, A’2=2.06. The root 
mean square radius in coordinate space for this distribution agrees 
with the original “Hofstadler Form Factor.” The result of the 
calculation is AE’=hfs am/mp,M(—74) in extremely close agree- 
ment with the number quoted above. 

4 Cohen, Crowe, and DuMond, The Fundamental Constants of 
Physics (Interscience Publishers, Inc., New York, 1957). 

2 A. Petermann, Helv. Phys. Acta 30, 407 (1957). C. M. 
Sommerfield, Phys. Rev. 107, 328 (1957). 

'S Koening, Prodell, and Kusch, Phys. Rev. 88, 191 (1952). 
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Fic. 3. Single-virtual meson corrections to the two-photon 
form factor. 


urements give the value 


a= (137.0390) +0.0006, (41) 


which can be used to give the “experimental” value 
of P: 


p=[1—1.4X 10-418 10-*, (42) 


As was pointed out in the Introduction, this disagree- 
ment might be due to the virtual absorption and emis- 
sion of mesons as shown in Fig. 3. The two-photon form 
factor, M,,, is expected to differ from the product of 
single-photon form factors assumed in (5). The single- 
photon form factor, measured by high-energy electron- 
proton scattering, will contain only diagrams like those 
shown in Fig. 3(b). If the factor M,, were accurately 
known, our result would be much more definite. The 
intermediate state may be thought of as any one of a 
complete set, and then the calculations in this paper 
give the contribution from y*+N — N to the forward- 
scattering amplitude of one virtual photon (M,,). We 
are undertaking a crude estimate of the one-meson con- 
tribution; see Fig. 3(c). However, because of the 
strength of the r— WN interaction, we do not expect that 
M,, would accurately be given by the one- and zero- 
meson terms. 
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t Note added in proof.—While this article was in press, it 
was brought to our attention that a nonrelativistic calculation 
of the nuclear structure effect has appeared [A. C. Zemach, 
Phys. Rev. 104, 1721 (1956)]. Our result of approximately 
—8.7am/M is somewhat smaller than the nonrelativistic correc 
tion, —1lam/M, using the equivalent nonrelativistic form fac 
tor and neglecting entirely the effect of the cutoff-dependent term. 
While we agree with Zemach’s conclusion that the major contri 
bution to the hfs does indeed come from low momentum photons, 
the nuclear structure corrections to the hfs come from the exchange 
of two rather high momentum virtual photons, as is indicated in 
our paper. The results depend, in principle, upon the specific form 
of the proton interactions, especially those with the electromag- 
netic and z fields, and no simple description in terms of rms radius 
(obtained from electron-proton scattering data) is a priori correct. 
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A new technique is described for calculation of the scattering of charged particles by atoms. This is done by 
means of an expansion in “incoherent fluctuations” of the state of the atom. Two limiting cases are discussed 
—the adiabatic and the high-energy limits. The structure and convergence of the expansion are investigated. 
Several variational techniques may be used within the framework of the method described. Finally, a detailed 


study is made of scattering by hydrogen atoms. 


1. INTRODUCTION 


E should like to discuss a novel technique for 

describing the scattering of charged particles by 
atoms. The method may be readily generalized to 
describe the scattering of one complex system by 
another (for example, the scattering of molecules by 
molecules); we shall, however, limit our scope to the 
following problem. 

A simple particle (without internal degrees of free- 
dom, except possibly angular momentum) of charge Q 
is scattered by a single neutral atom, having atomic 
number Z. Our problem is to determine the scattering 
cross section. To provide a first simple presentation, we 
shall either suppose that the incident particle is not an 
electron, or, if it is an electron, we shall suppose that its 
exchange interactions with the orbital electrons of the 
atom are negligible. In a subsequent paper we shall 
show that a simple modification of our method suffices 
to include exchange effects because of the Pauli principle. 

The formulation to be presented provides in principle 
an exact solution to the problem. Thus approximation 
methods may be studied systematically. We shall also 
show that our technique lends itself to several varia- 
tional methods, providing means for practical com- 
putation. 

The bulk of our discussion, after the presentation of 
the method, will be concerned with the physical basis of 
several methods of approximation and the resulting 
rapidity of convergence. In the course of doing this, we 
shall show how other techniques for such problems are 
related to that given here. 

The Hartree-Fock method provides one of the most 
elaborate devices that has been used in handling atomic- 
scattering problems.' This is, indeed, somewhat related 
to our method. In contrast to the method presented 
here, however, the Hartree-Fock formulation does not 
lend itself to systematic improvement to arbitrary ac- 
curacy. Buckingham has used another variational 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 
1P. Morse and W. Allis, Phys. Rev. 44, 269 (1933); H. S. W. 
Massey and C. B. O. Mohr, Proc. Roy. Soc. (London) A85, 289 
(1932); Bates, Buckingham, Massey, and Unwin, Proc. Roy. Soc. 
ion A170, 322 (1939); and John C. Slater, Phys. Rev. 81, 385 
1951). 


method to obtain a polarization potential.?* This ap- 
pears in a definite approximation (the adiabatic ap- 
proximation) in our discussion, where a novel variational 
technique is employed to obtain it. Nonadiabatic cor- 
rections to the polarization potential are also formulated 
from a variational principle. It will not be assumed that 
the interactions responsible for the scattering are weak. 
Instead, an expansion will be made in the number and 
complexity of the “discontinuous changes in orbit” that 
the scattered particle makes. More precisely, by a 
“discontinuous change of orbit” we mean a single 
scattering interaction that leads to a change in the state 
of the atom. Such an inelastic scattering changes the 
wave number of the scattered particle, so that the 
resulting scattered wave does not interfere with the 
unscattered wave. Using the concept of scattered waves, 
we may re-express our method as providing an expan- 
sion in “‘incoherent”’ scattering processes. 

The expansion just described appears to have rather 
simple features in several limiting cases. For scattering 
of fast particles, the method converges rapidly, partly 
because the interactions are effectively weaker at high 
energies and partly because the incoherent scatterings 
are more readily “localized” in space. For slow massive 
particles, or for slow particles scattered by atoms of 
large atomic number, our method gives immediately the 
classical limit of a particle moving in a potential well. 

To actually determine the scattering, one must first 
compute the “potential well” in which the scattered 
particle travels within the atom. Inelastic scatterings of 
the particle with individual electrons are treated as if 
occurring impulsively; however, between such impulsive 
interactions the particle travels “smoothly” in its 
potential well. 

This type of treatment has been used for a variety of 
phenomena in nuclear physics. These include stripping 
and pickup processes,‘ as well as elastic scattering and 
transport phenomena.® The specific method that is 
given here is a modified form of that used to describe 

2 R. A. Buckingham, Proc. Roy. Soc. (London) A160, 94 (1937). 

3D. R. Bates and H. S. W. Massey, Trans. Roy. Soc. (London) 
A239, 269 (1943). 

‘Stuart T. Butler, Proc. Roy. Soc. (London) 208, 559 (1951). 


5.N. Francis and K. Watson, Phys. Rev. 93, 313 (1954). 
6 Marvin L. Goldberger, Phys. Rev. 74, 1269 (1948). 


198 





SCATTERING OF 


high-energy nuclear interactions.’:* The applicability of 
these techniques to low-energy nuclear interactions has 
been demonstrated by Brueckner and his collabo- 
rators.’° For these latter applications, it was important 
to assume that an atomic nucleus has many of the 
properties of a nearly degenerate Fermi gas—a condi- 
tion that is also found in the electronic structure of all 
but the lightest atoms. Because electromagnetic inter- 
actions are weaker and of longer range than nuclear 
forces, we shall actually find that our problem is simpler 
than the corresponding ones in nuclear physics. 

In the next section, the formulation of the technique 
just described is presented. We shall see how to apply it 
to either elastic or inelastic scattering of a charged 
particle by an atom. In the following section, we shall 
obtain both the adiabatic and high-energy approxima- 
tions and discuss the conditions for their applicability. 
In Sec. 4 a more detailed investigation of the adiabatic 
limit will be given, based on the Fermi-Thomas model. 
In Sec. 5, the scattering by hydrogen atoms will be 
discussed. Finally, in Sec. 6, the applicability of several 
variational principles will be demonstrated. 


2. FORMAL DEVELOPMENT 


It is assumed that the neutral atom is described 
by a Hamiltonian H,4, a set of energy eigenvalues 
W,, (n=0, 1, 2---), and a complete set of wave func- 
tions dn. The ground-state energy and wave function 
are denoted, respectively, by Wo and ¢o."' Thus, we have 


H sbn=Wrdn. (2-1) 


The coordinates of the electron are represented by 
Z, (l=1, 2--+- 3), and the mass of an electron by m. The 
particle to be scattered has a mass Mo and a charge Q. 

The scattering is considered in the center-of-mass 
coordinate system. The initial kinetic energy is €o. The 
kinetic energy in general is 


K(p)=p?/2M, 


where p is the relative momentum of particle and atom, 
and M is their reduced mass.” The interaction energy 
of the particle with the atom is written as Vy+ V, where 


Vv= 3eQ/x, (2-2) 


and 


5 
V aie > Vi, 


l=1 


7Kenneth M. Watson, Phys. Rev. 89, 575 (1953); and N. 
Francis and K. Watson, Phys. Rev. 92, 291 (1953). 

8 Kenneth M. Watson, Phys. Rev. 105, 1388 (1957); and W. 
Riesenfeld and K. Watson, Phys. Rev. 104, 492 (1956). 

9K. Brueckner and C. Levinson, Phys. Rev. 97, 1344 (1955); 
K. Brueckner and W. Wada, Phys. Rev. 103, 1008 (1956). 

1 Keith A. Brueckner, Phys. Rev. 103, 172 (1956). 

1! We assume that Wo is nondegenerate, except for the possible 
degeneracy due to orientation of angular momentum. Since we are 
considering only Coulomb scattering, degeneracy of the latter type 
is not important. 

12 Nonrelativistic energies are assumed. This restriction may be 
easily removed, however. 
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with : 
eQ 
=———_. (2-3) 
lx—Z,| 

Here e’= —e is the charge on an electron and x is the 
coordinate of the scattered particle, measured with re- 
spect to the atomic nucleus (which we consider as at a 
point). 

The scattering of the particle by the atom is now 
described by the Schrédinger equation 


[K+VwtV+HaW=[LeotWo. (2-4) 


This is more conveniently written as an integral 
equation® : 


W=Xo+ (1/a)(V+Vy)¥, 
where 
etPo-x 
X= ES 
0 Gai (2-5) 


and 
a=e€o— K+in+ (Wo- Ha). 


(Here 7 is a positive infinitesimal parameter that de- 
termines the contour of integration past the pole of 
a.) The incident wave is Xo in Eq. (2-5) 

The wave function W may conveniently be expanded 
in terms of ¢»: 


(2-6) 


V= Lin ¥(K,n)dn. 
The elastic scattering is given by the term with n=0: 


V.=(x,0)d0. (2-8) 


(2-7) 


To condense our notation, we write (2-7) as 


V=FY,, (2-9) 


where (¢0,/¢0) = 1 and (F—1) has matrix elements for 
inelastic scattering only. 

As we shall see, the elastic scattering may be obtained 
from an equivalent potential VU, such that 


[K+ })(x,0) = ew(x,0). 


The potential U depends only upon the coordinate x of 
the scattered particle, so Eq. (2-10) actually describes 
the motion of a single particle in a fixed-force field. We 
shall always consider Eq. (2-10) as a soluble problem, 
that is, one for which we need not find approximations. 

It is desirable to generalize U to a potential U(m) 
which describes the elastic scattering of the particle in 
an excited state n, although for many applications one 
may suppose that U(m) does not depend very strongly 
on n. However, it is very important that the matrix U 
is diagonal in the state » of the atom." 

The potential © will be explicitly determined later; 
for the moment, however, let us suppose it to be known. 


(2-10) 


18 B, Lippman and J. Schwinger, Phys. Rev. 79, 469 (1950); M. 
Gell-Mann and M. Goldberger, Phys. Rev. 91, 398 (1953). 
4 Accidental degeneracies may require special attention. 
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Then Eq. (2-10) may be rewritten as 


V.=Xot (1/a)OW.. (2-11) 


Because U is diagonal in the atomic states, @ is just 
(e9>—K-+in) in Eq. (2-11). 

Now, in order that Eqs. (2-9) and (2-11) be con- 
sistent with (2-5), we find that F must satisfy the matrix 
equation 


F=1+(1/d)[Vwt+V—U]F, 


with 

d=a—. (2-12) 
To see this, we substitute Eqs. (2-11), (2-12), and (2-9) 
into the right-hand side of (2-5) to obtain 


V=Xot (1/a)(V+V FX. 


is a simple algebraic identity, which permits us to write 


1 1 71 
-(V+Vy)F= 1 --v (V+ Vy—O+0]F 


a a 


1 1 
-|1--0][ r-1+-vF 
a d 


using the Eq. (2-12) satisfied by F. Now we have 


1 1 
vw 1--0 |[r- 1+-0F WY, 
a d 


1 Dads Ae 
=[xet-vv,|-v.+P¥4| - ——— -v- Jury. 
a 


a ar 


The first two terms cancel because of Eq. (2-11). The 
last term vanishes because of Eq. (2-13). The remaining 
term is FW,, which verifies that Eq. (2-9) provides a 
solution to Eq. (2-5). 

Thus far, all that we have said is formally exact—but 
not useful, because we have not yet determined the 
potential U. To obtain U, we use the condition that 
(F—1) must describe only inelastic scatterings. That is, 
we require that F satisfy the equation 


F=1+(1/d)P[Vwt+V JF. 


Here P is an operator that instructs us never to repeat 
a given state “‘n’”’ of the atom in the perturbation ex- 
pansion for F®: 


(2-14) 


1 
F=1+-P(Vy+ V) +P Vvt+ V)-P(Vw+V)+ vee, 
tf 


¢ 
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The general term is 


2 (« PV + V) ) 


me, Me-* nh 





1 | 1 
x(n -P(Vyt+V) m) vee (». —P(Vyt+ jo), 
d d 


The operators P instruct us that the atomic states 
Ny, No, -**M,, 0 must all be different. Aside from this 
restriction on states, P has no other effect on the 
perturbation series. In particular, it does not act on the 
states of the scattered particle. 

We may finally determine VU from the condition that 
Eqs. (2-14) and (2-12) be equivalent. Indeed, we may 
rewrite Eq. (2-12) as 


1 1 
F= se she Vat VyF+Tl —P)(Vyt+V)—VUIJF. 


For (2-12) and (2-14) to be equivalent in general, we 
must obviously have 


(n| DF |0)=(n| (1—P)(Vy+V)F|0). 
Because we require that U be diagonal in the states n, 
this may be written as 
(n|U|n)n| F|0)=(n| (1—P)(Vwt+V)F|0). (2-15) 


Now (1—P) is an instruction that tells us that the state 
‘“‘n” must have occurred someplace in the perturbation 
expansion for F. It may have occurred at the previous 
interaction, at the second previous interaction, etc. 
This may be expressed as*® 


(n| (1—P)(Vw+V)F|0) 


| 1 
=(n| (Vet Vim 1+-P(VwtV)+- > 6) 


1 
+n (Vit V)-PVw+¥) ny 
0) 


-[fefoensrcentniene--]j) 





ee. 
x(n erres: V)+--- 


X(n| F|0) 
=(n|(Vx+V)F|n)n| F|0). (2-16) 
On comparing this with Eq. (2-15), we see that 

U(n)=(n|V|n)=(n|(V+Vy)F|n) (2-17) 


defines the potential U. Finally, we may (for most 
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practical purposes) drop the Vy in Eq. (2-14) for F. 
That is, the operator P in F implies that each matrix 
element of (Vy+V) changes the state of the atom. 
Except for very energetic nuclear interactions (which 
we are not considering) the electrons can follow adia- 
batically the recoil of the nucleus associated with V y, so 
we havel® 


PV y=0. (2-18) 


We may now summarize our scattering equations: 
V=FYV.,, 
V.=x+t (1/a)0¥,, 
"= 1+ (1/d)PVF, 
d=eot+in—e+(Wo—W,), 
U(n)= Vyt+(n| VF |n), 
e= K+. 


(2-19) 


The fact that Vy, which is in general the strongest 
interaction term, occurs only in one place (and in a 
trivial manner) in our Eq. (2-19) simplifies subsequent 
applications considerably. Indeed, this point has fre- 
quently arisen before in atomic-scattering problems and 
has on occasion caused difficulties. 

As described in the Introduction, the separation of 
“coherent” and “incoherent” interactions has now been 
achieved. Indeed, the physical interpretation of the 
wave function V in the form (2-19) is that the particle 
moves “smoothly” as determined by the potential U 
between inelastic interactions, these being determined 
by (PV) in F. 

When the scattered particle has a positive charge, it 
may pick up one or more electrons before the scattering 
is complete. “Such rearrangement collisions” are of 
course included in our wave function ¥. Some care in 
application is called for because in such collisions one 
must expand the outgoing wave in terms of eigen- 
functions of the two outgoing systems. This means 
expanding the last 1/d in F in terms of the appropriate 
new Green’s function. When this is done, one obtains 
the appropriate starting point for a discussion of the 
“pickup” cross section. In a subsequent paper we shall 
return to a detailed discussion of this type of process. 
We note for later reference, however, that a first ap- 
proximation would give the familiar result 


R=2n J 5(€o+Wo—E,)| (X7,V¥.)|2dr, (2-20) 


for the “rearrangement” transition rate. Here X; is the 
final wave function, describing the two-product atomic 
systems and £; is their appropriate energy. The volume 
element of integration over final states is written as 
“dr.” Finally, the cross section for the rearrangement 
collision is 

o=[(2m)*/V,]R, (2-21) 


16 This is exact in the limit of infinite nuclear mass. 
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where V, is the initial relative velocity of the incident 
particle and the original atom, and (2)~* is the incident- 
particle flux with our normalization. 


3. APPROXIMATE FORMS FOR U 


When the potentials U and V are approximately con- 
stant over a distance of the order of one wavelength of 
the scattered particle, we may expect to approximate d 
in the equation for F by a much simpler quantity. In 
this case, the scattered particle undergoes a very large 
number of scatterings, each giving it a very small im- 
pulse. If this condition obtains, the kinetic energy of the 
scattered particle will not change appreciably when a 
scattering occurs, so the kinetic-energy operator may be 
neglected in the denominators d that occur in F. 

To express this in detail, we note that for a particle 
moving in a potential well, the condition of energy 
conservation is 


eo=K+V(0). 


When rapid fluctuations in the atomic state occur, but 
under conditions such that the kinetic energy of the 
scattered particle is not modified, the virtual energy of 
the particle is 


e= K+0U(n). 


The energy difference [eo>—e] in d is then [V(0) 
—(n) |, which is just the difference between the two 
expressions above. 

In this case we have the so-called adiabatic ap- 
proximation. The denominators d occurring in F are 
replaced by 


d~d4=[0(0)—U(n) J+ (Wo—-W,,). — (3-1a) 


For a degenerate Fermi gas the excitations (W»—W,) 
tend to be large; thus it appears that the difference 
[(0)—U(n) ] above will often be negligible in d4. For 
many practical applications the simpler equation 


d~d,s=Wo—-W,, (3-1b) 


seems quite adequate. This may be seen most easily in 
terms of the Hartree-Fock model. The potentials U(n) 
depend upon averages over all electrons. Thus, when 
only a few electrons at a time are excited, U(m) may 
differ but little from (0). For our subsequent discus- 
sions of the adiabatic approximation, we shall often 
assume (3-1b). 

As an example, in the limit when classical mechanics 
is valid, the particle scatters continuously, each scat- 
tering corresponding to an infinitesimal momentum 
transfer. For such interactions, the difference. [¢— 0 ] is 
vanishingly small. 

When either Eq. (3-1a) or Eq. (3-1b) is valid, the 
coordinate x of the scattered particle commutes with d4 
and thus with F. It appears therefore only as a parame- 
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ter in the equations for F and VU, so 


3 
U(x) = a V (x)F (x) |). (3-2) 
x 


This potential describes the interaction energy of a 
charge Q at a distance x from the nucleus. (We shall 
compare this result with the more conventional ones in 
Sec. 6.) Expanding F, we have 


Fi] 
U(x) ha V (x) | 2) 
. 


1 | 
+n V (x)—PV (x) n)+- -+, (3-3) 
ds 


The first two terms represent the potential of the nucleus 
as shielded by the orbital electrons—a familiar result. 
The higher order terms represent corrections to this 
because of the polarization of the atom by the extra 
particle. 

We may express this in more conventional terms. If 
the charge density of electrons in the atom is p(Z), we 
may write this as 


p(Z) = po(Z)+6p(Z). (3-4) 


Here po(Z) is the charge density of the original atom 
before it was perturbed by the charge Q and dp is the 
change in p due to the perturbing effect of Q. The energy 
of interaction of Q, when at x, with the atom is 
3eQ po(Z)ad*Z 
ifu-—4Q 5 -—— 


x oe 


bp (Z)a°Z 
+0 J ——+3W, (3-5) 


| 


x— 


where 6W is the change in energy of the atom due to the 
perturbation 6p. The first two terms of Eq. (3-5) are 
identified with the first two terms of Eq. (3-3). The last 
two terms of (3-5) are contained (but not separately 
exhibited) in the remaining terms of (3-3).” 

The validity of the adiabatic approximation will be 
discussed below, and in Sec. 4 means for evaluation of 
Eq. (3-2) will be considered. 

For the high-energy approximation, we replace d by 


d™~d y= eotin—e. (3-6) 


In this approximation we may take ¢ as independent of 
the atomic state » and also as diagonal in the mo- 
mentum p. Now, the coordinates Z,- - -Zz of the orbital 
electrons commute with d in F and consequently would 
appear only as parameters in F and VF if it were not for 
the operators P. These operators now occur only as 
projection operators however, and again one has a 
simple limit. The validity of this limit will be discussed 
below and application will be made in Sec. 5. 

We shall estimate the limits of validity of the high- 
energy and adiabatic approximations using the second- 
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order term in U(0): 
v (0 v-Pv 0) 5 O|V/n)— tn] V 
F - = n / 
"NPS |F & a(n) 


where d(m) is the value of d when operating on ¢,. To 
carry out a specific discussion here and elsewhere in this 
paper, we shall assume Hartree-Fock wave functions for 
the atom—that is, we shall assume that the electrons 
have individual orbital states, ¢n(Z) with quantum 
number , (J=1, 2---%). When convenient, we shall 
also use the Fermi-Thomas model to make semi- 
quantitative estimates. 
Then, Eq. (3-7) is, in coordinate space, 


0), (3-7) 


fi] 
{x|Ve2|x’)= x DX | o0*(Z)Vi(x—Zi)gni(Z) 


=] ni 


1 
Xoni*(21) Vi(x’—Z,’) 
X¢0(Zi')PZdZ;' (3-8) 
[see Eq. (2-3) ]. In momentum space this is 


(P| V2] P’) 
Fi] 
ae | 


| for zrou(z exp[ —i(p—P) 1302,| 


dP 
(2x) 


4re'Q 1 
4 —_— Se ee 
ip—P |? [eo—e(P) tin + W.— Wa] [PP 





x| fourizinouai) 
Xexp[—i(p’— P) aiyez!| (3-9) 


As mentioned above, we are neglecting here the de- 
pendence of ¢ on the state m and considering € to be 
diagonal in the state P. For the high-energy approxima- 
tion this seems quite justifiable—indeed, in this case 
e~K should be adequate, as will appear from the 
following considerations. 

The validity of the “high-energy” approximation 
depends upon having 


| e—& | Wn Wo); 


an appropriate average excitation energy of the atom. 
Now, we have 


(3-10) 


e— eo (P/M dp, 
where 6p is the momentum transferred to the scattered 
particle. To leave the atom excited, however, requires 
5p™pr, the Fermi momentum in the atom. Then, the 
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condition (3-10) is 
(p/M)>(1/pr)(Wni— Wo)m. (3-11) 


According to the Fermi-Thomas model,!* the Fermi 
momentum is given by 


pr*= 2.28! (h?/a*)[X (y)/y], 


y= (33/0.9a)r, 


with 
a=h?/me’, (3-12) 


where r is a distance measured from the center of the 
atom. The dimensionless function X (y) is unity for y~0 
and falls to zero for y>>1. For the energy (Wn:—Wo)m, 
we use the Fermi energy 


pb? |) 
2m 0.9L y J 


If we square both sides of Eq. (3-11) and simplify, 
taking e¢~(p?/2M), there results the condition 


M \e( X(y) 
Zot 
mat y 
if the high-energy approximation is to be valid. Near the 


outer boundaries of the atom, X(y) becomes small. In 
this case, we should more properly take 


(Wni— Wo) (5p)?/m, 


where 6p is the momentum transferred to an electron. 
If we assume the “‘size”’ of the atom to be approximately 
a3-}, the characteristic momentum transfer is 


bp (h/a) 3}. 
With this, Eq. (3-13) is replaced by the condition 
€o>>(M/m) dle?/a. (3-14) 


For the validity of the high-energy approximation, we 
require then that both conditions (3-13) and (3-14) be 
satisfied on the particle’s orbit. 

We turn next to conditions for validity of the 
adiabatic approximation. For the moment, we ignore 
the possibility of rearrangement collisions. If we set 


1 1 
d W.-W, 


(3-13) 


[e— eo] 
[W,—Wo [W.-W rye 
the nonadiabatic correction is 
Av.= 5 (0|V|n)——— ae. 
n¥0 [W.z—Wo |LW.— Wote—eo—in] 
X(n|V\0). (3-16) 
16 We are following the notation of E. Condon and G. Shortley, 


Theory of Atomic Spectra (Cambridge University Press, Cam- 
bridge, 1953), p. 335. 
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Because [¢o— ¢ }¥.=0, this may be written as 





1 
AV2= ¥ O|V|n) 
her "(W.—WelWe—Wete—eo— in] 


X(n|Ce,V|0). (3-17) 
In the adiabatic limit, we have 
[e,V ]= — (#?/2M){[V?V ]+2(VV)-V}. 


This results because in the adiabatic limit U(x) com- 
mutes with V. 

When the scattered particle is well outside the atom 
and at x, the leading term in Eq. (3-18) is approxi- 
mately 


(3-18) 


(h/M)(P/x)V 
Then the value of AVz is 


AV — —- — 


h P 1 
= | (3-19) 
M x (W n—Wo)m 


We require then 


(h/x)(P/M)<(Wn—Wo)m; (3-20) 


if the adiabatic limit is to be valid. Equation (3-20) is 
understandable from elementary considerations. The 
“collision time”’ is of the order of 
t~Mx/P. 
The uncertainty in energy during the collision is #/r 
which must be small compared to the excitation energy 
(Wn—Wo)w; this condition is equivalent to Eq. (3-20). 
When the incident particle is inside the atom, we 
approximate the right-hand side of Eq. (3-18) by the 
first term and use Poisson’s equation to write 
[eV J=— (#?/2M) VV 
= (h?/2M)4r0Q Dar 5(x—Z,). 


If Hartree-Fock wave functions are used to evaluate 
Eq. (3-17), we obtain [with the approximation (3-21) ] 
4rre’Oh? 
V (x—Z,)—_—_—_ 
2M[Wn,—W oF 


X [G01(Zs)pni* (Zi)oni*(x)h01(x) ]d*Z:. 


(3-21) 


fi] 
AVE~ DL DL 


l=1 ni 
(3-22) 
For very rough evaluation, we make the conservative 


estimate 


)EZ V1, 


Fi 
DX | Vix—Z)g01(Z)oni* (Z 
I= 


where 1; is the second term on the right-hand side of 
Eq. (3-3). Also we have 


bo1(x)pni*(x)~(1/3)n(x), 
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where n is the electron density in the atom. This is, by 
use of the Fermi-Thomas model, 
X(y)}} 
n(x)~0.1( 3 || 
y. 


For Wn,— Wo, we use again 


ae (~) 
0.9 a y 
Then Eq. (3-22) becomes 


(3-24) 


™~ zs 6/3__ 


Mi X( y) 


AVs mf y } 
Vi 
When rearrangement collisions may occur, the con- 


dition 
€— €0 <«<(W,- W o)av 


will not in general be satisfied at the time the rearrange- 
ment occurs. It is then necessary that the propagators 
d~ be expressed in terms of new eigenvalues W, and e 
appropriate to the new atomic systems. When this is 
done, our formalism applies to those new systems. The 
potential U has an imaginary part in this case, however. 
To first order this is 


Im['V ]= Im[> ..(0| V| 2) (1/d)(n| V | 0) ). 


The value in this approximation is given essentially by 
the quantity R of Eq. (2-20)'": 


Im['U ]= —}iR. 


(3-25) 


(3-26) 


4. THE ADIABATIC APPROXIMATION FOR U 


In this section we should like to discuss more com- 
pletely the adiabatic form of 0. This means estimating 
the effect of the higher-order terms in Eq. (3-3). As we 
shall indicate, an adequate evaluation seems feasible if 
one uses Hartree-Fock wave functions. The principal 
reason for this is that the inner-shell electrons are 
sufficiently tightly bound that they do not polarize very 
readily. Thus the major contribution from higher order 
terms in Eq. (3-3) comes from only the outermost 
electron (or electrons). 

To orient ourselves, we first discuss the Fermi- 
Thomas model. The electron density n(r) is then 

n(r) = (8x/3h*)[2me® }}, (4-1) 
where ¢ is the electric potential, as given by Poisson’s 
equation : 

V26= —4are[_ 35(x)—n(r) ]. (4-2) 
The Fermi momentum fr is related to @ and n by 


(1/2m)p r= ed, 


17 Rearrangement collisions are discussed further in the ap- 
pendix. 
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and 
(82/3h') p= n (4-3) 
[thus Eq. (4-1)]. 
We next ask for the modification of @ and m when an 
external charge of density S(r) is placed within the 
atom. To first order in S, we write 


$= dot ¢’, 
and 
n=notn’, 


where, from Eq. (4-1), we have 


n’ = (4ar/h*) (2me) doi’. (4-4) 


Now Eq. (4-2) becomes 
(V2—1/p?)o’= — 44S, (4-5) 
and 


(4-6) 


The “‘radius” of the atom is 


b~0.9a 3-3, (4-7) 


while the shielding distance Xp, as given by Eq. (4-6), is 


Ap™(2/8)4a 3-4. (4-8) 


Because these two distances are comparable, we con- 

clude that complex cooperative motions are not of 

predominant importance to our problem and _ that 
perturbation methods may therefore be applicable. 

With the Fermi-Thomas model, one may evaluate 

Eq. (3-5) as follows: 

aeQ 

Ux» Se 


no(r)dr 
——-— 0 f ne ner (4-9) 
x e | ed 6 | 


The last term represents the “polarization energy.”’ 
From Eqs. (4-4) and (4-5), we obtain (for Q near the 
center of the atom) 


¢’= (O/r)e"2, 
1 me? Pp 
pom —+4’ 
rh h 


and 


en’! = 


’ 


and therefore 


1.5 0 X(y)73 
e foe oem" o for] ev, (4-10) 


The notation of Eq. (3-12) has been used here. 

The order of magnitude of the terms in Eq. (4-9) is 
now easily seen. First, the total binding energy’® of the 
neutral atom is 


Er (e/a) 37. 
The first and second terms in Eq. (4-9) are of magnitude 


Eg=(e/a) 3. (4-11a) 
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Finally, the energy of the last term in (4-9) is 


Ep~(é/a) 3}. 


We now return to the quantum mechanical Eq. (3-2) 
for U. The second-order energy is 


| 1 | 
v.=(0] v0). 
| da |} 
Now, in the “classical limit,” if the charge Q is in the 
interior of the atom, we have 
V~e/b= (e/a) 34, 
(—da)& 3'(e/a). 


(4-11b) 


(4-12) 


and 


Finally, we have 


DX [40] JL|0) > | ax n(x) ~ 4. 


electrons 
Thus we can write 


Ver afe/b PL ate/a}'= ate/a. (4-13) 


This agrees with Eq. (4-11b). 

A more conventional calculation of this [Eq. (4-13) ] 
may be made if we consider the electrons as uniformly 
distributed in plane-wave states in a box of volume 


t= (40/3) 6°. 


The electron levels are filled to the Fermi momentum 
Pr. Now, Eq. (4-12) is 


(4mre”)? 1 
f rita ra* P —————— 
r Po<Pr P>Pr [(Po— P)?P 


(4-12a) 


2m Pr dP» 
x ~(4ne)mP » f —<ameneeapatio, 
0 


ae as (Po— Pr)? 


Although this integral diverges, the second-order per- 
turbation U2 does not. This is because the states in a 
box are discrete rather than continuous. The gap be- 


tween levels is 
A~h/b. 


Thus the integral above (4-12a) should be replaced by 


f rh dP 1 b 
(on kh 
This gives 


V2= (4rre”)?mP 7 (b/h) = (e/a) 8? (4-14) 


This, of course, agrees with Eqs. (4-11b) and (4-13). 
The higher order perturbation terms in Eq. (3-2) are 
of the form 


1 1 1 1 1 
V—PV—PV+V—PV—PV—PV+:::. (415) 


d, d, d, A A 
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The P operator plays a very important role in de- 
termining the convergence of this series. The reason for 
this is that because of P each interaction V must change 
the electronic states. Because the Fermi momentum is 
large, this implies a tendency toward large values of da. 

If the terms [U(0)—V(m) | in (3-1a) are negligible, 
then the condition for the convergence of the series 
(4-15) seems fairly simple. Using the above model of a 
degenerate Fermi gas in a box of volume (42/3)0*, we see 
that each electron that scatters must scatter at least 
twice—once when it is excited and once when it is de- 
excited. Now, an excitation followed by a de-excitation 
contributes approximately 


1 ij 1 /4reQ\*7 3 
AolveV 0 ~—( ) (—)cesy (4-16) 
da d | eN PS T 


If we set da™(e?/a)Z!, the expression (4-16) is 


h( 3 Bl “4 


The expansion (4-15) thus is an expansion of the form 
2~V_[ 1+4) 3 #4 a2 5-88+-a;5-784--- (4-17) 


Here the coefficients a), a2: - are independent of 3. 

This argument suffers from a flaw, however. If there 
is a close approach of two levels as we vary the parame- 
ter x, then d4 becomes small. This may be associated 
with the possibility of a rearrangement collision. Such 
contributions must be included separately and in addi- 
tion to the “‘well-behaved”’ series (4-17) (this condition 
is described in the appendix). 

When the scattered particle is at large distances from 
the atom, the series (3-3) is again simple. The first two 
terms cancel, and one is left with 


= 
V= (0 V—PV 0) 
| da | 


1 1 
+(0 V- PV—PV|0)+- *+, (4-18) 
| da da | 


As may be easily seen, the term with g factors of V 
varies as X~*4 (because of the operators P). That is, we 
have 
s'Q 3&0 
V=——_- } —(2-Z))+---. 


x I=1 3 


(4-19) 


The first term here makes no contribution to the terms 
in the series (4-18). The second-order potential above is 
thus 


| ¥ 
v=(0 v-PV 0) 
| da | 


Qe |(n| 4-1 Z,|0)|? 
_ FE 5 Hale 2 Eil0 . (420) 
x4 nx W,—Wo 
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This may be related to the induced electric dipole 
moment of the atom, 


D=cE, (4-21) 


where a is the polarizability and D is the dipole moment. 
The polarizability of the atom is easily seen to be [see 
Eq. (4-20) ] 
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W,—Wo 


(4-22) 
nO 


Thus, we have the familiar classical result, 


V2= — Q’a/2x4= — Po/ x". (4-23) 
The conditions for the validity of the adiabatic ap- 
proximation in this case have been discussed in Sec. 3. 

Atomic polarizabilities have been evaluated particu- 
larly by Sternheimer.’* 

When the scattered particle is close to the outer edge 
of the atom, the polarization due to the outer-shell 
electrons is less easily calculated. In Sec. 6, we shall 
suggest variational methods for handling this problem. 


5. APPLICATION TO HYDROGEN 


We now turn to the application to hydrogen of the 
method described in Sec. 2. In this case the statistical 
methods of Secs. 2 and 3 do not apply, but the wave 
functions and eigenvalues of the atomic system are 
explicitly known so that evaluation of the scattering 
potential is again possible in the limits discussed above. 
We again limit our discussion to the case where the 
nuclear recoil velocity is small compared to the electron 
velocity so that the discussion of Sec. 2 may be repeated 
and Eqs. (2-19) applied directly. We shall discuss only 
the first two orders in the expansion of the elastic 
scattering potential 


i~ % | 
V(2)=Vw(a)-+(0|V|0)+{0) V-PY|0), (5-1) 
| | 


As before, the first two terms represent the nuclear 
Coulomb potential shielded by the atomic electron. 
These may be evaluated explicitly by the use of 
the ground-state hydrogen wave function, ¢o(z) 
=¢~*/4(7a*)}, which yields 


U1 (x) = V(x) +(0| V|0)=eQ(1/x+1/a)e?7/*, (5-2) 
The second-order Uz represents an impulsive scattering 
by the electron, with the atom going into an inter- 
mediate excited state, while the scattered particle moves 
in the potential of that atomic state, U(m). Another 
impulsive scattering then takes place de-exciting the 
atom. In general Us is an energy-dependent nonlocal 
potential, 


18 R, M. Sternheimer, Phys. Rev. 96, 951 (1954). 
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1 
|Z—x| 

Va(x,n)Wa*(x’,n) 

[eo—€a, n+ Wo—W,+in] 


1 
—____,(Z')dZa#Z’, (5-3) 
|Z’—x’| 


Vo(x,x)=ER? D> DL | d0*(Z) 


nxO0 a 





X¢n(Z) 


Xon*(Z') 


where Wa(x,m) is the ath eigenfunction and e€,,, is the 
energy of the scattered particle moving in the potential 
of the atom in its mth state. 

In the limit of large distances, the potential changes 
by a small fraction in a wavelength, and the conditions 
for adiabaticity apply. Then the approximate Eq. 
(3-1b) may be used, so that the dependence of the 
denominator on the scattered-particle index a disap- 
pears, and the sum over a may be performed by the use 
of the completeness relation for the wave functions yx. 
The potential Vz is then local, 


PZ 037! 
|Z—x||Z’—x| 
$0*(Z)bn(Z)on* (Z’)0(Z) 

(W.-W) 


Ue(x,x’) = —20°5(x—x’) > 
nO 





and real so that only elastic scatterings are possible. At 
large distances, we again make the expansion of Eq. 
(4-19). The contribution of the leading term is the 
dipole polarizability 

Ve= — (0°/x4) (@/2), (5-Sa) 


where we have 


fez $o*(Z)Lbn(Z)| 
2é | | 
a=+— > 


3 nx 


This can be evaluated analytically with the result 
a= (9/2)a,*.!8 In a similar manner one can show that the 
gth term in the series behaves like X~*2."9 

In the adiabatic limit we can find the scattering po- 
tential at small distances from the proton by noting that 
it is essentially given as an energy eigenvalue of the 
atom in the field of the scattered particle [see Eq. (6-4) ]. 
Thus, if the scattered particle, with charge Q, is at the 
position of the proton, the atomic electron is then 
moving in the Coulomb field of a charge e+Q= de. For 
3>0 the eigenvalue for such a system is well known” 


8 The fact that the 1/x behavior in U, cancels is due to the 
accident that the atom is neutral. An ion would of course contrib- 
ute a 1/x term to VU). 

* Leonard I. Schiff, Quantum Mechanics (McGraw-Hill Book 
Company, Inc., New York, 1949), p. 85. 
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to be 8’Wo. The adiabatic potential at the origin is then 
given by 


im(v2)-) = v= (#@—1)Wo. (5-6) 
sa x 


For example, for a singly charged, negative-scattered 
particle we have 4=0 and U(0)=e?/2a. The potential 
can be obtained from a variational principle [see Eqs. 
(6-8) ] and be put in a form suitable for negative Qx 
[Eq. (6-13) ]. For this form we use for U; the interaction 
with the static electron cloud, 


4re pp? s 
V(x) =— f x”dx’ p(x’)+4re f x'dx’ p(x’) 
0 


x 


z 


e a 
= ~“[ete— me gene | 


a x 


(5-7) 


and we modify the polarization potential in the manner 
suggested by Bates and Massey, 
Up=P/(#+27)’. (5-8) 


The parameter d is determined by the condition on U (0) 
to be d= (Pa/e*)*= (3/2)4a. Then the approximate po- 


tential is 
[V1(x) P 


= . (5-9) 
Ui (4) + P/ (+27) 





For a positive particle the variational form [Eq. (6-13) ] 
is not suitable, but we may construct an approximate 
potential from the requirements that U(0)=3Wo 
= —4e*/a and from the form of the polarization po- 
tential. For a positive charge, the potential is 


e a 
vi(a)=ete—“a—e 9} (5-10) 


a x 


For the polarization potential [Eq. (5-8) ] we again use 
the form 
U(x) =U1(x)— P/(#?+27)?, (5-11) 
where 
d= (2pa/e2)!= (9/2) ta 


is again determined from the condition at the origin. 

We may estimate the magnitude of the nonadiabatic 
contribution to Us by substituting Eq. (3-15) in 
Eq. (5-3): 


Av.=-eFE EY | #202’ 60(Z) 


ae 
(Wn—Wo)? 


1 
Xa(x,m)Wa*(x’,n)bn*(Z’)——— -o(Z'), (5-1 2) 
| Z’—x’| 


where we have 
€n= — (#?/2M)V°+U(n). 


We neglect the m dependence of e, and perform the sum 
over n. In the limit of large distances, we find 

5(x—x’) 
AVse~— 20" (€o— En) 


x 


fez 0(Z)Zbn(Z) | 
oe 
(Wr— Wo)? 
This gives 


AVs~— (€02/2M)B (68: Po/x5+12/x8), (5-14) 


where we have 


| \2 
fez $0(Z)Z¢,(Z)| 


n —_ (W.—Wo)? 


AV2 /(m a\? a\ /aPo 
ais = OG 
Ve M x x h 
defines the region of validity of the adiabatic ap- 
proximation. 

In the high-energy limit, the momentum transfer to 
the atomic system is assumed to be large compared to 
the important momenta of the electron, and small 
compared to the initial momentum of the scattered 
particle. In this case the potential expression again be- 
comes simple. We approximate the intermediate states, 
Wa(x,n), by free states and write in the momentum 
representation 


(P’{Us| Po) 


B=4 


0 > whstarteed 

= 40? ., 

nO (2a) q 

ernie F) 30) 

(q—P)?(q—P’)? 
p(X) Gn(X1)n*( X2)po( x2) 

——————,  (54@ 

[eo— e(g) +Wo—W,.+in] 


In the high-energy limit, we approximate the denomi- 
nator by neglecting its dependence upon the energy 
change of the bound electrons. This may be justified by 
noting that 

«= e(q)~PodbP/M, 
while 


Wo- W,~5P?/2M, 
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(as in Sec. 3). Further, we may approximate the energy 
of the scattered particle by its kinetic energy only, 
e(q)=¢°/2M. The sum over excited states may now be 
performed by the use of the completeness relation 


LX on(X1)bn*(X2) =5(X1— X2)—Go(x1)bo(x2). (5-17) 


nr) 


The spatial integrations are now performed by the use 
of 
(2/a) 


———-, ($45) 
[(2/a)*+P?P 


fox oo'(x)e*? == 


We then have 
Re(P’| V2| Po) 
2e°°M dq 
- a‘r® 


Re | — ~ ‘ 
(q—Po)*(q—P’)?(Pe—g?+in) 
1 
8 
[(2/a)?+(Po—P’)*} 
net 
[(2/a)*+ (Po—q)* PL (2/a)*+ (P’—q)* FI 





(5-19) 


Now let us take 
P=}(Pot+P’), 
Then we have 
Re(P’ | Us| P,) 
2e0°M d*y 
= Re f ee 
a‘r® 


5=P’—Py, and y=q-P. 


(y—38)"(y-+48)*[2y-P—y°+ in] 
1 


[(2/a)2+e} 
(2/a)4 
oe rn —}. (5-20) 
[(2/a)?+(y+48)? PL (2/a)?+ (y— 48)? P 


But P-6 equals 0, so that the integral is a function of 
only the magnitude of the vectors 6 and P. We may then 
average over the directions of P and expand in 1/P. The 
remaining integral may then be performed, with the 
result 


Re(P’ | U2] Po) 


y(1+y7*)? 


WT a ee. Y 
++ sin )~sin-( =) 
Y vt (4+-7*)! 
6 2 
Precetraerrrit 
(Y+1)(¥°+4) (7°+4)? 


| 7 
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where y= 06/2h= (a/2h)|P’—Po|. For large 6 this takes 
the form 
Re(P’| Us| Po)= —e20/(4atea's®). (5-22) 


In coordinate space, we may obtain the behavior of the 
local potential Us(x) near the origin by transforming 
Eq. (5-16). The result is 


—é?* 8/x\? x 
U2(x)= [1+-(-) (3+in—)+---] (5-23) 
16727 €9 3X\a 2a 


This may be combined with the large-distance potential 
[Eq. (5-5)] to give the approximate high-energy 
potential : 


—é? 8 /x\? x 
V2(x) =- [1+(-) (atin) | / 
167070 3\a 2a 
2 & sx\8 x 
[1+——(-) (+n) (5-24) 
272? aeo\a 2a 


We may estimate the range of validity of the high- 
energy approximation by using 


1 W,—Wo 
<, 4 ese 
eo—e(q) (eo—e(g))? 


in Eq. (5-11) and estimating the contribution of the 
second term. We approximate W,,— Wo by some average 
excitation energy and perform the integrals in the 
manner described in connection with Eq. (5-15). The 
result is 





(5-25) 


AV2/Usx~(M/m) (h/ab)?<1 (5-26) 


as a requirement for the validity of the high-energy 
approximation. 
6. VARIATIONAL PRINCIPLES 


It is possible to formulate a number of variational 
principles for use in obtaining the potential 0. These 
result from the use of the integral equation in terms of 
which U may be expressed. We begin by discussing the 
simpler adiabatic approximation. 


A. The Adiabatic Limit 
In the adiabatic limit, we have 
v(0)=(0|VF|0), v(n)=(n|VF|n), 
F=1+(1/d4)PVF, 
d4=Wo+0(0)— (H+). 


Here we have set 0(0)=U(0)— 4eQ/x. The term 3eQ/x 
may evidently be omitted from our considerations here. 

The equation for F may be rewritten in the original 
form 


(6-1) 


F=1+(1/da)VF—(1/da)(1—P)VF 


=1+(1/d4)(V—0)F. (6-2) 
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Now, set 


=F '|0), (6-3) 


and operate on both sides of (6-2) with d4. This leads to 
[Hat+V }®= (Wo+v(0))o. (6-4) 


Thus ® satisfies the Schrédinger equation for the atom 
in the potential of the scattered particle. Equation (6-4) 
is, of course, not unexpected. 

In view of Eq. (6-4), which shows that »(0) is given 
by a standard Schrédinger eigenvalue equation, we may 
generalize Eqs. (6-1). Using the expressions of Riesenfeld 
and Watson,” we have (with © an essentially arbitrary 
operator) 

2(0) = jim (0! VM |0), 


1 
M=1+——(V-—o0)M, 
b— 0 


(0|M|0)=1, b=W )+AE—A,, 
b=M|0). 


With Eq. (6-4), we may apply standard variational 
methods. That which has been most commonly used is 
the Hartree-Fock method.” This involves considerable 
computational labor. A simpler, less elaborate approach 
has been used by Buckingham in discussing atomic 
polarizabilities.? He begins with the minimal expression 


[Wot+0(0)]= f &*(Ha+V)bdr Z f &*bdr. (6-6) 


Choosing parametrized trial forms for @, Buckingham 
obtains an expression for the polarization energy v(0). 
In addition to these, there is a class of useful varia- 
tional expressions that seem to have originated with 
Schwinger." We illustrate these with an example. 
Consider the Brillouin-Wigner form of Eqs. (6-5): 


1 
text pes. Ao |V%, (6-7) 
where x=!0) and Apo is a projection operator onto the 
state |0)=y. Then the expression 


vp= (XV) (Po, Vx) f 


1 
(m[r-ria-sov}e) 69 


reduces to v(0) when we have 


$,;=,=9, (6-9) 


21 W. Riesenfeld and K. Watson, Phys. Rev. 104, 492 (1956). 
2 See, for example, reference 1, and Aaron Temkin, Phys. Rev. 


107, 1004 (1957). 


209 


Furthermore, v7 is stationary with respect to inde- 
pendent, small variations of ©; and ®, about the correct 
values (6-9). To see this, we write 


1 
Ao= (#, V— fi: — Ao) v|o.). (6-10) 


Then, varying ®2, we obtain 
Lx; V®,) (662V x) 


bvr= 
Ao 


1 
——(x, V1) (be, Vx) (62,Vx). (6-11) 
A?’ 
On setting 6;=®,=, we obtain 
(x,V®) = (®,Vx) = Ao. 


Thus 6v7=0. In the same manner, one may vary ®; to 
obtain év7=0. 
To illustrate Eq. (6-8), let us set 6; =.= y. Then 
(x,V (1/6) (1—Ao) Vx) = — p/x4 


is the polarization potential obtained in Sec. 4 [Eq. 


(4-23) ]. Similarly, 


(6-12) 


v1(x) = (x, Vx) 


is the average potential associated with the electrons in 
the unperturbed atom. This is usually calculated using 
Hartree or Hartree-Fock wave functions. Then, Eq. 
(6-8) becomes 


(6-13) 


v(O)~v7r= 


v(x) +p /ah 


Equation (6-13) is suitable for negative Q. It breaks 
down (i.e., the denominator vanishes at some distance 
x) for positive Q. This breakdown is related to the fact 
that the energy may be lowered if the positive charge 
actually captures an orbital electron. In the case of a 
positive charge Q, one cannot of course use the 
asymptotic form (— p/x*) of Eq. (6-12), and the singu- 
larity will only occur if the polarization term is larger in 
magnitude than is 1(«) for some value of x. This is 
associated with the crossing of levels, as discussed in 
Sec. 4. 


B. The General Case 


Even when the adiabatic approximation is not valid, 
a variational principle may be given. Consider the wave 
function 


yh =y+(1/d)PVy, (6-14) 


where we now write 
v(0)=V(0)— 4eQ/x (in general), 


so that 
(0) = (x,Vy™). 
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Next introduce 
FO =1+ (1/dt)PtVF©, (6-16) 


and 


YO=FO,. (6-17) 


The symbol Pt is defined by the requirement 
FOt=14+FOtvV (1/d)P. (6-18) 
Now, 


POW =Q 
satisfies the equation 
Q=V+0Q(1/d)PV. 
It also satisfies the equation 
Q=V+VP(1/d)Q, 


as may be verified by substitution. Because of Eq. 
(6-21), we have then 


(6-19) 
(6-20) 


(6-21) 


FOIV=VF, (6-22) 
and therefore, 


v= (WO,Vdo). (6-23) 


It follows then that the potential is 


2= (Go, VW) (y ¥65) / 


1 
(ve, [v- v-pv Ww). (6-24) 
C 


Following the argument of Eq. (6-11), we can easily 
show that Eq. (6-24) is stationary with respect to small, 
independent variations of Y¥~ and y™. 

An immediate application of Eq. (6-24) is that of 
obtaining nonadiabatic corrections to the adiabatic 
potential. Write, for some trial Y~ and y™, 


1 
(ve, [v- v-Pv Wo) dota (6-25) 


Here Ap is the adiabatic form (6-10) and A, represents 
the correction to this. Then we have 


me “ath - =] 


Ao Aot+Ai 


(6-26) 


We interpret this as being expressed in momentum 
space, so Ap and A, are approximately diagonal. v4 is the 
adiabatic approximation to ». 


APPENDIX 
Rearrangement Collisions 


To supplement the discussion just given we make a 
few qualitative remarks concerning rearrangement colli- 
sions. A more complete account is to be given in a 
subsequent publication. 
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We consider only the ‘adiabatic limit” here. The 
Green’s function (n|W|n’) for (H4+-V) is then 
¥ra(m)pr*(n') 


—™ 4 


(n|W|n’)=> (A-1) 


Here, as before, m is an eigenstate of the unperturbed 
atom; £) is the eigenvalue 


[HatV Wr= Em. 

Now, W satisfies the equation 
(E—H,—V)W=1, (A-3) 
where 1 is the unit matrix 6,,,. We next factor W as”! 
W=MWa, (A-4) 


where Wg, is the diagonal matrix formed from the 
diagonal elements of W: 


W a(n)=(n|W|n). 


It follows from these equations that the diagonal 
elements of M are unity: 


(n|M|n)=1. 
We may rewrite Eq. (A-3) as 
(E—Hs)MW a=1+VMWa. 
This is equivalent to 
(E—H,4—0)MW.=14+ (V—0)MWa, 
where @ is a diagonal matrix defined by 
d(n)=(n|VM|n). (A-9) 


Taking the diagonal matrix element of Eq. (A-8) and 
using (A-9), we find 


W a=1/(E—H,-d). 


(A-2) 


(A-5) 


(A-6) 
(A-7) 


(A-8) 


(A-10) 
Similarly, we find from Eq. (A-8) 
1 


” as (V—i)M 
E-~H,~tW, E<i,-+ 


M 





=1+ -(V-0)M 


E-—H,-d 
(A-11) 


=1+ PVM. 
E—H,—d 


[See Eqs. (2-12) and (2-14).] Thus, we make the 
identifications 


M=F, t=, and 1/d=Wz. (A-12) 

To apply the above discussion, consider the adiabatic 
motion of the particle through the atom and suppose the 
original energy level approaches another—for example, 


the other might correspond to the pickup of an electron 
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by the charge Q. Label the two unperturbed levels as 0 
and 1, and write 


vp= = 0 lv: 0|V-PV | 0’, 
sia levels 


Also, set » equal to AE, the unknown “level shift.” 
Then we have 


AE=(0|VM|0)~0(0) 


+(0|V|1)[1/d(1) Kt] V0), (A-13) 


and 


»(0)=(0|V|0)+p. (A-14) 


Here d(1) is 
d(1)~E—W,-—2(1) 


=W.—W+AE-2(1), 


=(1]V|1)+0p. 


[Because of the P operator, the states 0 and 1 cannot 
reoccur in v(1) ]. By the use of these expressions, Eq. 
(A-13) becomes 


where 


|(1| V|0)|? 
[Wo—W—0(1)]+A4E 
Solving this equation for AE=v gives 


AEs =3{0(0)+0(1) +Wi—Wo+[(v(0)—0(1) 
+Wo- W,)?+4] (1 | V|0)|? Jy. 


The resulting energy levels are 


Ex = Wot+AEy. 


(A-15) 


(A-16) 


(A-17) 


When these lie close together the system may make a 
nonadiabatic transition between the two levels. The 
corresponding transition rate has been calculated by 
Landau,” Zener,” and Stueckelberg.”® 

%3 1, Landau, Physik Z. Sowjetunion 2, 46 (1932). 


* Clarence Zener, Proc. Roy. Soc. (London) A137, 696 (1932). 
26 F.C. G. Stueckelberg, Helv. Phys. Acta. 5, 370 (1932). 
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The above may be readily generalized to the case that 
a number of states m correspond to roughly the same 
value of d. In this case the energy-level shift is 


(A-18) 


1 
AE= (0) + Tx"! V |n)n| V|0)). 


Here >°,’ represent a sum over the appropriate states 
and we have 


d= —AW+AE-1(1), (A-19) 


where AW is the effective value of (Wi1— Wo). We obtain 
now an equation of the form (A-16) with |(1|V|0)|? 


replaced by 
> 2'(0| V|n)n| V|0). 


Nonadiabatic transitions may again be calculated by 
using the formulas of Landau, Zener, and Stueckel- 
berg.#-*5 

Finally, we consider the case that the original energy 
level crosses into a continuum. This results, for example, 
if an outer electron becomes unbound and escapes from 
the atom. 

Let m+ represent such states, say with a free electron. 
Equation (A-1) tells us that 1/d is singular when the 
crossing occurs. To first order, we identify the states n, 
with some of the states A of Eq. (A-1). Then we have 


(0 o|r-pvlo)~ ~ fin (0| V|msXn,| V0) 


a —Enystin 
This has an imaginary part given by 


Im{x]=—in f dn aCe —Eny)|(ny|V{0)|?, (A-20) 


which agrees in form with Eq. (3-26). 

The above examples show how our formalism may be 
related to more conventional methods of handling these 
problems.”® 


26 See, for example, H. Massey and E. Burhop, Electronic and 
Tonic Impact Phenomena (Oxford University Press, London, 1952). 
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Most of the data available on energy levels in odd-mass nuclei of the heaviest elements have been sum- 
marized and evaluated. The observed levels have been classified according to the level diagrams calculated 
by Nilsson for nuclei with prolate spheroidal deformations. Qualitatively, the agreement between the data and 


the Nilsson diagrams is very good. 


INTRODUCTION 


N the system of nuclei, regions of pronounced 

spheroidal deformation have been clearly recog- 
nized. In these regions, the Bohr-Mottelson unified 
nuclear model! enjoyed an early great success in 
describing the energy levels and associated spectra, 
particularly in delineating the effects of collective 
modes of internal nuclear motion. One major area of 
applicability is in the heavy-element region delimited 
approximately by A> 225. 

More recently Nilsson? and others* have charac- 
terized the energy levels of a particle moving in an 
axially-symmetric but nonspherical potential. In the 
limit of high nuclear deformation Nilsson has found it 
possible to define independent-particle states in terms 
of a set of quantum numbers not applicable to spherical 
nuclei. This picture of these states and the expected 
order of filling have already proved highly useful in 
correlating experimental information pertaining to the 
the appropriate odd-mass nuclei. 

It is the purpose of this communication to summarize, 
in terms of this system of classification, energy-level 
assignments in the heavy element region. A number of 
the assignments to be listed have already been discussed 
in other publications, and for these, detailed justifica- 
tion will be omitted. 

The Nilsson representations for neutron and proton 
states in the region A> 225 are shown in the diagrams 
of Figs. 1 and 2. The energies at which particular states 
lie appear on the ordinate axis, but this scale will only 
be used here as a means of visualizing the order of 
filling of levels. The abscissa scale indicates the defor- 
mation of a prolate sphereoid in terms of a parameter, 
6, which also will not be used further. At zero deforma- 
tion we see the typical shell-model level structure for 
a spherically symmetric potential. The (2j+1)-fold 
degeneracy is seen removed as permanent deformation 

* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953); Phys. Rev. 89, 316 
aC. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955). 

5K. Gottfried, thesis, Massachusetts Institute of Technology, 
June, 1955 (unpublished). 

* Marion Rich, University of California Radiation Laboratory 
Report UCRL-3587, November 16, 1956 (unpublished). 


sets in, and at high deformation the levels (now twofold 
degenerate) are described in terms of a new set of 
quantum numbers indicated by the indices in the 
margins. 

The origin of these numbers will not be described 
here (see reference 2) other than to define formally the 
nomenclature. At high deformation the projection of 
the particle angular momentum, j, along the nuclear 
symmetry axis becomes a good quantum number, and 
this number, Q, is the observed spin in the absence of 
rotational motion. The parity is designated (+) or 
(—) and depends upon the even or odd character of the 
principle quantum number, .V, the total number of 
nodes in the wave function. The numerical value of V 
is the first integer in the brackets and corresponds to 
the oscillator shell of the shell model. The second 
number in the brackets is m,, the number of nodal 
planes perpendicular to the symmetry axis; and the 
third number is A, the component of the orbital angular 
momentum along the symmetry axis. We shall also 
refer from time to time to the quantum number, K, 
which represents the projection of the nuclear spin, J, 
on the symmetry axis. For low-lying states, K and Q 
should be equal, and in the following discussions we 
use the two more or less interchangeably. 

It should be pointed out that for a particular state, 
these asymptotic quantum numbers are fully descriptive 
only in the limit of high deformation. The absence of 
“purity” of these quantum numbers is not of concern 
here because (a) we shall not be dealing with the con- 
sequences of their impurity as they apply to transition 
selection rules, and (6) we are confining our attention 
to cases of large deformation where these numbers do 
serve as the best means of labeling different states. 

An example will serve to show how this system of 
nomenclature operates and its application to specific 
assignments. Consider the proton states designated 
5/2+ [642] and 5/2— [523] which lie close to each 
other at a nuclear deformation described by 60.25. 
(Author references for the assignments of these orbitals 
to the particular nuclear states will appear later in this 
paper.) By counting from proton number 82, it is seen 
that these levels come in at approximately proton 
numbers 93 and 95 which characterize the elements 
neptunium and americium. It is found that the state 
5/2+ [642] is undoubtedly the ground state of Np*’, 
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Fic. 1. Nilsson diagram for neutrons in the region 126< N <¢ 160. 
The abscissa is the nuclear deformation (prolate), and the ordinate 
indicates the energy of the various levels. The dashed line indi- 
cates very roughly the deformations thought to pertain for most 
of the nuclei discussed. 


and 5/2— [523] is the ground state of Am™!. The term 
[642] defines the state as follows: It comes from the 
sixth oscillator shell as can be seen by its connection to 
the 713/2 level in the spherically symmetric potential. 
The other 5/2+ states for V=6 all lie much higher 
and none is shown in Fig. 2. The highest has n,=0 
descending to the maximum value ,=4 which applies 
to the state under discussion. The value of A can differ 
from Q only by 1/2 and takes an even or odd value as 
N—n, is even or odd. As a means simply of designating 
states, the A quantum number is redundant as used 
here because there can only be one 5/2+ state which 
has V=6 and n,=4. 

The ground state of Am*!, 5/2— [523] is seen to 
connect with the /g/2 state of spherical nuclei which is 
in the fifth oscillator shell. The highest-lying 5/2— 
state possible for V=5 has n,=0 and connects with 
the fs/2 state, the next lowest has n,=1 ([512]), and 
the one under discussion here has m,=2. Since we have 
N—n,=3 (odd), A must be 3, i.e., Q+1/2. 

Recapitulating, the asymptotic quantum numbers 
appearing in brackets in Fig. 2 serve to identify the 
doubly-degenerate states shown in the diagrams. 
Because each state is only twofold degenerate, it would 
be expected to appear as an unpaired orbital in a ground 
state only for a single nucleon number. However, the 
same state would appear as excited levels for neigh- 
boring nuclei. One might also expect from time to time 
that the same configuration would repeat for ground 
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Fic. 2. Nilsson diagram for protons in the region 82 <¢Z < 126. 
The abscissa is the nuclear deformation (prolate), and the ordinate 
indicates the energy of the various levels. The dashed line indi- 
cates very roughly the deformations thought to pertain for most 
of the nuclei discussed. 


states as the result of an appreciable change in defor- 
mation. 


RESULTS 


Tables I and II summarize assignments of Nilsson 
levels for odd-neutron and odd-proton configurations, 
respectively. In these tables the Nilsson levels are 
listed across the top in order of increasing energy 
(appropriate to the deformations shown by the broken 
lines in Figs. 1 and 2) and the numbers appearing in 
the tables are the energies of the states (in kev) relative 
to their ground states. The pattern is quite evident and 
shows that a particular assignment for the ground state 
of one nucleus appears in excited states of neighboring 
nuclei. 

The method of coding the reliability of the assign- 
ments is by means of the parentheses enclosing the 
energies of the states. Absence of parentheses indicates 
rather conclusive evidence; a single set implies a 
tentative assignment based on substantial evidence; 
and double parentheses are used to signify that some 
evidence is available but that much information is yet 
lacking. For those entries which are italicized, the cor- 
responding spin has been determined directly, but it 
should be pointed out that this in itself does not con- 
stitute proof that the assignment is correct. 
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TaBLe I. Odd-neutron level assignments. The table contains level assignments for nuclei with neutron numbers 137-151. At the 
head of the table (reading from left to right) is the expected order of orbital filling (see Fig. 1). The orbitals are identified by 0,* parity, 
and the bracketed indices which refer, respectively, to NV, mz, and A as defined in the text. The numeral 0 signifies that the orbital 
identified at the head of the column appears as the ground state configuration for the particular nucleus. Other numbers are the energies 
(in kev) above the ground state at which the indicated states lie. (For example, the ground state of Th*! is 5/2+ [633], and the 
configurations 5/2— [752] and 7/2— [743] appear at energies of 185 and 390 kev, respectively.) Italicized zeros indicate that the 
corresponding ground state spins have been measured by one or more direct methods. Parentheses are used to indicate uncertainties of 
the assignments: single parentheses indicate rather good evidence and double parentheses, less conclusive evidence. Where no paren- 


theses appear, the assignment is considered certain. 
5/2+ 7/2— 
[633] [743] 


3/2+ 
[631] 


5/2— 
[752] 


Isotope 


Ra® 
Th??? 
U2 
Ra? 

Th” 

vy 

Pu 


Th™ 


(313) ((~300)) 


Pu™**® 
Cc m4? 
cf 
Fm?! 


7/2+ 9/2- 
[624] [734] 


Neutron 
number 


5/2+ 
[622] 
137 


* The spin of the lowest-lying member of a rotational band is generally the same as the value of 2 for that band. For some 2 =1/2 bands, however, the 
higher-spin rotational states have lower energy than the spin-1/2 state. Examples of this are the spin-3/2 ground states of Pa*! and Pa** which have been 


assigned 2 =1/2. 


In the following paragraphs the assignments made 
in Tables I and II are discussed briefly. A number of 
known nuclei in the region have not been sufficiently 
investigated to warrant inclusion; in particular, a large 
proportion of known excited states have not been 
tabulated for want of sufficient information of the type 
needed to make meaningful assignments. In a sense, 
the general reliability of the model can be gauged both 
by the orderly sequence of assignments and by the 
fact that in no case were accurate data available that 
indicated an assignment significantly at variance with 
the expectations of the theory. 

In the discussions which follow, the odd-neutron 
cases are considered first and are grouped according to 
element. Following these are the odd-proton nuclei, 
again grouped by element. The tables summarize the 
data in terms of increasing neutron or proton numbers. 


ODD-NEUTRON NUCLEI 


Th® (neutron number 139).—The ground state of 
Th is assigned 5/2+ [633] which comes in at about 
the expected place for neutron number 139. This assign- 
ment will be seen to be the same as that for the ground 
state of U** and was arrived at on the basis that the 
“favored alpha decay” of U* leads to the ground state 
of Th?*.5-7 Bohr, Fréman and Mottelson® were the first 
to give theoretical grounds for assigning identical 
structures to states that are connected by an alpha 
emission process whose rate obeys simple one-body 
alpha-decay theory. The ground-state transitions of 


5]. Perlman and F. Asaro, Annual Review of Nuclear Science 
(Annual Reviews, Inc., Stanford, 1954), Vol. 4, p. 157. 

6 Bohr, Fréman, and Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 29, No. 10 (1955). 
7 Gol’din, Novikova, and Tretyakov, Phys. Rev. 103, 1004 
1956). 
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TaBLeE ITI. Odd-proton level assignments. The table contains level assignments for nuclei with proton numbers 89-99. At the head 
of the table (reading from left to right) is the expected order of orbital filling (see Fig. 2). The orbitals are identified by Q,* parity, 
and the bracketed indices which refer, respectively, to N, m., and A as defined in the text. The numeral 0 signifies that the orbital iden- 
tified at the head of the column appears as the ground state configuration for the particular nucleus. Other numbers are the energies 
(in kev) above the ground state at which the indicated states lie. (For example, the ground state of Pa®! is 1/2— [530] and the 
configurations 3/2+ [651] and 5/2+ [642] appear at energies of 166 and 84 kev, respectively.) Italicized zeros indicate that the 
corresponding ground state spins have been measured by one or more direct methods. Parentheses are used to indicate uncertainties 
of the assignments: single parentheses indicate rather good evidence and double parentheses, less conclusive evidence. Where no 


parentheses appear, the assignment is considered certain. 


5/2+ 
Isotope [642] 
Ac™ = 
Ac™ 
Ag 


1/2— 
[530] 


(330) 


7/2+ 


2 7/2- 
[633] 


Proton 
number 


$/2— 
[523] 





((267)) 


((540)) 
((480)) 
((265)) 


(187) 
(206) 


Bk 
Bk2*5 
Bk247 
Bk?49 


E49 
E25! 
E53 
F255 


((630)) 


(0) 

0 

(0) 
((~10)) 


101 


_* The spin of the lowest-lying member of a rotational band is generally the same as the value of 2 for that band. For some 2 =1/2 bands, however, the 
higher-spin rotational states have lower energy than the spin-1/2 state. Examples of this are the spin-3/2 ground states of Pa*! and Pa%% which have been 
assigned 2 =1/2. 


even-even alpha emitters (both states 0+) provide the 
empirical basis for defining ‘‘favored”’ or “unhindered” 
alpha emission. 

The reader is referred to the section below on U* 
for the assignment of 5/2+ [633] for its ground state. 
The fact that Th?” and U** both have the same ground- 
state configurations implies that the odd-particle state 
filled for Th? is vacated when the particle becomes 
paired. Further information on low-lying states around 
this neutron number should help explain this repetition 
in configuration. 

Th?” has a number of low-lying excited states defined 
by the alpha-particle spectrum of U™*.>.7-5 These levels, 
up to about 350 kev, include members of the ground- 
state rotational band, but in addition there are a few 
which undoubtedly consist of other intrinsic con- 
figurations. By analogy with U** the configurations 
5/2— [752], 3/2+ [631] and 1/2+ [631] might be 


8 Carl Ruiz (private communication, 1958). 


represented, but there is not enough information 
available to permit making assignments. 

The states associated with neutron number 139 are 
discussed further under the section on U*!, 

Th*! (neutron number 141).—The assignments for 
the levels of Th! have already been reported in brief 
form by Pilger et a/.° and are based on studies of the 
alpha decay of U™* and the beta decay of Th*". Briefly, 
the arguments are as follows: 

The ground state of U™* is almost surely 7/2— [743 ] 
(see below), and its favored alpha decay goes to a level 
in Th™! at 390 kev which is, accordingly, given this 
assignment. At about 190 kev there is a group of levels 
(at least 3) which probably represents a highly com- 
pressed rotational band. The 7/2— [743] state at 390 
kev drops to two or more members of this band by M1 
transitions; therefore this band has odd-parity and 
spin 5/2 or 7/2 for the base state. The only Nilsson 


9 Pilger, Stephens, Asaro, and Perlman, Bull. Am. Phys. Soc. 
Ser. II, 2, 394 (1957). 
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level near the 7/2— [743] state satisfying these condi- 
tions is 5/2— [752]. It is interesting to note that alpha 
decay to this band is only slightly hindered and this is 
probably related to the fact that 7/2— [743] (ground 
state of U%) and 5/2— [752] are structurally similar. 
The compressed nature of the band at about 190 kev 
is thought to be due to the close proximity and strong 
interaction of these two odd-parity bands. The effect 
referred to here was first worked out for another nucleus 
by Kerman." 

The states at about 190 kev drop to the ground state 
band by F1 transitions, therefore the ground state has 
even parity and the most logical choice among the 
Nilsson levels is 5/2+ [633]. This is the same as the 
ground state of U** which is not unexpected because 
both have the same neutron number. Supporting evi- 
dence for this ground-state assignment comes from the 
spacing of members of the ground-state band® and from 
the beta-decay properties of Th™! — Pa®!." 

Recapitulating, the ground state of Th*! is the 
expected state, 5/24 [633]; the state at about 190 kev 
is 5/2— [752] produced by creating a hole in a filled 
level (see Fig. 1); and the state at 390 kev is 7/2— [743] 
which is expected to be near because it will appear as 
the ground state for neutron number 143. 

Th™ (neutron number 143).—Th* is a short-lived 
beta emitter about which very little is known. Nothing 
is known about its excited states, and the only infor- 
mation available concerning its ground state is that 
derived from its beta-decay properties. 

By analogy with U** and Pu*’ one might guess that 
the ground state is either 7/2— [743] or 1/24 [631]. 
The data of Freedman and co-workers" indicate that 
an appreciable proportion of the decay of Th** goes 
to the ground-state rotational band of Pa** which is 
believed to have K=1/2 as will be discussed in a later 
section. This information would seem to favor the 
1/2+ [631] assignment for Th if the choice rests 
between the two states mentioned. Possible difficulty 
exists, however, because there also seems to be direct 
population of the 5/2+ band of Pa™, although this is 
by no means certain. In view of the paucity of informa- 
tion, no assignment is entered in Table I. Still, it is 
interesting to note the relative positions of the above- 
mentioned two states in other nuclei with 143 neutrons. 
In Pu®?, the state 1/2+ [631] is 145 kev above the 
7/2— [743] ground state; in U™ the two states lie 
within 100 ev of each other; and if the above-mentioned 
evidence is significant, the 1/2+ state becomes the 
ground state in Th, 

U*! (neulron number 139).—At present very little is 
known about the energy levels of U*! because infor- 
mation comes only from its electron-capture decay 

1 A. K. Kerman, Kgl. Danske Videnskab, Selskab, Mat.-fys. 
Medd. 30, No. 15 (1956). 

4 Hollander, Stephens, Asaro, and Perlman (unpublished). 


12 Freedman, Engelkemeir, Porter, Wagner, and Day (private 
communication to J. M. Hoilander, 1957). 
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properties. Something possibly may be learned about 
its excited states when its alpha-emitting parent, Pu, 
can be studied. 

The ground state would be expected to be 5/2— 
[752] (185-kev state in Th™'), 5/2+ [633] (ground 
state of Th! and U**), or 3/2+ [631] (an excited 
state in U**). The 5/2+ assignment can probably be 
ruled out because Th! and U*! both decay to Pa”, 
and there are selective differences in the levels occupied." 
Of the two remaining assignments, 5/2— [752] is 
slightly preferred on the basis that no population to 
the ground state, K=1/2 band of Pa”, could be 
detected in the U*! electron-capture decay. Table III 
and its discussion (see below) go into the beta-decay 
selection processes as related to the Nilsson levels, and 
it will be seen that the logft values for decay of U! 
to the K=1/2 band in Pa*! probably would be such 
as to have permitted the observation of this transition 
if U2! were 3/2+ [631]. 

U5 (neutron number 141).—The energy levels of 
U** have recently been reviewed by Newton." The 
assignments suggested by him have been adopted 
(Table I) although different conclusions were reached 
regarding the related subject of the Pa** assignment 
which is discussed below. As seen in Table I, the ground 
state of U** has been assigned by Newton to 5/2+ 
[633] (see also Th*'); a state at 313 kev is assigned 
to 3/2+ [631] (which implies excitation of a particle 
from a previously filled level); and a state at 400 kev 
is labeled 1/2+ [631]. This does not mean that other 
expected levels (Table I) are not present at even lower 
energies because it could easily be that such levels are 
not populated by the beta decay of Pa™. 

Some light is shed on this subject by the recently 
investigated alpha branching of Pu®’.“'° The alpha 
group of highest energy so far observed (5.65 Mev) 
probably leads to the ground state of U** or at least 
to a level near the ground state because this energy 
corresponds well with the total available energy cal- 
culated from closed decay cycles." The transition is 
rather highly hindered in agreement with the assign- 
ment of 7/2— [743] for Pu*’ (see below) and of 5/2+ 
[633] for the ground state of U** as made by Newton. 
The principal alpha group (or groups) leads to a level 
(or levels) some 300 kev higher and has a hindrance 
factor of 7. If the state at ~300 kev were the 3/2+ 
[631] state observed from Pa*™* decay, the hindrance 
factor seems much too low because, among other 
factors, the alpha wave would be limited to /$ 3. This 
suggests that there is another level at ~ 300 kev. If it 
were the 7/2— state (same as the parent, Pu”’), the 
hindrance factor is too high, hence this state might be 
5/2— [752] which is expected in this region, and seen 
at 185 kev in the analogous nucleus, Th”! (see above). 


13 J. O. Newton, Nuclear Phys. 5, 218 (1958). 

4D. C. Hoffman, J. Inorg. Nuclear Chem. 4, 383 (1957). 

16 Thomas, Vandenbosch, Glass, and Seaborg, Phys. Rev. 106, 
1228 (1957). 
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TaBLe III. Beta decay log/t values and transition classifications. The beta-emitting species are shown in the table by isotopic 
symbols followed immediately by the logft value. For each entry, the proton and neutron states of beta-emitter and daughter are 
designated in the first column and head row by @,* parity, and the bracketed asymptotic quantum numbers which are defined in the 
text. The symbols above each entry classify the beta-transitions according to the Nordheim selection rules as follows: @ (allowed), 
1f (first forbidden), 1fAJ=2 (first forbidden unique), 2f (second forbidden). The symbols following the commas further classify the 
transitions in terms of the asymptotic quantum number selection rules of Alaga>: « (unhindered), (hindered), AN =2 (hindered with 
change of 2 in the principal quantum number). Parentheses are used to code the reliability of the orbital assignments for the parent 
or daughter states and apply to whichever of the pair is least certain. A single set of parentheses indicates that the level assignments 
are tentative but based on substantial data; double parentheses indicate tentative assignments based on more meager data. No paren- 
theses appear where assignments are considered certain. 
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® The spin of the lowest-lying member of a rotational band is generally the same as the value of 2 for that band. For some 2 =1/2 bands, however, the 
higher-spin rotational states have lower energy than the spin-1/2 state. Examples of this are the spin-3/2 grounds tates of Pa®' and Pa®% which have been 


assigned 2 =1/2. 
> G. Alaga, Phys. Rev. 100, 432 (1955). 


U® (neutron number 143).—The puzzle surrounding 
the low-lying energy levels of U** has recently been 
solved.'*'7 The principle (unhindered) alpha group of 
Pu, which has spin 1/2, apparently led to the ground 
state of U*, which has spin 7/2 in contradiction to our 
major selection rules, but it was found that this favored 
alpha group instead went to the expected spin-1/2 
state, which is an isomer lying less than 0.1 kev above 
the ground state. The Nilsson level assignments as 
shown in Table I have been discussed by Asaro and 
Perlman.'® Higher-lying levels populated by Pu” alpha 
decay have also been seen,'*:’ but there are not yet 
sufficient data to make assignments. 

U7 (neutron number 145).—The ground-state spin 
of U7 has not been measured, but it is almost certainly 


16 F, Asaro and I. Perlman, Phys. Rev. 107, 318 (1957). 

17 Huizenga, Rao, and Engelkemeir, Phys. Rev. 107, 319 (1957). 

18 F, Asaro and I. Perlman (unpublished data, 1956). 

19 Novikova, Kondrat’ev, Sobalev, and Gol’din, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 32, 1018 (1957) [translation: Soviet 
Phys. JETP 5, 832 (1957)]. 


1/2 or 3/2 because in its beta decay to Np*’ no state 
with spin higher than 3/2 is populated.” Rasmussen 
et al, have suggested possible assignments 1/2— [501 ] 
and 1/2+ [631 ].2° Because there is no evidence for 
the 1/2— [501] state in other nuclei in this vicinity, 
and since the logft values can be reasonably well 
explained on the basis of the 1/2+ [631] assignment, 
we definitely prefer this latter one. It will be seen that 
two other nuclei with the same neutron number, Pu 
and Cm, also have this configuration in their ground 
states. 

The alpha decay of Pu! has been investigated?!” 
and the favored group goes to a level in U*? at 145 kev. 
The ground state of Pu* has been assigned 5/2+ [622 ] 
as will be discussed below, hence the U7 level at 145 


*” Rasmussen, Canavan, and Hollander, Phys. Rev. 107, 141 
(1957). 

21 Asaro, Stephens, and Perlman (unpublished data, 1957). 

* Freedman, Wagner, and Engelkemeir, Phys. Rev. 88, 1155 
(1952). 
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kev is ascribed to the same orbital. The gamma-ray 
de-excitation properties of this level support the idea 
that it has the same parity as the ground state. The 
transitions to the ground-state rotational band appear 
to be largely M1 (presumably K forbidden). It will be 
seen that the same situation is found in Pu® in which 
the 5/2+ state appears at a somewhat higher energy. 
As has been mentioned, this state 5/2+ [622] shows 
up as the ground state for neutron number 147. 

U™ (neutron number 147).—There is little experi- 
mental information on this short-lived beta emitter, but 
it might be expected in analogy to Pu™! that the ground 
state is 5/2+ [622]. This assignment is consistent with 
the beta-decay properties of U,%4 in which a 5/2— 
state in Np** of 74 kev receives most of the beta 
population. 

Pu? (neutron number 143).—Although the spin of 
Pu? has not been measured directly, the assignments 
of the ground state to 7/2— [743] and a state at 145 
kev to 1/2+ [631] are considered to be on rather firm 
ground. These states occur very close together in U** 
and result in an isomeric transition with a half-life of 
26.5 min. On the basis that the structure would repeat 
in Pu’, Stephens ef a/.* searched for and found an £3 
isomeric transition, with a 0.18-sec half-life and energy 
as indicated, resulting from the alpha decay of Cm*™". 
The ground-state assignment 7/2— [743] has also 
been made by Hoffman and Dropesky** from a study 
of the electron-capture decay of Pu’? to Np*’. 

Pu (neutron number 145).—The levels of Pu are 
populated following the decay of Np**,?? Am™®,?8 and 
Cm 29.30 and the Coulomb excitation of Pu *! itself. 
The level scheme is thus quite well worked out, and 
orbital assignments have been given by Hollander**.*” 
and by Asaro et al.*° 

There is a well-defined rotational band based upon 
the K=1/2 ground state (1/2+ [631 ]) which orbital 
appears as the first excited state in Pu’? and U™* as 
already discussed. The 7/2— [743] configuration 
which is the ground state for U*® and Pu” occurs at 
392 kev and the 5/2+ [622] configuration which will 
appear as the ground state for neutron number 147, 
occurs here at 286 kev. These assignments have been 
discussed in detail,?’*® but additional comment seems 
to be in order concerning a level at 512 kev assigned by 


*3 Freedman, Wagner, Engelkemeir, Huizenga, and Magnussen, 
quoted by Hollander, Perlman, and Seaborg, Revs. Modern Phys. 


25, 469 (1953). 
* R. Lessler and G. T. Seaborg (unpublished). 

26 Stephens, Asaro, Amiel, and Perlman, Phys. Rev. 107, 1456 
1957). 

( 26D. C. Hoffman and B. J. Dropesky, Phys. Rev. 109, 1282 
1958). 
27 Hollander, Smith, and Mihelich, Phys. Rev. 102, 740 (1956). 
28 Smith, Gibson, and Hollander, Phys. Rev. 105, 1514 (1957). 
*® Asaro, Thompson, and Perlman, Phys. Rev. 92, 694 (1953). 
* Asaro, Thompson, Stephens, and Perlman, Bull. Am. Phys. 

Soc. Ser. II, 2, 393 (1957). 
3 J. O. Newton, Nuclear Phys. 3, 345 (1957). 
® Jack M. Hollander, Phys. Rev. 105, 1518 (1957). 
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Hollander ef al.?’ as either 5/2+ or 7/2+. As pointed 
out,” the only two assignments that seem reasonable 
are 5/2+ [633] and 7/2+ [624]. The state 5/2+ [633] 
would result from opening a filled level that appeared 
as the ground state for neutron number 141, and the 
7/2+ [624] would be a new level to appear for higher 
neutron numbers as the ground state. 

Of these, the choice of the 7/2+ assignment seems 
preferable to us. As will be seen, 5/2+ [622] (which is 
the 286-kev level in Pu) and 7/2+ [624] are found 
in Pu! and Cm** (see Table I), and the spacings 
between these levels are similar, as might be expected 
because the energies of these orbitals have a rather flat 
dependence on nuclear deformation (see Fig. 1). A 
similar spacing also occurs in Pu** between the state 
5/2+ [622] and the one of 512 kev, hence this may be 
taken as some evidence that this latter state is 7/2+ 
[624]. Also the absence of radiation from the 512-kev 
state to the ground state is nicely explained by the 
7/2+ [624] assignment, although even for 5/2+ [633] 
the £2 transition to the ground state might not compete 
favorably with M1 transitions to the 5/2+ [622] band. 

Pu™' (neutron number 147).—The ground-state spin 
of Pu*' has been measured as 5/2.% The 5/2+ [633] 
orbital was the ground state for neutron number 141, 
so the ground state of Pu*#! is almost surely 5/2+ [622] 
(see Fig. 1). The only information on excited states is 
that obtained from the alpha decay of Cm*°.*:% The 
favored alpha group leads to a state 172 kev above 
ground. Another state of 58 kev higher energy has been 
observed and interpreted as the first member of the 
rotational band based upon the 172-kev state.* This 
spacing suggests that the band has K=7/2 or higher. 
The parity is fixed as even from the observation that 
the 172-kev state decays to the ground-state band by 
M1 transitions. In particular, the transition to the 
5/2+ ground state is definitely M1. This fact not only 
fixes the parity of the 172-kev state, but also is con- 
sistent with the spin assignment of 7/2. The only 
Nilsson level in this region with these properties is 
7/2+ [624], and the assignment is considered to be 
reasonably certain. 

Pu** (neutron number 149).—Information is available 
only on the ground state of Pu** and is derived from 
the decay of this isotope to Am** 5&5 States in Am** 
having spins 5/2, 7/2, and probably 9/2 seem to receive 
direct beta population from Pu** (see discussion of 
Am™*) so that a spin of 7/2 for Pu seems most 
reasonable. Because this coincides with the expected 
* Bleaney, Llewellyn, Pryce, and Hall, Phil. Mag. 45, 773, 991 
Crake, Thompson, and Ghiorso, Phys. Rev. 95, 1703 (1954). 

35 Asaro, Thompson, and Perlman (unpublished data, 1954) 
reported by I. Perlman and J. O. Rasmussen, in Handbuch der 
Physik (Springer-Verlag, Berlin, 1957), Vol. 42. 
5° Engelkemeir, Fields, and Huizenga, Phys. Rev. 90, 6 (1953). 
37 Freedman, Porter, Wagner, Day, and Engelkemeir (private 
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Nilsson level, 7/2+ [624], this assignment is given to 
Pu, 

Cm*! (neutron number 145).—The ground state of 
Cm”! is almost surely the same as that of Pu*® (also 
with 145 neutrons), 1/2+ [631]. This assignment was 
made by Stephens ef a/.** and the arguments will be 
reviewed briefly here. Cm™! decays by electron capture 
to Am! 40 and although there are low-lying 5/2+ 
and 5/2— states, neither of these is directly populated. 
Instead decay takes place to states that seem to have 
spins of 3/2 or 1/2. 

As already mentioned when Pu” was discussed, the 
favored alpha decay of Cm! populates a 0.18-sec 
isomeric state of Pu’ which drops to the ground state 
by an £3 transition.” The evidence is excellent that 
the isomeric state has the assignment 1/2+ [631], 
hence the ground state of Cm* is almost surely the 
same. 

There is no information at present on the excited 
states of Cm*!, although applicable data might be 
obtained from studies of the alpha decay of Cf™*. 

Cm** (neutron number 147).—The ground state of 
Cm** might be expected to be 5/2+ [622], the same 
as Pu*!. There is some experimental evidence for this 
assignment from the study of the alpha spectrum of 
Cm** 29.30 The favored alpha group populates a level 
in Pu*® at 286 kev and the assignment of 5/2+ [622] 
has been made for this state.”.*° 

Excited states of Cm** are known from the electron- 
capture decay of Bk**, but no information is available 
that is suitable for making assignments. 

Cm** (neutron number 149).—As seen in Fig. 1, the 
expectations for neutron number 149 are either 7/2+ 
[624] and 9/2— [734]. In a brief earlier report re- 
sulting from the study of the alpha decay of Cf, 
Stephens et al.*! made the 7/2+ [624] assignment to 
the ground state of Cm**, while the 9/2— [734] 
orbital appeared at a level 394 kev above ground. At 
255 kev above ground, the orbital 5/2+ [622] reap- 
peared through the opening of a filled level. (See Cm 
and Pu™!, where this orbital represents the ground 
state.) Because no discussion was presented in that 
report,*' a brief account of these assignments and one 
other will be given here. 

The states of Cm** have been studied through the 
electron-capture decay*:* of Bk™® and the beta decay“ 
of Am*® as well as from the alpha decay of Cf™*.4" In 
addition, the alpha decay of Cm** has been studied,**® 


% Amiel, Albridge, and Asaro (unpublished data, 1956). 

# Amiel, Stephens, and Asaro (unpublished data, 1957). 

41 Stephens, Asaro, Thompson, and Perlman, Bull. Am. Phys. 
Soc. Ser. II, 2, 394 (1957). 

# Magnussen, Freedman, Engelkemeir, Fields, and Wagner, 
Phys. Rev. 102, 1097 (1956). 

43 Chetham-Strode, Stephens, Asaro, and Perlman (unpublished 
data, 1956). 

“ Brown, Hoffman, Crane, Balagna, Higgins, Barnes, Hoff, 
Smith, Mize, and Bunker, J. Inorg. Nuclear Chem. 1, 254 (1955). 

45. B. Magnussen (private communication to Jack M. 
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and as has been already discussed under Pu™!, the 
7/2+ [624] assignment is likely for the Cm™* ground 
state. 

Am** presumably has spin and parity 5/2— or 5/2+, 
and in its decay to Cm™® populates both the ground 
state and a level at 255 kev. Bk™®, which we believe 
to have spin 3/2, does not populate the ground state 
of Cm*™®, but only the 255-kev level. This 255-kev level 
decays only to the ground state of Cm** (not to higher 
members of the ground-state rotational band) by an 
M1 transition. Furthermore, four members of the rota- 
tional band based on the 255-kev level have been 
observed in the alpha decay of Cf, and the spacing 
and alpha population of these states suggest a spin 5/2 
for the 255-kev level. All these data rather strongly 
suggest a spin and parity of 5/2+ for the 255-kev level, 
and its assignment as the 5/2+ [622] Nilsson level 
seems almost certain. 

The favored alpha decay of Cf“® populates a rotational 
band whose base level is 394 kev above the ground 
state of Cm*°, This level decays by transitions that 
appear to be £1 to the 7/2 and 9/2 members of the 
ground-state rotational band, with no detectable 
branching to the 5/2+ [622] band at 255 kev. No 
branching to this (394-kev) level was observed in the 
decay of either Am*° or Bk™® (spins 5/2 and 3/2). 
From these data we conclude that the spin and parity 
of the 394-kev level is 7/2— or 9/2—, with 9/2— 
somewhat more likely (see Fig. 1). An alpha-gamma 
angular-distribution measurement was made to dis- 
tinguish between these two choices,’ and the results, 
while not absolutely definitive, also favored the 9/2— 
spin and parity. We thus conclude that the 394-kev 
level (and hence the ground state of Cf’) is very likely 
the 9/2— [734] Nilsson level. The only other level 
observed in Cm** is one at about 630 kev populated in 
the decay of Bk™®. This level decays by a single gamma 
ray to the 5/2+ [622] state and therefore presumably 
has low spin. We have very tentatively assigned it as 
the 1/2+ [631] state which comes in as the ground 
state for neutron number 145. 

Cf (neutron number 147).—Chetham-Strode and 
co-workers*® have obtained evidence that the alpha- 
decay of Cf** leads predominantly to the ground state 
of Cm*!, and we can say that the transition is un- 
hindered or only slightly hindered. In the absence of 
other information, it might be inferred that the ground 
state of Cf® is the same as that of Cm™!, 1/2+ [631]. 
This assignment is :possible but not expected. Because 
there is no evidence bearing on this assignment other 
than the observation cited, we have not made an entry 
in Table I. 

Cf (neutron number 151). 
suggested under the Cm** discussion that Cf ground 
state has the assignment 9/2— [734]. Consistent with 


It has already been 


46 Chetham-Strode, Choppin, and Harvey, Phys. Rev. 102, 747 
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kev is ascribed to the same orbital. The gamma-ray 
de-excitation properties of this level support the idea 
that it has the same parity as the ground state. The 
transitions to the ground-state rotational band appear 
to be largely M1 (presumably K forbidden). It will be 
seen that the same situation is found in Pu in which 
the 5/2+ state appears at a somewhat higher energy. 
As has been mentioned, this state 5/2+ [622] shows 
up as the ground state for neutron number 147. 

U™® (neutron number 147).—There is little experi- 
mental information on this short-lived beta emitter, but 
it might be expected in analogy to Pu™! that the ground 
state is 5/2+ [622]. This assignment is consistent with 
the beta-decay properties of U**,*™ in which a 5/2— 
state in Np** of 74 kev receives most of the beta 
population. 

Pu”? (neutron number 143).—Although the spin of 
Pu? has not been measured directly, the assignments 
of the ground state to 7/2— [743] and a state at 145 
kev to 1/2+ [631] are considered to be on rather firm 
ground. These states occur very close together in U™® 
and result in an isomeric transition with a half-life of 
26.5 min. On the basis that the structure would repeat 
in Pu’, Stephens ef a/.® searched for and found an £3 
isomeric transition, with a 0.18-sec half-life and energy 
as indicated, resulting from the alpha decay of Cm™', 
The ground-state assignment 7/2— [743] has also 
been made by Hoffman and Dropesky** from a study 
of the electron-capture decay of Pu? to Np*’. 

Pu” (neutron number 145).—The levels of Pu* are 
populated following the decay of Np**,?? Am*®?* and 
Cm** 29.39 and the Coulomb excitation of Pu” * itself. 
The level scheme is thus quite well worked out, and 
orbital assignments have been given by Hollander**:” 
and by Asaro et al.*° 

There is a well-defined rotational band based upon 
the K=1/2 ground state (1/2+ [631 ]) which orbital 
appears as the first excited state in Pu®’? and U™ as 
already discussed. The 7/2— [743] configuration 
which is the ground state for U™® and Pu”? occurs at 
392 kev and the 5/2+ [622] configuration which will 
appear as the ground state for neutron number 147, 
occurs here at 286 kev. These assignments have been 
discussed in detail,?’> but additional comment seems 
to be in order concerning a level at 512 kev assigned by 
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Hollander ef al." as either 5/24 or 7/2+. As pointed 
out,”*-*? the only two assignments that seem reasonable 
are 5/2+ [633] and 7/2+ [624]. The state 5/2+ [633] 
would result from opening a filled level that appeared 
as the ground state for neutron number 141, and the 
7/2+ [624] would be a new level to appear for higher 
neutron numbers as the ground state. 

Of these, the choice of the 7/2+ assignment seems 
preferable to us. As will be seen, 5/2+ [622] (which is 
the 286-kev level in Pu) and 7/2+ [624] are found 
in Pu*' and Cm** (see Table I), and the spacings 
between these levels are similar, as might be expected 
because the energies of these orbitals have a rather flat 
dependence on nuclear deformation (see Fig. 1). A 
similar spacing also occurs in Pu*® between the state 
5/2+ [622] and the one of 512 kev, hence this may be 
taken as some evidence that this latter state is 7/2+ 
[624]. Also the absence of radiation from the 512-kev 
state to the ground state is nicely explained by the 
7/2+ [624] assignment, although even for 5/2+ [633] 
the #2 transition to the ground state might not compete 
favorably with M1 transitions to the 5/2+ [622] band. 

Pu" (neutron number 147).—The ground-state spin 
of Pu has been measured as 5/2.% The 5/2+ [633] 
orbital was the ground state for neutron number 141, 
so the ground state of Pu*#! is almost surely 5/2+ [622] 
(see Fig. 1). The only information on excited states is 
that obtained from the alpha decay of Cm**.*:% The 
favored alpha group leads to a state 172 kev above 
ground. Another state of 58 kev higher energy has been 
observed and interpreted as the first member of the 
rotational band based upon the 172-kev state. This 
spacing suggests that the band has K=7/2 or higher. 
The parity is fixed as even from the observation that 
the 172-kev state decays to the ground-state band by 
M1 transitions. In particular, the transition to the 
5/2+ ground state is definitely M1. This fact not only 
fixes the parity of the 172-kev state, but also is con- 
sistent with the spin assignment of 7/2. The only 
Nilsson level in this region with these properties is 
7/2+ [624], and the assignment is considered to be 
reasonably certain. 

Pu** (neutron number 149).—Information is available 
only on the ground state of Pu** and is derived from 
the decay of this isotope to Am**,3&-% States in Am™* 
having spins 5/2, 7/2, and probably 9/2 seem to receive 
direct beta population from Pu™* (see discussion of 
Am™*) so that a spin of 7/2 for Pu** seems most 
reasonable. Because this coincides with the expected 
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Nilsson level, 7/2+ [624], this assignment is given to 
Pe, 

Cm™! (neutron number 145).—The ground state of 
Cm! is almost surely the same as that of Pu (also 
with 145 neutrons), 1/2+ [631]. This assignment was 
made by Stephens ef al.» and the arguments will be 
reviewed briefly here. Cm™! decays by electron capture 
to Am*! %.40 and although there are low-lying 5/2+ 
and 5/2— states, neither of these is directly populated. 
Instead decay takes place to states that seem to have 
spins of 3/2 or 1/2. 

As already mentioned when Pu”? was discussed, the 
favored alpha decay of Cm*™! populates a 0.18-sec 
isomeric state of Pu? which drops to the ground state 
by an £3 transition.” The evidence is excellent that 
the isomeric state has the assignment 1/2+ [631], 
hence the ground state of Cm*! is almost surely the 
same. 

There is no information at present on the excited 
states of Cm*'!, although applicable data might be 
obtained from studies of the alpha decay of Cf. 

Cm** (neutron number 147).—The ground state of 
Cm** might be expected to be 5/2+ [622], the same 
as Pu*!. There is some experimental evidence for this 
assignment from the study of the alpha spectrum of 
Cm** 29.0 The favored alpha group populates a level 
in Pu*® at 286 kev and the assignment of 5/2+ [622] 
has been made for this state.?**° 

Excited states of Cm** are known from the electron- 
capture decay of Bk™*, but no information is available 
that is suitable for making assignments. 

Cm (neutron number 149).—As seen in Fig. 1, the 
expectations for neutron number 149 are either 7/2+ 
[624] and 9/2— [734]. In a brief earlier report re- 
sulting from the study of the alpha decay of Cf, 
Stephens e¢ al.4! made the 7/2+ [624] assignment to 
the ground state of Cm**, while the 9/2— [734] 
orbital appeared at a level 394 kev above ground. At 
255 kev above ground, the orbital 5/2+ [622] reap- 
peared through the opening of a filled level. (See Cm*# 
and Pu™!, where this orbital represents the ground 
state.) Because no discussion was presented in that 
report,’ a brief account of these assignments and one 
other will be given here. 

The states of Cm? have been studied through the 
electron-capture decay*- of Bk” and the beta decay“ 
of Am*® as well as from the alpha decay of Cf¥*.4"4° In 
addition, the alpha decay of Cm™® has been studied,**;*® 
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and as has been already discussed under Pu™'!, the 
7/2+ [624] assignment is likely for the Cm** ground 
state. 

Am** presumably has spin and parity 5/2— or 5/2+, 
and in its decay to Cm™® populates both the ground 
state and a level at 255 kev. Bk™®, which we believe 
to have spin 3/2, does not populate the ground state 
of Cm**®, but only the 255-kev level. This 255-kev level 
decays only to the ground state of Cm™® (not to higher 
members of the ground-state rotational band) by an 
M1 transition. Furthermore, four members of the rota- 
tional band based on the 255-kev level have been 
observed in the alpha decay of Cf™®, and the spacing 
and alpha population of these states suggest a spin 5/2 
for the 255-kev level. All these data rather strongly 
suggest a spin and parity of 5/2+ for the 255-kev level, 
and its assignment as the 5/2+ [622] Nilsson level 
seems almost certain. 

The favored alpha decay of Cf*’ populates a rotational 
band whose base level is 394 kev above the ground 
state of Cm**, This level decays by transitions that 
appear to be E1 to the 7/2 and 9/2 members of the 
ground-state rotational band, with no detectable 
branching to the 5/2+ [622] band at 255 kev. No 
branching to this (394-kev) level was observed in the 
decay of either Am*° or Bk™* (spins 5/2 and 3/2). 
From these data we conclude that the spin and parity 
of the 394-kev level is 7/2— or 9/2—, with 9/2— 
somewhat more likely (see Fig. 1). An alpha-gamma 
angular-distribution measurement was made to dis- 
tinguish between these two choices,’ and the results, 
while not absolutely definitive, also favored the 9/2— 
spin and parity. We thus conclude that the 394-kev 
level (and hence the ground state of Cf™®*) is very likely 
the 9/2— [734] Nilsson level. The only other level 
observed in Cm*® is one at about 630 kev populated in 
the decay of Bk™®. This level decays by a single gamma 
ray to the 5/2+ [622] state and therefore presumably 
has low spin. We have very tentatively assigned it as 
the 1/2+ [631] state which comes in as the ground 
state for neutron number 145. 

Cf (neutron number 147).—Chetham-Strode and 
co-workers** have obtained evidence that the alpha- 
decay of Cf leads predominantly to the ground state 
of Cm*!, and we can say that the transition is un- 
hindered or only slightly hindered. In the absence of 
other information, it might be inferred that the ground 
state of Cf® is the same as that of Cm*!, 1/2+ [631]. 
This assignment is possible but not expected. Because 
there is no evidence bearing on this assignment other 
than the observation cited, we have not made an entry 
in Table I. 

Cf (neutron number 151). 
suggested under the Cm** discussion that Cf ground 
state has the assignment 9/2— [734]. Consistent with 


It has already been 
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this assignment is the value log fi=7.0 for the beta 
decay of Bk™,*” since Bk™ is thought to have spin and 
parity 7/2+ (see Table ITT). 


ODD-PROTON NUCLEI 


It has been seen (Table I) that the same level repeats 
for ground states of nuclei having the same (odd) 
neutron number. This is a reflection of the adequacy 
of the model employed. Similar behavior for unpaired 
protons allows grouping of isotopes of each odd element 
for discussion. The applicable Nilsson diagram is shown 
in Fig. 2, and the summary of assignments in Table IT. 

Actinium (proton number 89).—It should perhaps be 
pointed out at the start that the lack of apparent rota- 
tional structure in the actinium (and, for that matter, 
the protactinium) isotopes has for some time been 
noted, and initially we felt that these isotopes were 
outside the region of stable spheroidal! deformation and 
could not be described by the strong-coupling approxi- 
mation of the unified nuclear model. We have recently 
concluded that this absence of simple rotational bands 
is probably due rather to the many anomalous K = 1/2 
rotational bands in this region, and the influence of 
these bands through rotational-particle coupling on the 
K=3/2 and even in some cases, the K=5/2 bands in 
this vicinity. The assignments made for the actinium 
(and protactinium) isotopes are based on this conclu- 
sion, and therefore are perhaps somewhat less certain 
than those made in regions where the unified nuclear 
model is certainly applicable. 

The energy levels of Ac’ have been studied following 
the beta decay of Ra*’,**- and also rather thoroughly 
following the alpha decay of Pa™!.*°-** The levels of 
Ac*® have thus far been studied only as populated by 
the beta decay of Ra*”,*7* although some information 
from the alpha decay of Pa” is being obtained.® For 
this reason considerably more is known about the 
energy levels in Ac”’, and this isotope will be discussed 
first. 

The favored alpha decay of Pa”! seems to populate a 
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level in Ac”? at 330 kev. Because the ground state of 
Pa”! is believed to be the 3/2 member of the K=1/2 
rotational band based on the state, 1/2— [530], this 
assignment is also given to the 330-kev level in Ac?*’. 
It should be emphasized that the state at 330 kev has 
spin 3/2 according to this assignment but is properly 
designated by the K quantum number of the orbital 
which is 1/2. An unambiguous designation would be 
3/2, 1/2— [530], showing that it is the 7=3/2 member 
of the K=1/2 band. The 7=1/2 and J=7/2 members 
of this band are also presumably seen in Ac?’ at ener- 
gies of 356 and 386 kev, respectively. The alpha popu- 
lations from Pa! are in good agreement with those 
expected for favored decay to this band. 

The ground state of Ac”? has a measured spin of 
3/2 and is probably connected with the 330-kev level 
by what appears to be an M2 transition. The ground 
state must therefore have even parity, and because the 
two states both have spin 3/2 there is implied a strong 
retardation of the permitted /1 transition. The most 
likely 3/2+ assignment is 3/2+ [651] (see Fig. 2). 

Between about 25 and 125 kev above the ground 
state of Ac?*” there are at least six levels observed, most 
of which can be shown to have odd parity if the two 
previous assignments are correct. There is no apparent 
rotational structure among these levels, but, as will be 
pointed out, this does not necessarily mean that these 
states all have different intrinsic configurations. Under 
conditions which could apply here, there can be severe 
distortions in level spacings in a rotational band. 

Returning to the assignments of these levels, it will 
be noted from Fig. 2 that aside from 1/2— [530] the 
only odd-parity states in the vicinity of 3/2+ [651] 
are those connected with the Ag,» orbital: 1/2— [541], 
3/2— [532], and 5/2— [523]. The positions of these 
levels for proton number 89 are not known, but it will 
be seen that the state 5/2— [523] comes in as shown 
in Fig. 2 as the ground state for proton number 95. In 
order for it to lie below 1/2— [530] (at 330 kev in 
Ac”?), the nuclear deformation would have to be con- 
siderably less for this state in Ac’ than that indicated 
by the dashed line in Fig. 2. In this regard, the spin 5/2 
for Pa” suggested by Hill®® (see section on protac- 
tinium) would make this assumption not unreasonable. 
From the foregoing arguments we might expect the 
3/2— [532] and 5/2— [523] levels to lie closest to the 
3/2+ [651] ground state of Ac”? and suggest tenta- 
tively that a group of levels around 27 kev be assigned 
the orbital 3/2— [532] and those around 110 kev, 
5/2— [532]. The apparent absence of rotational 
structure is attributed to the displacement of levels by 
the mechanism discussed by Kerman.'’ However, these 
assignments do not seem definite enough for inclusion 
in Table IT. 

Very little is known about Ac”® but there is one 
piece of information which suggests similarity to Ac”’. 
In Ac”? there is a 27-kev £1 transition between an 
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excited state of 27 kev and ground. In Ac” a 40-kev 
F1 transition is found and is the only prominent gamma 
transition following Ra” decay. This implies that there 
is a level in Ac? at 40 kev bearing the same relation 
to the ground state as the 27-kev level in Ac”’. 

Protactinium (proton number 91).—A considerable 
number of protactinium isotopes are known but sub- 
stantial data are available for only Pa™! and Pa™*, The 
energy levels of Pa*! have been studied from the beta 
decay of Th*!,!!.6-6 [25 electron capture,!® alpha 
decay of Np*,* and Coulomb excitation of Pa™! 
itself. The states of Pa” have been studied in con- 
junction with Th** beta decay’? and Np”? alpha 
decay.*.67 

The ground-state spin of Pa**! has been measured as 
3/2 and that for Pa™* is deduced to be the same from 
the decay properties. Each is probably the J=3/2 
member of the K=1/2 band, 1/2— [530], which has 
already been mentioned in the discussion of Ac??? where 
this state appears at 330 kev above ground. In Pa”, 
the J=1/2, 3/2, 5/2, and 7/2 members have been 
observed, and these lie at ~ 6, 0, 69, and 56 kev, respec- 
tively. The structure and spacings in this anomalous 
rotational band are probably much the same in Pa*"', 

In both Pa**! and Pa** there is another intrinsic state 
at about 85 kev. Each drops to the 3/2 and 7/2 
members of the ground-state band by £1 transitions 
and has been assigned 5/2+ [642] partly on the basis 
of these gamma transitions and also because this level 
in Pa** receives the favored alpha transition from 
Np”? decay and 5/2+ [642] is almost surely the 
ground state of Np””. 

A somewhat uncertain assignment of 3/2+ [651] 
has been made for levels in Pa! and Pa** at 166 kev 
and ~200 kev, respectively. There is no obvious 
rotational-band structure based on either this state 
or the 5/2+ [642] state. However, this would be 
expected, since such similar states lying so close to 
each other might be expected to interact in such a way 
as to distort the normal rotational-level spacings. Cal- 
culations are underway at present to see if the experi- 
mental level pattern can be reproduced, and the pre- 
liminary results seem favorable. 

There is also some information available for assigning 
the ground states of Pa®® and Pa”*, Pa might be 
expected to have the 1/2— [530] band as its ground 
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state in analogy to Pa™! and Pa™*, This would be con- 
sistent with the observed decay of Pa™*® without 
gamma-ray emission to U™*,®* since a 1/2+ state lies 
within 0.1 kev of the ground state of U**. Also the 
logft value for this decay is very similar to that ob- 
served for decay between these two states in other 
nuclei (see Table ITI). Nevertheless, because the ground 
state of U** has a spin of 7/2—, almost any spin up 
to 9/2 would be possible for Pa*. An enlightening 
experiment would be a determination of whether the 
26-min isomeric state (spin 1/2) of U™ is populated in 
the decay of Pa**, but this has not yet been done. 

Hill® has suggested that the ground state of Pa” is 
5/2 on the grounds that states having spins of 7/2 and 
probably 5/2 are populated in the decay of this isotope 
to Th”*, and also on preliminary evidence that a 5/2 
rotational band in Ac” receives the favored alpha 
decay of Pa”. If this is the case, the only two reasonable 
assignments would be 5/2+ [642] or 5/2— [523]. It 
is not possible to make a clear choice between these 
assignments. We slightly prefer the latter, however, 
because it seems less likely (see Fig. 2) that the 1/2— 
[530] state (ground states of Pa™! and Pa®*) would 
cross the 5/2+ [642] state than the 5/2— [523] state. 

Neptunium (proton number 93).—At several places 
in the previous discussions, special use has been made 
of observed 1 transitions in identifying states (see, 
for example, protactinium) because such transitions 
limit considerably the possible choices. For low energies, 
(<100 kev), #1 transitions are particularly easy to 
identify because the conversion coefficients are small 
and unique. In fact, very often a rough intensity meas- 
urement of the photon is sufficient for identifying the 
transition unambiguously as £1. Three isotopes of 
neptunium, Np*°, Np*7, and Np**, all have prominent 
F1 transitions following alpha decay of their respective 
parents,” and the assignments of the states involved 
for two of these (Np”? and Np**) have been previously 
made.” These are 5/2+ [642] for the ground states 
and 5/2— [523] for low-lying excited states. The argu- 
ments for these assignments are considered sound and 
will not be discussed further here. The energies may be 
seen in Table II. The supporting evidence in Np*® is 
not so extensive but the analogy in energy and intensity 
of the /1 transition is so close that these same assign- 
ments may be made with confidence. It may be men- 
tioned that the electron-capture decay characteristics 
of Np” are consistent with the ground-state assign- 
ment.”! 

Rotational states based upon 
states have been identified in Np*’ and Np*®, but the 
only other well-studied intrinsic state in an odd-mass 


these two intrinsic 
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neptunium isotope is the 268-kev level of Np”’, which 
very likely has spin and parity 3/2—, and was assigned 
as the 3/2— [521] state by Rasmussen et al.” Although 
this assignment is certainly possible, we prefer that of 
1/2— [530] with the 3/2— member of this band lying 
lowest, the same assignment made for the ground states 
of protactinium isotopes. This assignment is preferred for 
the following reasons: (1) An energy of 268 kev is 
already somewhat higher than might be expected for 
the 1/2— [530] band on the basis of its position relative 
to the 5/2+ [642] state in the protactinium isotopes, 
yet it is quite unlikely that the 1/2— [530] band could 
lie at lower energies in Np*’ and not have been detected 
from the beta decay of U¥’. On the other hand, from 
the assignments made below for the americium and 
berkelium isotopes, it would be expected that the 3/2— 
[521] level would lie at energies somewhat higher than 
268 kev in Np*’. (2) De-excitation of the 267-kev level 
has been shown to have M2 decay in competition with 
F1, and E2 with M1,” which can be best explained by 
the 1/2— [530] assignment, since this would involve 
K-forbidden restrictions for the dipole transitions. 
Neither of these arguments is very conclusive, however, 
so the preference for 1/2— [530] over 3/2— [521] is 
slight. 

Americium (proton number 95).—The data on the 
americium isotopes come from the alpha decay of the 
berkelium isotopes,*:*:” the electron capture decay of 
Cm*! 3.40 the beta decay of Pu*,**-%8 and the alpha 
decay of the americium isotopes, themselves.®!:7%—7 
Americium-241 and Am** have measured spins of 
5/2,” and from studies of their alpha decay to Np*” 
and Np, it is reasonably certain that their ground 
state is the level 5/2— [523]. The ground state of Am*® 
is assigned as this same Nilsson state because its 
pattern of alpha decay seems to be quite similar to 
that of Am*! and Am***,® 

We shall next turn to two excited states in Am*’, at 
84 and 465 kev, observed following the beta decay of 
Pu**, The 84-kev level decays by a prominent F1 
transition to the ground state of Am** and by a very 
weak EF1 transition to an ~40-kev level—presumably 
the first member of the ground-state rotational band. 
This fixes the spin and parity of the 84-kev level at 
5/2+ or 7/2+. Assignment is made to K=5/2, in 
particular 5/2+ [642], because the energy spacing 

7% A. Chetham-Strode, University of California Radiation 
Laboratory Report UCRL-3322, June 26, 1956 (unpublished). 
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with respect to the ground state, 5/2— [523], is similar 
to that seen in neptunium isotopes, except that the 
states are reversed. The 465-kev level decays by a pre- 
dominantly M1 transition to the 84-kev level and to 
one, and possibly two, higher members of the rotational 
band based on the 84-kev level. Thus the parity of the 
465-kev band is even, and the spin is probably 7/2 or 
9/2, although 5/2 is also a possibility. The assignment 
7/2+ [633] is consistent with these data and with the 
proposed 7/2+ spin of Pu’. There is no other Nilsson 
level in the vicinity that seems to be satisfactory for 
this state. 

The alpha decay properties of Bk**, Bk™®, and Bk*47 
have all been studied, and provide an interesting com- 
parison of the levels in Am™*, Am*', and Am**, In each 
case the ground-state transition is highly hindered, 
with hindrance factors of 660, 450, and > 500, respec- 
tively. The lowest intrinsic excited states observed in 
each of the americium isotopes also have rather similar 
alpha-hindrance factors. These states lie at energies 
of 187, 206, and 84 kev (in order of increasing mass 
number) and their alpha-hindrance factors are 54, 37, 
and 68, respectively. This suggests the same Nilsson 
level is involved for each isotope, and because the 
84-kev level in Am** has been assigned as the 5/2+ 
[642] state, we suggest this assignment for the other 
two levels as well. There is additional evidence in favor 
of these assignments. In both Am* and Am*! the 
levels (187 and 206 kev) drop to the 7=5/2 and J=7/2 
members of the ground-state (5/2— [523]) rotational 
band by transitions which are probably £1 (although 
E2 cannot be ruled out). These are just the two levels 
to which we would expect decay from the 5/2+ [642] 
state. This argument, of course, hinges on whether or 
not the radiations observed are indeed /1. Further- 
more, Cm*! (spin 1/2+) has no observed population 
to the 206-kev level in Am*!, which is to be expected if 
the 5/2+ assignment of this level is correct. The dif- 
ferences in spacing of the 5/2+ [642] levels relative to 
the ground states in the three americium isotopes are 
rather large and will be discussed later. 

A third state which seems to be populated system- 
atically in the alpha decay of the berkelium isotopes 
lies at energies of 540, 480, and 265 kev in Am™®, Am*™!, 
and Am**, respectively. The hindrance factors to these 
states are 3.6, 2.3, and 4.2, respectively. In Am” the 
540-kev state decays to the ground state by a transition 
whose multipolarity is uncertain. In Am*!, however, 
the 480-kev level is also heavily populated in the 
electron-capture decay of Cm*!, and decays to the 
ground state of Am™! by a predominantly M1 transition 
(with apparently some £2 admixture). These data, 
together with the 1/2+ spin of Cm*! and 5/2— ground- 
state spin of Am™", fix the spin and parity of the 480-kev 
level at 3/2—. In Am*™* the 265-kev level also decays 
to the ground state by a transition that has been shown 
to be predominantly M1. Thus the 540-, 480-, and 
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265-kev levels in the three americium isotopes seem to 
be quite similar, and probably all have spin and parity 
3/2—. On this basis the Nilsson assignment for these 
levels is almost certainly either 1/2— [530] (3/2— 
member lying lowest) or 3/2— [521]. We slightly 
prefer the former assignment because the level seems 
to vary in energy relative to the 5/2— [523] state in 
about the same manner as the 5/2+ [642] state. From 
the slopes of the levels on the Nilsson diagram this is 
more reasonable for the 1/2— [530] than the 3/2— 
[521 ] assignment. 

The small hindrance factors for the alpha decay of 
berkelium isotopes to these states are worthy of note. 
It will be seen that the ground states of the berkelium 
isotopes are assigned 3/2— [521] and the states in 
americium J=3/2 member of 1/2— [530]. The small 
hindrance factors are probably associated with the 
structural similarity of these orbitals. Also the 3/2— 
[521] level in the americium isotopes is probably not 
too far away in energy from this level, so that mixing 
of the type described by Kerman’ would further lower 
the hindrance factor. 

The large variation in spacing between the 5/2+ 
[642] and 1/2— [530] states in the three americium 
isotopes relative to the 5/2— [523] ground state is 
somewhat puzzling. This is possibly due to a larger 
nuclear deformation in Am™® and Am*! than in Am™ 
(or probably Am**), The reason for larger nuclear 
deformations in Am™® and Am™! might be found in the 
neutron levels filling in this vicinity, which are the 
steeply down-sloping (deforming) 7/2— [743] and 
1/2+ [631] orbitals. On the other hand, around Am*# 
and Am*® the much flatter (less deforming) neutron 
levels, 5/2+ [622] and 7/2+ [624], are filling. 

The only other level observed in an americium isotope 
is the 630-kev level populated in Am*! by Cm? 
electron-capture decay. This state decays both to the 
ground and the 480-kev states, and we have very ten- 
tatively given it the assignment, 3/2— [521]. The 
assignment 3/2+ [651] is also possible but seems less 
likely because this state would be expected to decay to 
the 5/2+ [642] state, and no such gamma transition 
could be observed. 

Berkelium (proton number 97).—The similarity of the 
alpha decay schemes of Bk™*, Bk*°, and Bk*7 has 
already been described, and thus we believe these three 
isotopes all have the same Nilsson level for their ground 
states. Information as to the identity of this level may 
be derived from the electron-capture decay of Bk to 
Cm #248 This decay goes predominantly to a level 
assigned spin and parity 5/2+ in Cm*, with no 
detectable branching to the 7/2+ (ground) or 9/2— 
(394 kev) states. This suggests a spin of 3/2 for Bk™5, 
although 5/2 or 7/2 would also be possible. From the 
Nilsson diagrams, either the 3/2— [521] or the 7/2+ 
[633] level would be expected as the ground state of 
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the berkelium isotopes, and on the basis of the forego-_ 
ing data, we definitely prefer the 3/2— state. 

Considerably more information is available about 
the energy levels of Bk™’, mostly from the alpha decay 
of E81. The favored alpha decay of E*** goes to the 
ground state of Bk*’, and four members of the ground- 
state rotational band have been observed to receive 
alpha population. This means that the ground-state 
configurations of Bk* and E*3 are identical. The 
spacing of this band gives the best agreement with a 7/2 
spin, but the rotational constant (4?/2<%) is considerably 
smaller than usual for this region. However, for an 
even-parity odd-proton state in this region an ab- 
normally small rotational constant is reasonable ac- 
cording to arguments given by Hollander, Smith, and 
Rasmussen in explaining the similarly small value for 
the 5/2+ [642] band in Np*7.” We have accordingly 
assigned the ground state of Bk* to the 7/2+ [633] 
orbital. The beta decay of Bk*” to Cf? *’ is consistent 
with this assignment. 

Alpha population is also observed to three members 
of a rotational band whose base level is 393 kev above 
the ground state of Bk*®. These levels decay by pre- 
dominantly M1 transitions to the ground-state rota- 
tional band of Bk*®. The pattern of gamma rays 
de-exciting this band, and the pattern of alpha popu- 
lation to the band members suggests that this is the 
5/2+ [642] band; however, the spacing of the levels is 
not in very good agreement with this conclusion, nor, 
in fact, with any other reasonable spin. Nevertheless 
we have tentatively given this assignment to the 
393-kev level, because the unusual spacing of the band 
can possibly be explained in terms of rotational-particle 
coupling to the 3/2+ [651] band. Another group of 
levels has been observed in the alpha decay of E**, and 
these seem to comprise a rotational band whose lowest 
observed level is at 84 kev above the ground state of 
Bk*, The spacing of this band indicates that the 84-kev 
level has a spin of 7/2, and the rotational constant 
appears normal. Asaro et al.*! have been able to show 
that the 84-kev level is followed by two prompt (<2 
usec) transitions, which are highly converted in the L 
shell. It is possible that the 84-kev level is the 7/2— 
[514] Nilsson state, which decays by an M2 transition 
to the 9/2+ member of the ground-state rotational 
band, and then on to the ground state. However, we 
feel that a somewhat more likely situation is that the 
rotational band is really based on the 3/2— [521] 
Nilsson state, but that the alpha decay to the 3/2 and 
5/2 members of this band is obscured (as it certainly 
would be) by the intense alpha groups to the first two 
members of the ground-state rotational band. The two 
prompt transitions following the 84-kev level would 
then be those de-exciting this level to the 3/2— state, 

81 Asaro, Hummel, Stephens, and Perlman (unpublished data, 
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which subsequently decays by an unobserved (~10 
kev) M2 transition to the ground state of Bk’. A pre- 
liminary search has failed to reveal an isomeric state of 
Bk (the 10-kev level); however, we feel that the 
possibilities are not yet exhausted. Of course, one would 
like to find a low-lying 3/2 state in Bk™® because in the 
other berkelium isotopes the 3/2— [521] orbital repre- 
sents the ground state. 

Einsteinium (proton number 99)—The only ein- 
steinium isotope for which sufficient data are available 
to make an assignment is E**, This isotope very likely 
has a ground-state assignment of 7/2+ [633] because 
favored alpha decay was observed to a state in Bk™® 
that was given this assignment. 


CLASSIFICATION OF BETA TRANSITIONS 


The beta transitions upon which the Nilsson assign- 
ments in Tables I and II are partially based are sum- 
marized in Table III. Here the log ft value and the 
parent nucleus are listed at the intersection of the 
column and row corresponding to the two levels that 
the beta transition connects. The log ft values are only 
approximate, and in a few cases the value given very 
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likely represents that for decay to more than one 
member of the rotational band, rather than just the 
base level. These errors are probably not larger than a 
factor of 2 or 3 in the ft value, however. The classi- 
fication of each beta transition is given at the top of 
each group. These classifications are allowed (a) or 
first or second forbidden (if or 2), according to the 
Nordheim selection rules, and hindered (h) or un- 
hindered (u) in the asymptotic quantum numbers of 
deformed nuclei according to the rules given by Alaga.* 
The parentheses around the transitions indicate uncer- 
tainty in orbital assignment as in Tables I and II, and 
in this case the notation on the beta transition is that 
of the least certain of the levels which it connects. The 
range of log ft values for the various transition types 
is similar to that found by Alaga® for the spheroidal 
region 150<A <190. 
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The limitations imposed by time-reversal invariance of nuclear forces have been examined for nuclear 
reactions, elastic double scattering (polarization) experiments, and angular correlations of gamma rays 
emitted from unoriented nuclei. For each of these, we have found that certain experiments, which may 
superficially appear to be sensitive tests of time-reversal invariance, are actually completely or partially 
insensitive to this symmetry. For example, in certain cases, the unitarity of the S matrix is sufficient to 
assure detailed balance. Such insensitivity to time-reversal invariance operates in some of the experimentally 
best-investigated problems. Those experiments which may be expected to be sensitive tests yield an upper 
limit of about 10% for that fraction of the Hamiltonian which is odd with respect to a time inversion. We 
have suggested experiments which may lower this limit. 


I. INTRODUCTION 


HE classic work of Lee and Yang! in 1956 has 
focused attention on various symmetries of 
physical laws, namely conservation of parity (P), 
invariance under charge conjugation (C), invariance 
under time reversal (7), and various combinations 
thereof. The experiments of Wu, Ambler, ef a/.? and of 
Garwin, Lederman, and Weinrich’ were the first of 
many to demonstrate conclusively that invariance 
under P and C do not hold in weak interactions. How- 
ever, it has not yet been shown conclusively that such 
interactions are invariant under time reversal.‘ 
Another consequence of Lee and Yang’s work has 
been a re-examination of the foundations of our beliefs 
that strong interactions are invariant with respect to 
the symmetries enumerated above. If the breakdown 
of invariance under P, C, or T in strong interactions 
were due solely to the weak forces which are present, 
then the admixture, F, of forces odd under these sym- 
metries should not exceed 10~”. It is legitimate, how- 
ever, to ask whether there are forces of nuclear or 
electromagnetic strength which do not satisfy inva- 
riance under P, C, or T. Lee and Yang! summarized 
some of the then existing evidence for P conservation. 
Since that time, the forbiddenness of certain reactions®:® 
and the nonappearance of circular polarization® in 
nuclear gamma-ray transitions have been used by 
Tanner and Wilkinson to set an upper limit of about 
3X10 for the admixture of nuclear forces that are 
odd under parity transformations, a result which 
enables one to blame the absence of the neutron’s 
electric dipole moment on nonconservation of parity 
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alone, although it is by this time well known’:* that 
time-reversal invariance also forbids the appearance of 
electric dipole moments, magnetic quadrupole moments, 
1 oP 

Charge conjugation invariance, except for the impli- 
cations of the PCT theorem, plays no direct role in the 
low- and medium-energy nuclear physics phenomena 
discussed here, and will not be considered in this paper. 

Herein, we examine in some detail the basis of our 
knowledge of time-reversal invariance in nuclear inter- 
actions. Our conclusion is that it has not been estab- 
lished to a very high accuracy, in fact, to no better than 
about one part in ten.*f On the other hand, the very 
precise experimental checks of the predictions of 
quantum electrodynamics certainly show that our 
present ideas on the nature of the “bare electromagnetic 
interaction” (which include of course the assumption 
of time-reversal invariance) are valid. It is possible that 
the structure of the system, whether nucleon or nucleus, 
interacting with the electromagnetic field may introduce 
some lack of time-reversal invariance in the effective 
interaction. Such effects of the nuclear wave functions 
on the emission of gamma rays and their possible de- 
tection by means of angular correlations are the subject 
of a separate paper.” However, it should be clear that 
all atomic and molecular phenomena which involve 
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only the exchange of virtual or real quanta with wave- 
lengths very long compared to the size of the nucleus 
must reflect time-reversal invariance. 

In a sense similar to that discussed above for the 
electromagnetic case, a demonstration of the reality of 
the weak-interaction coupling constants, involving as 
it does the structure of the nucleon in addition to the 
“bare” interaction, would shed some light on time- 
reversal invariance for those strong interactions in- 
volved in this structure."! 

We believe that the independent tests of time-reversal 
invariance in nuclear forces discussed in this pair of 
papers are of interest for several reasons: (a) some of 
the experiments discussed here may yield more precision 
than the beta-decay measurements; (b) if time-reversal 
invariance held for the bare weak interactions but 
broke down for the strong, it is possible that the effective 
weak-coupling constants might be less sensitive to this 
breakdown than are the nuclear forces; and (c) if it 
should turn out that there were some violation of time- 
reversal invariance in the effective beta interaction, it 
would then become imperative to find how much of this 
could be blamed on the strong interactions. 

In the light of our present ideas of the origin of 
nuclear forces, it is probably more sensible to look for 
breakdowns of space-time symmetry laws in the still 
mysterious central core region of the nucleon—in other 
words, at very high energies—rather than in the rela- 
tively well-explored fringe region made up of w mesons. 
Despite this obvious fact, we have preferred to restrict 
the orientation of the experimental parts of these 
papers to phenomena which do not explore this core 
mainly because these are the only ones where relevant 
experiments seem to have been done. (However, part 
of the multiple-scattering discussion of Sec. IV is 
applicable to high energy.) For these processes, the 
nuclear force can be described by a possibly velocity- 
dependent point interaction. Examples of terms in a 
phenomenological Hamiltonian which violate time- 
reversal invariance are to invent”; must 
however use caution since some of the apparently more 
obvious ones can be transformed away by a gauge 
transformation." 

In the following sections we first briefly review the 
time-reversal operation. This is followed in Sec. III 


easy one 


by a discussion of the consequences of time-reversal 
invariance for nuclear reactions. This section is sub- 
divided into several parts: In part A we examine the 
limitations imposed on detailed balance tests of time- 
reversal invariance by various restrictions such as the 
11 Tn addition, there are those time-reversal invariance tests in 
beta decay which involve the products of the weak coupling 
constants with the Gamow-Teller and Fermi nuclear matrix 
elements. These involve the structure of the nucleus rather than 
the nucleon. See Sec. V. 
specific example is V(r)=/(r){oa-r Oy-p+o-r Ga: p} 
3. Morpurgo and B. F. Touschek, Nuovo cimento 12, 677 
(1954). 
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unitarity of the S matrix. In part B we summarize our 
present experimental knowledge and in part C we 
propose several specific experiments to improve this 
knowledge. 

A similar discussion is given in Sec. IV for polari- 
zation experiments and in Sec. V for electromagnetic 
and 6-decay tests of time-reversal invariance. 


II. BRIEF REVIEW OF THE TIME- 
REVERSAL OPERATION 


The consequences of time-reversal invariance for 
various physical phenomena were first pointed out by 
Wigner“ who also developed the formalism for time 
reversal in quantum mechanics. Coester'® has shown 
that time-reversal invariance implies the symmetry of 
the S matrix. We give here a brief review of the time- 
reversal operation since we shall want to go into some 
detail concerning its implications and since it is neces- 
sary to make clear our notation and phase conventions. 
The first few statements below are contained in 
Coester’s article; many of the rest can be obtained from 
it with a minor amount of manipulation. 

In a given representation, there exists a unitary 
matrix U which relates a matrix Q to its time-reversed 
matrix Q7 by the relation 


UtQU = (Q") trans, (1) 


where Qtrans is the transpose of Q. A consequence is 
that (AB)"=B’A’. From the definition of y’, 


(¢"(0)|Ol¥"()= H(—9|0"|4(—9), 
one finds immediately that 


¥(#)=>,|r)a,(t) 
7 ()=D,|r)-a,*(—2), 


gives 
where 
\r),=|r7)=>,|s)(s|U|r). 
With Coester’s choice of phase and in a representation 
in which J and M are diagonal, Eq. (5) reads 
la, J, M),=(—1)/*™ a’, J, —M), (6) 
where a includes all other labels. Equations (5) and (1) 
together yield 
(m|Q|n)=(n™|Q7|m’). (7) 
It is straightforward to show that, if A is any 
operator, then 


[Ay (t) ]"= (UU*)(At)*(UU*) trans" (—t) 
=e(At)y(—?), (8) 
where e=1 except if A connects states of integral with 
states of half-integral angular momentum, in which 
case it is —1. Application of Eq. (8) to a scattering 


4, P. Wigner, Nachr. Akad. Wiss. Gottingen, Math.-physik. 
Kl. Ia 31, 546 (1932). 
15 F, Coester, Phys. Rev. 89, 619 (1953). 
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state gives the well-known result that time reversal 
changes an outgoing into an incoming wave: 


vv *(E,a,k,s1,m1, ae ) 


1 T 
wines) 
E+t—K—V 


= (—1)tmt: Wye (E, a, —k, $1; — Mi, °° -) 


1 
= (— 1) srtmit+ “ | 1+-—_____—_ | 
E-i8—K—V" 


Xo(E, a’, —k, 51, —m,---). (9) 


The label @ refers to the internal wave function of 
bound states of the scattering particles, K is the kinetic 
energy operator, and V is the scattering interaction. For 
any bound system it follows immediately from time- 
reversal invariance that the Hamiltonian satisfies 
H=H", and that one can always choose the physically 
irrelevant phase so that (recalling that the external 
coordinates such as spin direction have been explicitly 
separated off) 
|a)= |a’). (10) 

An equivalent statement of this result is that the coef- 
ficients of the bound-state wave function are real in any 
representation for which |r)= |r),. 

The implications of the above for the scattering 
matrix!®!7 R(E) on the energy shell are 


pei 
(b| R(E)|a)=(b v+W——Vja) 
E+is—H | 


=(a"| R"(E)|67). (11) 
Here V is the scattering interaction for the state a, 
W is the same for the state b; they differ for exchange 
reactions. If H satisfied time-reversal invariance (H 
contains the bound-state interactions as well as the 
scattering interactions), and if a, 6, refer to plane wave 
states, then 


(B,k’ 51! my’ 52’ sme’ | R(E) | a,k,51,1,52,m2) 


= (- 1) srterter’+e2/+ mi+me+m'’+me’ 
X(a, —k, 51, — m1, 52, —m2|R(E) |B, 
(12) 


—k’, 51’, — my’, 52’, — mz’). 
Possible confusion about the role of incoming and 
outgoing waves (i.e., “final state interaction’’) in the 
scattering arises only when the scattering interaction 
is split into two parts W=W,+We, or V=Vi+Vo, and 
the initial or final wave functions are taken as eigen- 
functions of K+V, or K+W,. 
16 B, A. Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1950). 


17M. Gell-Mann and M. L. Goldberger, Phys. Rev. 91, 398 
(1953). 
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III. NUCLEAR REACTIONS AND 
DETAILED BALANCE 


A. Restrictions; ‘‘Two-State Theorem”’ 


Although time-reversal invariance implies detailed 
balance, the inverse statement is not always true, and 
therefore the implications of experiments which test 
detailed balance should be deduced with some caution. 
A well-known case in which the latter holds irrespective 
of time-reversal invariance is that of the Born approxi- 
mation!®; for most real processes involving strong inter- 
actions, this fact is of academic interest. However, as 
we shall show in this section, there are certain types of 
reaction for which unitarity alone predicts the validity 
of detailed balance. 

In its simplest form, the theorem is trivial. It states 
that if the S matrix (which is defined only on the energy 
shell) breaks up into 2X2 matrices, then | (a|.S|b)|? 
=|(b|S|a)|? for all states a and b. This follows im- 
mediately when one writes down the most general 22 
unitary matrix with determinant equal to one, 


cosbe'* i sine” 

vi cosbe ) 
If the states a, b depend only on internal coordinates 
(i.e.,in a representation in which J is diagonal), then time- 
reversal invariance demands that (a|.S|b)=(6|S|a). 
Thus in the cases discussed here the only possible effect 
of time-reversal invariance violations is the appearance 
of complex phases. It is a separate question to inves- 
tigate whether or not a particular experiment is sensitive 
to these phases. If the two-state theorem is applicable 
and if only forward and backward total cross sections 
are measured, it is clear that time-reversal invariance 
is not being tested. 

The usefulness of this theorem is considerably 
enhanced by the following generalization. Suppose that 
the S matrix breaks into separate blocks, and consider 
the states making up one block. Suppose further that 
these can be classified into two types of states @1,d2,°*-, 
b;,b2,--- and that the matrix elements connecting the a 
group with the 6 group are of the form 


(13) 


(a; 5 by) =Ajx(a| M | b), 


(by S| a;)=dx;(b| M|a), (14) 


with |Aj|=|A.;|. We make no further restriction on 
the S-matrix other than unitarity, from which it follows 
that 


Dir | (aj| S| aj) |?+ Dee] Ase |?| (a| 0] 5) |? =1, 
Ey ase] S]a5) [2+ Del Aes|?| | Ma) |2= 1. 


Summing these equations over j and subtracting, we 


(15) 


18 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), Chap. X. 
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find immediately that 
|(a|M|b)|?=|(b| M|a)|?, 
(16) 


We shall encounter in part B3 of this section a case in 
which the matrix elements take the form of Eq. (14). 

In addition to the above theorems, there are models 
which, if applicable to a nuclear reaction, would imply 
lack of sensitivity of detailed balance to the presence or 
absence of time-reversal invariance. An example is the 
direct surface-interaction model'® used to describe the 
rapid angular variation of some medium-energy (p,m) 
and stripping reactions. The rapid angular dependence 
is then given by the square of the Hermitian matrix 


(;(r)| exp(iQ- r) |O(r))iri=r, 


where Q is the momentum transfer. In this model, the 
time-reversal-odd forces (those which are odd under 
time reversal) would modify a slow modulation factor 
which does not affect the forward angular distribution. 
The parameter R depends on the effective radii for the 
two channels i and f, and should not differ for the 
forward and backward reactions. Thus, we do not 
believe that forward angular distributions are sensitive 
tests of time-reversal invariance. 

In general, then, the most useful tests of time-reversal 
invariance in nuclear interactions can be expected to be 
those which are difficult to explain by simple models 
such as the above, and in which there are many open 
competing channels. 


B. Experimental Information 


Of necessity, almost all experimental tests of detailed 
balance have been performed on light nuclei. The 
reason is that generally only for these targets are the 
nuclear levels widely enough separated that both 
backward and forward reactions can be performed to 
the ground states of the nuclei involved. 

If the ratio of the forward and backward reactions is 


PF gions ‘Py go¢4i =14+A, (17) 


where g; and gy are statistical weight factors and p; and 
py are the relative momenta in the initial and final 
state, then A is of first order in Hoaa, the time-reversal- 
odd interaction. In fact, 


A=2[(f|Re|i)f| Rol i)*+c.c.]/| (f|Re]i)|*, 


where R, is the time-reversal-even part of the scattering 
matrix. If the exact Hamiltonian is H=J+W+J,+W, 
=K+V+K.+V,, with (W+W,), the scattering inter- 
action for the state f and (V+V,) the same for the 


state i (and all subscripts ‘‘o”’ refer to time-reversal-odd 
p 


(18) 


#9 Austern, Butler, and McManus, Phys. Rev. 92, 350 (1953). 
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terms), then 


rer a 


| 1 1 | 
+(f\W K. vi) (18 
J E+#-H “E+i#8-4 | ii 


to first order in H,. We have assumed that the kinetic 
energy operators J+J, and K+, include bound-state 
interactions. The connection supplied by Eq. (18) 
between a measured value of A and the fraction of 
time-reversal-odd force ¥ = Hoaa/Heven is not immediate. 
Arguments given in the following sections will show 
that in certain cases A/F is small. Equation (18) inter- 
preted in the most naive manner would predict A/F~4. 
For the sake of definiteness, in all cases where we are 
unable to make arguments to cut down the A/F ratio, 
we shall arbitrarily set it equal to 2 to give us, for 
purposes of comparison between experiments, an 
upper limit to §. 


(f|Ro|i)= (i Wo+W 
E+ 





1. Photodisintegration of the deuteron 
The capture reaction” 
n+p—d+y 


has been performed only at very low energies, where the 
magnetic dipole (!S9—>*S,) and the electric dipole 
(®P2 1,0 %S1) are the sole transitions of importance. 
The matrix elements for electric and magnetic processes 
do not interfere in the angular distribution as long as 
we can consider the total spin to be a conserved quantity 
for the two-nucleon interaction. In the *P states, 
nuclear forces play little role since the angular momen- 
tum barrier keeps the nucleons outside their interaction 
range. The E1 matrix elements from the three *P 
states are thus related by simple geometrical factors 
and any phase they carry is common to all three; it 
will therefore have no effect on either forward or 
backward angular distributions. For the magnetic 
dipole transition the two-state theorem is applicable 
because the only states connected on the energy shell 
are the (y+d) and the ‘So. (Invoking simply the 
Hermiticity of the weak electromagnetic interaction is 
not sufficient to establish the equality of the absolute 
values of the forward and backward matrix elements, 
since one involves an outgoing and the other an incom- 
ing ‘Sp wave; these are not simply related if time- 
reversal invariance is violated.) 

These conclusions are hardly changed by the inclusion 
of a very small matrix element connecting the *D; 
component of the deuteron to a 'D2. Hence, the uni- 
tarity of the S matrix and the validity of the Born 
approximation for electric dipole capture tell us that 


(19) 


* For references see J. M. Blatt and V. F. Weisskopf, reference 
18, Chap. XII. 
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the process (19) at low energies together with its inverse 
cannot be used to test time-reversal invariance, whether 
total cross sections or angular distributions are 
measured. 


2. Photodisintegration of Het 


The reaction 


y+He! — +H’, (20) 


and its inverse can be sensitive to time-reversal invar- 
iance because of the many competing reactions which 
occur on the energy shell: 


p+H! — p+He, 
— n+He', 
— d+d, 
—>9-+He*, 
cn, 


Unfortunately, the experimental errors in the photo- 
disintegration experiments” performed to date are large 
(22%). The forward® and backward” cross sections 
satisfy detailed balance to within this accuracy, so that 
an upper limit on § of ~11% is obtained. Angular dis- 
tributions have been measured in both directions, but 
the errors are of the order of 30%; they are therefore 


not presently useful. 
3. Pion Production and Capture by Deuterium 


The reaction 


pt+p- at+d (21) 


has been extensively studied™ in the region slightly 
above threshold; its inverse has also received experi- 
mental attention.% We shall show that here, as in case 
(1), there are influences which tend to make the con- 
nection between detailed balance and time-reversal 
invariance a weak one. 

Since the argument depends on the detailed analysis 
of reaction (21) and its inverse, we must briefly state 
the results of the phenomenological theory.” Close to 
the production threshold only S- and P-wave pions and 
S-wave low-energy nucleons are involved and, if we 
neglect the relatively unimportant gamma-ray proc- 
esses, we find that the S matrix splits into blocks of the 
interconnected states listed in ‘Table I, where we have 
listed only those blocks which contain the state (d+2*). 
No further progress in the time-reversal analysis would 
be possible without the assumption explained by Gell- 


21 FE. G. Fuller, Phys. Rev. 96, 1306 (1954). 

2 J. E. Perry and S. J. Bame, Jr., Phys. Rev. 99, 1368 (1955). 

%F. S. Crawford, Jr., and M. L. Stevenson, Phys. Rev. 97, 
1305 (1955), and others; the most recent collection of references 
will be found in Fields, Fox, Kane, Stallwood, and Sutton, Phys. 
Rev. 109, 1704 (1958). 

% Durbin, Loar, and Steinberger, Phys. Rev. 84, 581 (1951); 
Sachs, Winick, and Wooten, Phys. Rev. 109, 1733 (1958). 

26 M. Gell-Mann and K. M. Watson, Annual Review of Nuclear 
Science (Annual Reviews, Inc., Stanford, 1954), Vol. 4, p. 219. 
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TaBLeE I. Table of angular momentum states connected by the 
reaction p+p — w*+d. 


d (or np) 
35, +.S-wave r 
35,+P-wave r 
3S,+ P-wave r 


Mann and Watson” concerning the continuum matrix 
elements which involve a meson of momentum p and 
angular momentum / with accompanying nucleons of 
relative momentum k: 


¥x*(R) Wx" (R 

(xtnp| S| pp)=———(ntd| S| pp)>=———xp',_ (22a) 

va*(R) va*(R) 

¥x(R’) 

(pp|S|x*np)=———' pl, 

¥a(R’) 
where ¥q and yy refer to the two-nucleon system. If 
time-reversal invariance is not assumed to hold, there 
is no immediate connection between « and x’, and 
between the effective internucleon interaction distances, 
R and R’. However, as soon as we make the additional 
assumption that both R and R’ are Sh/ue (u is the 
mass of the m meson), and that the relative energy of 
the two nucleons is sufficiently small so that it can be 
neglected inside the range of nuclear forces, then we 


can apply the extended two-state theorem, Eqs. (14) 
and (16). The result is that 


(pp| S| atd) y= (atd| S| pp) ses, (22c) 
for each of the groups of Table I. 

Since the total effect of a breakdown of time-reversal 
invariance appears in the phases ny, it is immediately 
clear that comparison of the total cross sections for the 
reaction (21) and its inverse is irrelevant, and it is 
satisfactory but quite unhelpful to note that™ the A 
of Eq. (17) is 0.0+0.1. 

The phase combination (no—12) of Eq. (22c) can in 
principle be determined by comparing the forward and 
backward angular distributions but, as we now show, 
the low-energy experiments give little information 
about it. In the notation of Rosenfeld, —(5)!ro 
=Sy.0/Ss;.2 for the reaction p+p— at+d, and we 
call ro’ the corresponding quantity for the reverse 
reaction. If zo and 79 are the arguments of these 
complex numbers, then as we have seen, we expect 
|ro| =|ro'| in any case, but ro= 70’ only if time-reversal 
invariance holds. 

The situation is summarized in Fig. 1. The angular 
distribution experiments can only determine a circle in 
the complex plane on which ro must lie. We have drawn 
the limiting circles deduced from the measurements of 
Crawford and Stevenson.” Tripp*® has observed the 
polarization of the resulting deuterons; his work 


26R. D. Tripp, Phys. Rev. 102, 862 (1956). 
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Fic. 1. Complex ro plane. The full circles bound the region 
located by the low-energy p+) — 2*+d experiments of Crawford 
and Stevenson. The shaded area shows the limits set by Tripp 
with measurements of deuteron polarization; the center P of this 
region corresponds to a phase ty~150°. The experiments of Sachs, 
Winick, and Wooten, when corrected to the same energy region, 
yield almost the same two circles to bound ro’. The dotted curve 
marks the locus of ro’ consistent with the latter’s results and the 
unitarity requirement, explained in the text, that |ro| =|ro’|. 
The values of ro’ range from 6,;=135° to 62.=225°. 


narrows the allowed region of rp to the shaded area in 
the figure, with the best value of rp>~ 150°. 

The recent angular distribution measurements” by 
Sachs, Winick, and Wooten on the reverse process are 
done at a slightly higher energy than the above. If one 
applies a small empirical correction to reduce these 
data to the threshold region, an allowed region for 10 


is found which is almost identical with the ro circles. 
We have preferred not to clutter the figure by drawing 
them. Lacking an experiment with pions on polarized 
deuterons, one has only the requirement that |ro| =|r0 |, 
and that ro’ lie within its allowed region. This only 
to be within the rather wide limits 135° 
is thus ~1 


restricts 7 
<ro'<225°; the upper limit on |m—n2 
radian, which does not provide a close limit on the 
maximum allowable time-reversal-odd interaction. 

We see that everything has conspired in these ex- 
periments to reduce the sensitivity of detailed balance to 
time-reversal invariance. Had the shaded region of Fig. 
1 turned out to lie at the top of the circle instead of 
where it did, one would have found that zo and 79’ 
differed by ~10°. It is clear that a small value of ro 
implies lack of sensitivity to time-reversal invariance; 
indeed r5>=0 means pure J=2 interaction and no inter- 
ference at all of the matrix elements connecting the 
states listed in Table I. 

In order for the reaction 
provide sensitive time-reversal invariance tests, it 
appears that pions should be allowed to interact with 
polarized deuterons, or that the reactions should be 
examined far enough above threshold so that many 
channels are open and the restrictions imposed by the 
two-state theorem disappear. 


(21) and its inverse to 


4. Stripping and Pickup Reactions 
Whereas many stripping reactions have been per- 
formed, few pickup reactions appear in the literature 
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because of the large energy released in the latter proc- 
esses. Detailed balance is applicable to two pairs of pub- 
lished experiments?’.”8: 


p+Li? = d+Lis, 
p+He'! = d+He’, 


(23) 
(24) 


In these reactions there are generally many competing 
open channels on the energy shell, so that the unitarity 
of the S matrix is not an effective limiting condition for 
testing time-reversal invariance. However, for near- 
forward angles, the angular distributions can generally 
(the above examples are no exception) be understood 
by a simple one-parameter surface interaction, and as 
explained in Sec. IITA may not be sensitive to time- 
reversal invariance; reactions (23) have been measured 
only over the first peak in the diffraction pattern. For 
(24), angular distributions have been obtained between 
20° and 100° in both directions, and at the larger angles 
do not agree with the simple model discussed in Sec. 
IITA. Comparing arbitrarily normalized differential 
cross sections, one finds agreement to approximately 
15% so that time-reversal-odd forces are limited to a 
relative strength of 8% of the total nuclear force. 
Comparison of forward and backward absolute cross 
sections gives agreement to within the accuracy of the 
measurements, which is 25% for (23) and 40% for (24). 


5. Charge-Exchange Reactions 


The available experiments which fall into this cate- 


gory and to which detailed balance can be applied are” 


p+H? = n+He’. (25) 


These experiments have been performed over a range 
of energies for which the two-state theorem is not 
expected to be applicable. Angular distributions have 
not been obtained for the (,p) reaction, and the ac- 
curacy of the magnitude of the total cross sections is 
only approximately 30%. Hence these researches do 
not, in their present state, serve as a useful test of 
time-reversal invariance, although if the accuracy were 
improved, the reactions could be used as such. 


C. Proposed Experiments 


It is clear that when many competing channels are 
available on the energy shell, and when a Born approxi- 
mation analysis is not valid, any nuclear reaction can, 
in principle, be used to test time-reversal invariance. If 
these conditions are not met, care must be taken that 
an experiment is sensitive to the existence of complex 

27 J, B. Reynolds and K. G. Standing, Phys. Rev. 101, 158 
(1956). 

28 J. Benveniste and B. Cork, Phys. Rev. 89, 422 (1953); J. C. 
Allred, Phys. Rev. 84, 695 (1951). 

*® Willard, Bair, and Kingston, Phys. Rev. 90, 865 (1953); 
Vlasov, Kalinin, Ogloblin, Samoilov, Sidorov, and Chuev, Zhur. 
Eksptl. i Teoret, Fiz. 28, 639 (1955) [translation: Soviet Phys. 
JETP 1, 500 (1955). 

%” J. H. Coon, Phys. Rev. 80, 488 (1950). 
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phases, which are then the only remaining possible 
manifestations of the lack of time-reversal invariance. 
If the conditions are met, then measurements of the 
angular distribution or cross section of a reaction 
performed both forward and backward with light 
nuclei as targets (for purposes of energy resolution) to 
an accuracy of better than ~20% would improve our 
present knowledge of the presence of time-reversal-odd 
forces in the nuclear Hamiltonian. As specific examples, 
we list 


d+N* 2at+C», 
d+C? 2atB", 


(26) 
(27) 


both of which satisfy the conditions stated above, and 
are especially useful because both forward and back- 
ward processes can be analyzed at the same laboratory. 
For the reactions (26), deuterons of 21.7 Mev can be 
used forwards and alpha particles of twice this energy 
backwards. For the reactions (27) it is possible to 
employ 14.9-Mev deuterons and 29.8-Mev alpha par- 
ticles in the forward and backward processes, respec- 
tively. All of these energies are readily obtainable with 
a standard 60-in. cyclotron. The reactions (26) are 
being actively studied at the University of Washington 
by Bodansky, Eccles, Farwell, Rickey, and Robison.*! 
Preliminary data between 30° and 150° in the center- 
of-mass system show agreement to within approxi- 
mately 15%. Work is in progress to improve the 
accuracy and extend the angular range. 


IV. POLARIZATION MEASUREMENTS IN 
ELASTIC COLLISIONS 


In an elastic collision between particles of spins s 
and s’, the relevant parts of the scattering matrix can 
be written as a matrix in the product spin space of the 
two particles, R(ks,k,), where k; and kp are the relative 
momenta before and after the collision. Since in general 
many other reactions besides the elastic scattering may 
be connected to the initial state on the energy shell, 
only weak restrictions will be imposed on the form of 
R by the unitarity condition which will therefore not 
be further considered in this section. The existence of 
time-reversal invariance implies that the only terms 
which can appear in R must satisfy UtR(ko,ki)U 
=[R(—ki, —ke) ]erans, or in other words, R(Ko,k;) 
= R*(—k,, —k:). The assumptions of rotational and 
parity invariance show that the terms of lowest order 
in spin which can violate the above condition are of the 
forms” 


[s: (ki+ke) |[s- (ki— kz) |+[s- (ki— ke) ][s- (ki+ke) ], 
[s- (ky +k.) ][s’: (Ki— kz) ], etc. (28) 


(If, as in the case of p—p scattering, the total spin S 


31 Bodansky, Eccles, Farwell, Rickey, and Robison, Cyclotron 
Research, University of Washington, Annual Progress Report, 
1958 (unpublished); Bull. Am. Phys. Soc. Ser. IT, 3, 327 (1958). 

% See also L. Wolfenstein and J. Ashkin, Phys. Rev. 85, 947 
(1952), and L. Wolfenstein, Phys. Rev. 96, 1654 (1954). 
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must be a constant of motion, only one combination of 
the above terms survives.) This immediately shows the 
well-known result that time-reversal invariance is 
irrelevant for a system of total spin 3, such as protons 
on carbon. 

In order to see how a violation of the time-reversal 
invariance condition could be detected, let us abandon 
it for the moment and consider a double scattering, the 
first from a nucleus a and the second from nucleus ).*8 
The total probability for the process is then propor- 
tional to 


Poa (ks,k2,k1) =Spur{ R,(ks,k2) Ra (ko,ky) 
X Rat (keo,k1) Rot (Kks,k2)} 

= Spur{ (Ro! (Ks,k2) Ry (Ks, ke) ] 
X [Ra (Ke, ki) Rat (ke,k:) ]} 


= Spur{ e, (Ks,k2)pa(Ke,k1)}, (29) 


where «=RtR and p=RRt can be considered to be 
(unnormalized) efficiency and density matrices, respec- 
tively. Defining ¢’= RR" which is equal to ¢ only in 
the cage of time-reversal invariance, one finds immedi- 
ately 


Pra {K3,ko,k,) = Spur{ e (K3,K2)pa(Ke,k,)} 
= Spur{ €a’(— ki, — kz) p,’(— ks, —ks)}. (30) 


If nuclei a and 6 are the same, then (k;,ko,k3) and 
(—k;, —ke, —k,) can differ only through the presence 
of a term which is noninvariant under time reversal, 
such as const Xk: (ki;—k;). All such terms are zero if 
the first and second polar angles are the same. However, 
one tan think of performing one double-scattering 
experiment in which the polar angle of the first is @ and 
of the second is 6’; then of doing another double scat- 
tering which differs from this by moving the second 
scatterer, say, (but not the detector) in such a way 
that @ and 6’ are interchanged. In other words, if ky, 
k, and k; are any three momenta (of equal magnitude), 
then instead of the three time-reversed momenta 
k,/=—ks, ke’=—ko, ky’ =—k, we can use k,”’=k,, 
k.’’, ks’’=k;, where ky” is determined by the two con- 
ditions ko’’-k,=k»y:k,; and k.’’-k,=k.-k,. The k’”’s 
differ from the k’”’s by rotations only. 

The interpretation of experiments of this type is 
always marred by the fact that the recoil of the target 
nuclei carries away some energy, for which a correction 
must be made in interpreting the inverse effect. Although 
this correction is only a few percent, so is the maximum 
possible violation of time-reversal invariance which is 
being sought. It may be advantageous instead to use 
Eq. (30) with protons on a nucleus @ such as carbon, 
for which R= R’, performing the time-reversal test on 

83 Since an initial orientation in the target nucleus is related in 
the time-reversed situation to (minus) the final orientation, there 
seems little likelihood of obtaining experimental information 
about time-reversal invariance by looking for forbidden orienta- 


tion terms; they are therefore omitted from further consideration 
here. 
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some other target 6 with spin >0. This has the addi- 
tional helpful feature of involving only two unknown 
functions of energy E and cos@ for carbon, for which the 
most general form of the R matrix is 


R= f,(E, cos0)+ife(E, cosd)o-ki Xk». 


The scattering from the nucleus 6 can be performed at 
the same energies and angles both forwards and 
backwards; the role of the carbon collision is that of a 
separately well-investigated polarizer or analyzer.™ 
Manipulation similar to that leading to Eq. (30) 
can be used for triple scattering as well. In the simplest 
case, in which a time-reversal test is done on a nucleus 
X, preceded and followed by a scattering on a carbon 
polarizer and analyzer, the analog of Eq. (30) is 


®(k,,ko,ks,k,) 
= Spur{ e(k,,k;)Rx (k3,k2)p(ko,k,)Rx' (Ks,k.)} 
= Spur{e(—k,, —k.)Rx"(—ks, —k;) 
Xe(—k;, —k,)Rx" (—ky, —k;)}, 


(31) 


(32) 


which, if time-reversal invariance holds, is invariant 
with respect to the substitutions 


k, — —k,, k,—> —k;, k;— —ko, and k, — —k). (33) 


V. ELECTROMAGNETIC INTERACTIONS 
AND BETA DECAY 


A. Electromagnetic Interactions 


In addition to employing nuclear interactions to test 
the time reversibility of nuclear forces, it is possible to 
make use of both electromagnetic and weak forces to 
accomplish the same purpose. The matrix element 
between nuclear states of an interaction Hamiltonian 
which is invariant under time reversal has a phase 
factor, which is not equal to 0 or x [see Eq. (10) } unless 
the nuclear forces are also invariant under time reversal. 
Coincidence experiments of gamma-ray transitions 
between nuclear states can test time-reversal invariance 
by a measurement sensitive to either (1) cosy or (2) 
sinn. The latter type of measurement is examined in full 
detail in the following paper. The former is included 
here because experiments already performed serve to 
set an upper limit on $. The correlation function for a 
double cascade, the first transition of which is mixed, 
between nuclear states of angular momentum /), j2 
and j3, respectively, can be written as 


W (B)~onrt | 6|%wrrt2| 5] COSHWITT, (34) 


where @ is the angle defined by the momentum of the 
two gamma rays, and 4 is defined by 


ya iile i 


=n m |5| ef(mt’—a) = | §| etm 
Jui J2 


(35) 


* See also F. Mandl, Proc. Phys. Soc. (London) 71, 686 (1958) ; 
R. J. N. Phillips, Nuovo cimento 8, 265 (1958). 
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and is real if time-reversal invariance holds. Expressions 
for wy, wr, and wyr1 are given by Biedenharn and Rose.*® 
For a 2(E£2,M1)2(£2)0 transition, the correlation 
function is proportional to 


W=1+A2P2(cos8)+A4P,(cosf), (36) 


with 
|5|?=A4/(0.327—A,), (37a) 
cosn=[0.447(A+A,4)—0.112 ]/(0.327A,—A)*. (37b) 


In order to measure cosy successfully, it is clear that 
|6| must be of order one. Transitions of the type indi- 
cated above are among the few which can be expected 
to have this property, since the shell model predicts 
that the transitions between states j;=2 and j2=2 
proceeds predominantly by magnetic dipole radiation ; 
the collective nuclear effects, however, enhance the 
electric quadrupole transition rate, so that fairly near 
closed shells, it is possible to find transitions with 
|6|~1. Experiments bear out this prediction. The 
purity of the second transition has the advantage of 
adding no further unknown parameters to the angular 
correlation expression. 

The best examples in the literature of such transitions 
are listed in Table II together with the values of |6| 
which are found. Of those listed, only the Hg'®* measure- 
ments yield a precise enough value of cosy to be of use 
to us.** One finds cosy= — 1.037+0.079, corresponding 
to r—n=0+0.3 radian, or a fraction of time-reversal- 
odd nuclear force $< 30%. 

It is clear that it is difficult to push downward the 
upper limit on & through experiments such as these 
which measure only 7’. 


TABLE II. Table of elements in which 2(£2+™1)2 transitions 
take place with mixing ratios between 0.15 |5| <10. The second 
column lists the absolute values of 5 obtained with the assumption 
of time-reversal invariance. 





Element Reference 





su 0.133-+0.024 a 
Fest 2.2-+0.3 b 
Ses >2.2 c,d 
Pais 0.21-+0.07 r 
Sb 3.21.0 f 
Os188 15 


Ir’ 7 
Hg! 0.82+0.09 i, j 








* H. E. Handler and J. R. Richardson, Phys. Rev. 102, 833 (1956). 

> Frauenfelder, Levine, Rossi, and Singer, Phys. Rev. 103, 352 (1956). 
¢ J. J. Kraushaar and M. Goldhaber, Phys. Rev. 89, 1081 (1953). 

4F. R. Metzger and W. B. Todd, J. Franklin Inst. 256, 277 (1953). 

e E. D. Klema and F. K. McGowan, Phys. Rev. 92, 1469 (1953). 

{M. J. Glaubman, Phys. Rev. 98, 645 (1955). 

£ Potnis, Dubey, and Mandeville, Phys. Rev. 102, 459 (1956). 

h J. J. Kraushaar and M. Goldhaber, Phys. Rev. 89, 1081 (1953). 

iD. Schiff and F. R. Metzger, Phys. Rev. 90, 849 (1953). 

iC. D. Schrader, Phys. Rev. 92, 928 (1953). 


35. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
729 (1953). See in particular Sec. III A(2). 

% The corrections of the spin assignments is unambiguous in 
this case and independent of time-reversal invariance. See C. D. 
Schrader, Phys. Rev. 92, 928 (1953), and Elliott, Preston, and 
Wolfson, Can. J. Phys. 32, 153 (1954). 
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B. Beta Decay 


In beta decay the most useful measurements of time- 
reversal invariance in weak interactions depend on the 
presence of both Fermi and Gamow-Teller transitions.*” 
Such experiments therefore only determine the relative 
phase of nuclear matrix elements and _beta-decay 
coupling constants. The recent experiment of Ambler 
et al.‘ on beta-gamma correlations from polarized Mn? 
attempt to detect terms of the type 


Im [(CyC4'*+Cy'C ,*)M rM a1* |, (38) 


where Cy, C4 are vector and axial vector coupling 
constants, and My, Mer are nuclear matrix elements 
for Fermi and Gamow-Teller transitions. The limits on 
n obtained from this investigation are 140°<< 250°. 
Only if nuclear forces are known to be invariant under 
time reversal do such experiments give direct informa- 
tion on time-reversal invariance of weak interactions. 
However, a small upper limit on the over-all phase in 
Eq. (38) would strongly indicate time-reversal invari- 
ance in both weak and strong forces. 

37 See, for example, Jackson, Treiman, and Wyld, Phys. Rev. 
106, 517 (1957); R. B. Curtis and R. R. Lewis, Phys. Rev. 107, 


1381 (1957); M. Morita and R. S. Morita, Phys. Rev. 107, 1316 
(1957). 
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INTERACTIONS 


VI. CONCLUSIONS 

We have investigated the limits set on the presence 
of time-reversal-odd forces in the nuclear Hamiltonian 
by experiments already performed. On the basis of 
detailed-balance tests, polarization experiments, and 
angular correlation measurements in nuclear gamma-ray 
cascades, we find that the fraction of time-reversal-odd 
interaction is less than 10%. In addition we have shown 
that care must be exercised in choosing experiments to 
test time-reversal invariance sensitively, and have 
suggested several which could be used to lower the 
above limit. Among these are tests which employ 
angular correlations of gamma rays from oriented 
nuclei; these are described in detail in the following 
paper. 
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A systematic method for constructing tests of time-reversal invariance in nuclear forces by means of 
gamma-ray angular correlations is described. The transition supplying the test consists of a mixed multipole; 
it must be preceded by a polarizer to produce a nuclear orientation and (in all but one case) followed by a 
second photon which serves as an analyzer of the final nuclear orientation. The exception is a test in which 
one detects the linear polarization and direction of a quantum from a nucleus with initial orientation of 


third degree. 


A general formula for the direction of a single photon with arbitrary polarization and involving an arbi- 
trary orientation of both the initial and final nuclear states is presented. Expressions of this type have the 
advantage that individual ones can be combined together in a simple way to form an arbitrary correlation 
formula. This is carried through numerically in one case for beta-gamma-gamma direction correlation, where 
the first photon is mixed £2 and M1. It is shown that such measurements must be carried out to 1 or 2% 
in order to better the present limit of our knowledge concerning time-reversal invariance. 


I. INTRODUCTION 


N the preceding paper' we have shown that our 
present knowledge of the validity of time-reversal 
invariance in nuclear forces limits the fraction of time- 


reversal-odd interaction to ~10%, although the 


corresponding number for the parity-odd force is 
~3xX10~. The desirability of lowering the former 
limit justifies the detailed discussion given here of one 
method likely to accomplish this end for phenomena in 


the 1-10 Mev range—e.g., angular correlations in- 
volving gamma rays. 

One consequence of time-reversal invariance that 
was first pointed out by Lloyd? is the reality of certain 
matrix elements which occur in the theory of angular 
correlations of successive gamma rays. Should time- 
reversal invariance not hold, then there could be a 
nonvanishing sine of a phase y for each matrix element. 
It is probably unnecessary to remind the reader that 
these phases need not be connected with a breakdown 
of time-reversal invariance in the basic electromagnetic 
interaction, but could arise from a small imaginary 
part (in a certain standard representation) of the 
nuclear wave function. The difference between two 
such phases, An, in principle can be detected from the 
interference terms arising in a mixed transition. Certain 
experiments measure cosAn and therefore detect only 
terms of second order in An; these have been discussed 
in the preceding paper. This paper concerns itself with 
those angular correlations which would detect the 
first-order sinAn terms,’ which are directly proportional 
to the fraction ¥ of time-reversal-odd nuclear inter- 
action. 

* Supported in part by the U. S. Atomic Energy Commission. 

1 E. M. Henley and B. A. Jacobsohn, Phys. Rev. 113, 225 (1959), 
preceding paper. 

2S. P. Lloyd, Phys. Rev. 81, 161 (1951). 

3 The first suggestion of testing time-reversal invariance in 
strong interactions by means of one such measurement appears 
in T. D. Lee and C. N. Yang, Brookhaven National Laboratory 
Report BNL-443, 1957 (unpublished). 


Since we only discuss tests of time-reversal invariance 
which make use of electromagnetic transitions between 
bound states of nuclei, we avoid the troublesome 
question of final-state interactions.‘ For gamma rays 
of ~1 Mev, the phase shift for nonresonant elastic 
scattering is expected to be ~5X10~ radians or less; 
this then marks the lower limit of § which can be 
reached by the methods given in the succeeding 
sections. 

We endeavor to present a systematic approach to 
the problem of constructing experiments to measure 
sinAn. Rather than attempting to list a series of such 
experiments, we break the angular correlation problem 
into steps; the first and last steps described in Sec. IT 
play the role of polarizer and analyzer of the nuclear 
orientation which is needed to measure sinAyn. The 
middle step is the time-reversal invariance test itself 
and is treated separately in Sec. ITI. 

In Sec. IV, we present formulas for calculating the 
coefficients of the various terms in the angular cor- 
relation. These formulas are sufficiently general to 
handle all polarizations of the radiation and all nuclear 
orientations. They represent some improvement over 
angular correlation treatments which we have found in 
the published literature’ inasmuch as with their aid 
each radiation can be treated separately, and as a final 
step successive ones can be put together. The results 
given in Sec. IV may also prove helpful in the inter- 
pretation of angular correlation experiments which 
have nothing to do with testing time-reversal in- 
variance. 

In Sec. V we discuss several concrete experiments 
and present a few numbers, and in the appendix we 
sketch the proof of the formulas of Sec. IV. 


‘A misleading statement concerning alpha-gamma correlations 
appears in B. A. Jacobsohn and E. M. Henley, Bull. Am. Phys. 
Soc. Ser. II, 2, 393 (1957). This question is treated in a forth- 
coming paper by B. A. Jacobsohn and L. W. Miller. 

5 However, there is some overlap between this work and that 
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TABLE I. Various methods of detecting the degree of orientation 
(Q,) of a nucleus of spin 7, with the aid of a direction, k, and 
polarization measurement of a photon emitted by 6; this is referred 
to in the text as the analyzer. 
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TABLE II. Methods of producing an initial nuclear orientation. 


Degree of 


Method orientation (Q) 














Degree of 
orientation 
detected 


(k-jo)?" 0, 2,4, 
(k-s)(k-j,)?"+! = (j,-s) (k- jn)?” | ae 
(@-j,)?(K- jo)?” 2,4,6, °°: 


Polarization 


measurement Quantity measured 





None 
Circular 
Linear 


II. POLARIZERS AND ANALYZERS 

In order to test time-reversal invariance, use shall 
be made of a transition in which a nuclear state of spin 
ja, oriented to a degree 2,, emits a (mixed) radiation 
with momentum k and arbitrary polarization, leaving 
the nucleus in a state with spin j», oriented to a degree 
Q,. The “degree of orientation” Q labels the repre- 
sentation of the rotation group according to which the 
statistical tensor transforms; in other words, Q is the 
power of j which must be measured. Thus 2=0 refers 
to a totally unoriented state, 2=1 to polarization, 
Q= 2 to alignment, etc. 

We defer to the next section the consideration of 
experiments that can be used to test time-reversal 
invariance, and the role of nuclear orientations in these 
tests. Here we discuss the detection (analyzer) and 
production (polarizer) of the orientations, 2, and Q4, 
in the final and initial states, respectively. A gamma ray 
emitted by the state 0 is used as the analyzer, since this 
function must be performed in a time that is short 
relative to the relaxation time of the state. Table I 
presents the various ways in which a photon can be 
used as an analyzer, depending on the type of polari- 
zation one wishes to measure. In the second column 
under “Quantity measured” are listed of course only 
quantities invariant under time reversal, since any 
breakdown of time-reversal invariance is small and 
therefore should not be used in the analyzer or polarizer ; 
the appearance of only even powers of k ensures parity 
conservation. The third column simply counts the power 
of j, appearing in the second. It is clear that one can 
detect even orientations without a polarization meas- 
urement, that odd orientations require a circular 
polarization measurement, and there is nothing to be 
gained in detecting the direction of linear polarization 
in the analyzer. 

Table II lists some ways of producing the initial 
orientation Q2,., together with the degree of orientation 
achievable by each method. While most entries in this 
table are self-evident, a few points may be singled out 
for special comment. First, although from angular 
momentum considerations alone one might expect an 
allowed 8 decay to be able to produce Q,= 2, this is 
missing because the transition probability is at most 
linear in the electron momentum, p,, and one finds no 


of F. Coester, Argonne National Laboratory Report ANL-5316, 
Chicago, 1954 (unpublished). 


Strong magnetic field 
Crystal field 
Allowed 8 decay (Gamow-Teller) 1 
First-forbidden B decay 1.2.3 
Magnetic field followed by long-lived 
unoriented radiation 
y ray, oriented 
y ray, oriented and circularly polarized 


1, 2,3, «+. 
2 


power of j,. higher than that contained in p,-ja; an 
analogous reason rules out 2“=4 for first-forbidden 
transitions.® Second, although a magnetic field can 
produce arbitrary orientations, the lifetime of the state 
a will in most instances be too short to allow the nuclei 
to come to thermal equilibrium in the field; if this is 
the case, then the test radiation can be preceded by a 
long-lived radiation (such as an alpha particle, a beta 
particle, or a strongly forbidden gamma quantum) the 
direction of which is not measured and which plays the 
role only of a delaying agent. Then whatever degrees 
of orientation are present in the long-lived state can 
also be present in the state a, although in general with 
different coefficients. In fact, if R(Q) is the coefficient 
of the term in the density matrix of the initial state (7) 
which corresponds to the orientation 2, an unoriented 
2¥-pole radiation will reduce this coefficient to the 
following for the state a: 


| 


j a j a 


Q 
R,(Q)=R(Q)X 
L 


X (= 1)t49(25-+1)(2jo+1)]4, (1) 


where the symbol in brackets is a Wigner 6-7 coeffi- 
cient,’ equal except for sign to a Racah coefficient. 


III. TEST OF TIME-REVERSAL INVARIANCE 


We turn our attention now to the transition involving 
the mixed radiation which is to serve as the test of 
time-reversal invariance. The possibilities are sum- 
marized in Table III, the second column of which lists 
the lowest-order quantities (even with respect to 
parity and odd with respect to time reversal) which 
one might attempt to measure. The failure of any one 
of these quantities to vanish would unambiguously 
demonstrate a violation of time-reversal invariance. 
To understand the entries in this column, one must 
remember that the operation of time reversal consists 


6 We are grateful to Dr. R. R. Lewis for pointing this out to us. 

7™Many of the properties of the 3-7 (essentially Clebsch- 
Gordan), 6-7 (Racah), and 9-7 coefficients are summarized in 
A. de-Shalit, Phys. Rev. 91, 1479 (1953); in M. E. Rose, Ele- 
mentary Theory of Angular Momentum (John Wiley and Sons, Inc., 
New York, 1957); and in A. R. Edmonds, Angular Momentum in 
Quantum Mechanics (Princeton University Press, Princeton, 
1957). We refer to these in the appendix as (dS), (R) and (E), 
respectively. The D matrices we use in Eq. (6) are those of (R ), 
and are the inverse of those given by (E). 
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TABLE ITT. Tests of time-reversal invariance using a 
mixed y-ray transition. 


Degree of 
orientation 
y-ray polarization Quantity measured Qe rf 


(k-jo)(k-jpXjo) 
(k-Ja)(k-jaXjo) 
(k-@)(k-jaXJo) ? 
(k-@)(k-jaXjo)(Ga-je) 
(k-jXe)(k-j)(e-j), 
with a and 6 in various 
arrangements 


None 
Circular 


Linear 
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of changing the sign of all momenta and angular 
momenta. Since the direction of linear polarization 
possesses no positive or negative sense, the unit vector 
e representing the direction of linear polarization must 
occur an even number of times in any expression having 
physical meaning, and is unaffected by time reversal. 
In addition, time reversal interchanges incoming and 
outgoing waves but, as explained in the Introduction, 
this makes a negligible difference in the case of gamma 


emission. 

The last two columns give the degree of orientation 
needed for the initial (a) and final (b) states. We see 
from the table that one and only one kind of measure- 
ment can be used if the mixed radiation is not to be 
followed by one of the analyzing gamma-rays listed in 


Table I. This is the case in which one measures the 
direction of emission as well as the linear polarization 
of the gamma; the initial spin j, must be oriented to 
the third degree.* (This requires j,2 3.) Table IT shows 
that this initial orientation can be supplied by a first- 
forbidden 8 decay or a strong magnetic field at suffi- 
ciently low temperatures; it is conceivable that the 
advantage of eliminating one radiation direction meas- 
urement after the test of time-reversal invariance 
might compensate for the difficulty of producing such 
a high-order initial orientation and of simultaneously 
detecting the linear polarization. 

Other experiments can be devised by combining the 
information of Table III with various methods of 
analyzing and polarizing listed in Tables I and IT. For 
example, as suggested by Lee and Yang,‘ a triple 
angular correlation experiment can be performed by 
using a beta decay followed by two gamma rays, the 
first of which is mixed. We give as an example the 
explicit method of constructing this case from our 
tables. The third line of Table II corresponds to pro- 
ducing the initial orientation by measuring (p-j,); the 
first line of Table III (k, gives the direction of this 
gamma-ray) is the time-reversal invariance test used ; 
and finally, the detection of Q, is effected via the 
measurement of (k2-j,)? (first line of Table I). Com- 
bining the three terms leads to the expression for the 
over-all quantity to be measured: (kj-k2)(ki-k2Xp). 
One could, of course, have written down this expression 


8 See also P. Stichel, Z. Physik 150, 264 (1958). 
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without breaking the discussion into the separate steps; 
it would then have been less clear that it is necessary 
for k, rather than kz to be the mixed radiation. 

By means of the three tables one is able to construct 
an exhaustive list of all possible gamma-ray angular 
correlation tests to first order in 7. The only way to 
extend this list is to add to the methods of polarizing 
and analyzing. For example, one can in principle 
analyze odd orientations with a beta decay; we have 
not listed such possibilities because of relaxation-time 
limitations. 


IV. PHOTON DISTRIBUTION FUNCTION 


In order to be able to interpret the results of an 
experiment, one needs quantitative expressions to 
replace the qualitative ones of Tables I, II, and ITI. 
Although formulas for angular correlations from 
oriented nuclei exist in the literature,’ to the best of 
our knowledge they do not appear in a form which 
possesses sufficient flexibility to be immediately useful 
for our purposes. What is needed is a formula for the 
angular distribution and polarization of a single tran- 
sition which can be combined with arbitrary preceding 
and succeeding transitions so as to allow one to con- 
struct various correlation formulas at will. The final 
formula is thus assembled in a manner completely 
analogous to the construction in the discussion at the 
end of the preceding section. 

This is achieved in the following way for an electro- 
magnetic transition. If (jymkP|R|j.m.) denotes the 
amplitude for going from a nuclear state a with j7,=m, 
to a state in which the nucleus has quantum numbers 
jb, m» and in which there is one quantum with mo- 
mentum k and circular polarization P(= +1), we define 
a “probability” for emission from the nuclear state 
initially oriented in the manner Qq, wa to that state 
oriented by 2), we by multiplication with Clebsch- 
Gordan coefficients as shown: 

W (jQws; PRP; 7 Qawa) 
a By Sy WEB (—1) t(j, 74—my'ms| Qu) 
mb’ mb ma’ ma 
X(jome'kP"| R| jama’)*(jomokP| R| jama) 
X (— 1) +" (jo ja— ma ma| Qawa)- (2) 
The closure property for the Clebsch-Gordan coeffi- 
cients allows one to obtain correlations between 
successive transitions, if the intermediate states are 
undisturbed by external influences, simply by multi- 
plying the relevant W’s together and summing over all 
intermediate orientations. For example, one obtains 
W eorr( J Qere ; Poko jeki; JaQawa) 
=LL Le WjMaw; PrkeP2; jQve) 


9 wb Pi=tl 
XW (jQwo; PikiPr; J2Qwa), (3) 


°H. A. Tolhoek and J. A. M. Cox, Physica 19, 101 (1953); F. 
Mandl, Proc. Phys. Soc. (London) 71, 177 (1958). 
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for the angular correlations between an unpolarized 
gamma ray emitted in the direction k; and a polarized 
gamma ray with momentum ky, the initial and final 
nuclear orientations being as indicated. If c is the final 
state and is therefore unoriented, then 2,=0; otherwise 
c can be combined with the next transition. The initial 
transition of a series is to be multiplied by the density 
matrix for the initial nuclear state in the following 
manner. 

As shown by Fano," the density matrix for a state 
with angular momentum j can always be decomposed 
into a sum of statistical tensors 


(jm’ | p| jm) = » DX (—1)#'(22+1)! 
a 
x ( P )o (Q,w). (4) 
—m mM —wW 


Then a direct substitution shows that the first transition 
of the series must be written 


LL W(--- 5 jw) p;(Q,w). (5) 
2 w 
The derivation of the formula for W is given in the 
Appendix. The result is 
W (jQuwr,; PRP; jQawa) 
= Ni." >» a ye (2A+1) (>| D*(¢,9,a) |) 
: 2 ss 


Q O. X 
X[(20+1) (2041) )( 7 ) 


—Wb Wa v 


XD DX [(2L'+1)(2L+1) }i(al|L’|/6) (a | L||0)* 
S 


cL a r 
x (—P’)h'tP'(— pro ) 


—p —p 
Jo Se 44 
4 (-— 1) B’+)+8etuot! Jo Je : : (6) 


b Qa 


In Eq. (6), Noa is a positive normalization constant 
depending only on the internal states a and 6 and not 
on their orientations. The rotation group matrices D*, 
and the Wigner 3-7 and 9-7 coefficients are defined as 
in reference 7. P is +1 or —1 according to whether o-k 
for the quantum is positive (now called right circular 
polarization) or negative, respectively. The sign of the 
reduced matrix element for a transition from a nuclear 
state a to b, [(a||L||5) ], has been chosen to agree with 
the final formulas in Biedenharn and Rose." The 
number * is zero if the radiation emitted has even 
parity, one if odd. We have written Eq. (6) so that it 
can be used to test parity conservation as well as time- 
reversal invariance; with parity conserved, as we 
assume it to be throughout this paper, p’= p. 


~ WU, Fano, Phys. Rev. 90, 577 (1953). 
11 ],, C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 


729 (1953). 
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The angles ¢, 6, a appearing as arguments in D* are 
the Euler angles of a coordinate system the z axis of 
which points along the direction of the photon. It is 
then completely general to give the probability for light 
linearly polarized in the x direction: 


Wle)~ XL ¥ W(---PP---). (7) 


P’=+1 P=+1 


The selection rules for each term can be read off 
directly from the 9-7 coefficient appearing in (6), for 
each row and each column must satisfy the triangle 
inequality. Furthermore, the symmetry properties of 
the Wigner coefficients can be used to separate the 
terms in cos{n(L)—n(L’)], and sin[n(L)—n(L’)], 
where (a\|Z\|b)=| (a||L\|5)| exp[in(L)]. For example, 
in the cases of unpolarized or linearly polarized radi- 
ation, the interchange of Z and L’ in any single term 
of Eq. (6) multiplies the coefficients of the matrix 
elements by (— 1)®*, Thus, if Q,+» is odd, the only 
terms surviving in the sum are those involving 
sin{n(L)—n(L’)]; if even, those involving cos[(L) 
—n(L’)] remain. It is readily seen that these results 
agree with those found earlier in a simpler way and 
listed in Tables I and III. 

Equation (1) is found by integrating (6) over all 
directions and summing over polarizations. The 
normalization constant is determined by observing 
that a (hypothetical) L=0 photon would not change 
the nuclear orientation. 


V. SPECIFIC EXPERIMENTS 

By means of Eqs. (3), (4), (5), (6) and existing 
tables,” in addition to a considerable amount of 
diligence and care, the reader can construct formulas 
for any gamma angular correlation he might wish. 

As an example, and as an aid in estimating the pre- 
cision required in a correlation test of time-reversal 
invariance, we have carried out calculations for the 
angular correlation of two successive gamma rays 
emitted in a 2(£2+M1)2(£2)0 cascade from an initial 
polarized nucleus. The reasons for this particular choice 
are given in the preceding paper. We find 
W = (1+ |6]?)+[0.250+-0.732| 65] cosn—0.0765|5|?] 

X Po(ki- ke) +0.327|6|*P4(R1- ke) —0.368p|5| sinn 
X[(hi- he) (kiXke).], (8) 


in which &; and k are unit vectors and the mixing 
parameters 6 and 7 for the first photon are related to 
the reduced matrix elements of Eq. (6) via 


(||£2||)/(||441 ||) =5= [5] e*. (8’) 


The quantity p has a maximum absolute value of one 
and appears in the density matrix of the initial state 


2 Albert Simon, Oak Ridge National Laboratory Report, 
ORNL-1718, 1954 (unpublished). Simon, Van der Sluis, and 
Biedenharn, Oak Ridge National Laboratory Report, ORNL- 
1679, 1954 (unpublished). Kenneth Smith and John W. Stevenson, 
Argonne National Laboratory Report, ANL-5776, 1957 (un- 
published). 
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(m' | p| m) = 8m’, m(0.2)[1+ (0.5) pm]. If the polarization 
of this initial state with j= 2 is produced by an allowed 
Gamow-Teller e~ decay in the z direction, the quantity 
p is +2.-/c if the beta transition is 1 — 2, whereas p is 
— 2v,-/3c if it is 3 — 2. 

If one assumes the most favorable case with |6|=1 
and »=2—7’, one finds for both photons in the 2-y 
plane 

W (¢2—¢1= +45°) 
- —_—————1—0.213 pn’. (9) 
W (¢2—¢1= — 45°) 


Since from the existing angular correlation data! one 
knows n’=0+0.3, an experiment of the type discussed 
here in which p=1 and in which the numerator and 
denominator of (9) are each measured to 4% accuracy 
will equal the above precision. However, from the 
nuclear reaction data discussed in the preceding paper, 
one might estimate the error in 7’ to be 4} to 4 of the 
above. 
VI. CONCLUSIONS 

We have analyzed gamma-ray correlations in detail 
and have shown that experiments to detect time- 
reversal-odd terms in the nuclear Hamiltonian can be 
performed in several ways, if one starts with an arbi- 
trarily aligned initial nuclear state. In order to demon- 
strate this we first derived a relation for the emission 
of an arbitrarily polarized gamma ray from an oriented 
nucleus, and then showed how it can be used together 
with connecting links, when several transitions are 
involved, as in tests of time-reversal invariance. The 
most useful of these are those which detect either 
(a) the linear polarization-angular correlation function 
in a mixed transition from a third-order oriented 
nucleus, and (b) the angular correlation of two suc- 
cessive gamma transitions (the first of which is mixed) 
from a polarized initial state. As an example of the 
latter, we have investigated the 2(#2+M1)2(E2)0 
cascade and have shown that an accurate determination 
of time-reversal invariance is feasible, but difficult. 


APPENDIX. DERIVATION OF GENERALIZED 
INTENSITY FORMULA 
The derivation of Eq. (6) from the definition (2) 
follows standard lines, but is considerably eased by 
first deriving a property of the 9-7 symbol. From either 
chapter six of Edmonds’ or Eqs. [dS: (12), (13), and 
(14) ],7 one can find the following equality: 


ju jr 4s je ‘, ju ju - 
ee Are Aus Aor Aso Avs (." Aor M31 
jor Jue\ (fis jos Jas 
ee ape 


jie jis) f Js. Jae Jaa 
J22 Jr . (A-1) 
J32 33 M31 M32 M33 


JACOBSOHN AND E. M. 


HENLEY 


All repeated Greek letters (i.e., the \’s) are summed 
over. (A-1) follows by substituting repeatedly into 
de-Shalit’s Eqs. (12) and (13), and finally using his 
Eq. (14) once. The latter equation can also be used as 
a quick check on the above by multiplying both sides 
of (A-1) with the 3-7 coefficient 


Js2 + 
, 
M31 M32 M33 


and summing over the w’s. 
The amplitude for the emission of a circularly 
polarized quantum is 


(jomskP|R| jama)=N Xd (M|D*| P)* 
L M p 


X (2L+1)!(—1)ietma(— P) itp 
ja Lj 
x ) coi.’ (A-2) 
Ma —M —mMs 
in which p=0 or 1 refer to radiation which carries off 


even or odd parity, respectively. The nuclear matrix 
element of the particle operator Q, defined by 


Hme= EEE a(LMp)Q." (p) +H, 


Pp 


(A-3) 


with a(LM>p) the usual photon annihilation operator, 
is related to the symbol in (A-2) by 


(jama|Ou™ (p)| jome) = (—1)%**"«(2j,+1)! 


a 
x( ; ) aiz,pl0. (A-4) 


Mm, —M m, 


If we insert this expression for the amplitude into 
the definition of W [our Eq. (2) ], then,use (E:4.2.7) 
or (R:4.22) to rid ourselves of the complex conjugation 
of one D, and finally (E:4.3.2) or (R:4.25) to combine 
the two D’s, we find 


w= | NW |?(—1)*%-totorH1 (20,41) (20,41) }! 
XU2RUUUD (2A+1) 


sr awvetsys @ 
X (—1)"(al|L'p'||b) (a\|L,p\|b)*(— P’)"'+”'(— P) et 
DL A ji. 
Draught 
P’ —P —pl\m,' —M’' 
i L jo )( ja. de 
Xx 
mM, —M —m/\-—m,' m, 
( td i d )( Jb qb 
x 
M’ —M —-v/\-m m 
After we make use of the symmetry properties of the 
3-7 coefficients with respect to the sign of the m’s, we 
can compare the last five 3-7 coefficients with (A-1) and 


immediately see that they give our Eq. (6), which is 
what was to be proven. 
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Decay Schemes of Sm™° and Pm™*} 
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The electron capture decay schemes of Sm"* and Pm"5 have been investigated. The total disintegration 
energy of Sm'*® was found to be 645+15 kev by measurement of the inner bremsstrahlung energy end point. 
The fraction of electron captures to the 61-kev level that are K-electron captures was computed to be 
0.8340.02 from conversion electron-x-ray coincidence counting rates. The same coincidence method gave 
0.54+0.02 as the K-electron capture fraction in Pm"® decay to the 67 kev level in Nd". From the experi- 
mental capture ratio the transition energy was computed to be 73+10 kev. The lifetime of the 61-kev level in 
Pm" was found to be 2.6X10~ sec and that of the 67-kev level in Nd"5 was found to be 3.3X 10-8 sec. 
Conversion coefficients of the gamma rays emitted in Sm™> and Pm"™5 decay were measured. Energy level 
schemes which have spin and parity assignments consistent with the experimental measurements are pro- 


posed for both isotopes. 


INTRODUCTION 


ADIOACTIVE decay of Sm™® was first observed! 
in a mass spectrographic study of samarium 
activated in a reactor. This work indicated that the 
Sm" half-life was greater than 72 days and that the 
Pm" half-life was an order of magnitude different from 
that of the Sm"* parent. In a study of reactor-produced 
Sm“*, Butement? found the half-life to be 410 days. 
From the relative intensity of the K x-rays associated 
with the promethium daughter he calculated a half-life 
of 30 years for Pm'*. He reported no other radiations 
associated with either of these mass-145 isotopes. 

Rutledge, Cork, and Burson’ found the conversion 
electrons of a 61.3-kev gamma ray associated with 
Sm", They reported a K/L conversion ratio for this 
gamma ray of unity. In work with samarium enriched 
in Sm'*, which had been bombarded for a year at an 
average neutron flux of 3X10" neutrons/cm® sec, 
Parker and Martin‘ found the Sm" half-life to be 
about 1 year and the Pm’ half-life to be much longer. 
They also found low-energy gamma radiation (70 to 
80 kev) associated with Pm! decay. 

In the present study the gamma radiation emitted 
by Pm" was resolved into two components with 
energies of 67 kev and 72 kev. A new but very-low- 
intensity gamma ray was found to be emitted in Sm" 
decay. Coincidence measurements were made using 
magnetic lens, scintillation counter, and proportional 
counter spectrometers for energy discrimination. From 
these data L/K electron capture ratios, branching 
ratios, and conversion coefficients were computed. In 
the case of Sm’ the energy end points of x-ray- and 
gamma-ray-coincident inner bremsstrahlung radiation 

t This paper is based upon work performed at Oak Ridge 
National Laboratory which is operated by Union Carbide Cor- 
poration for the U. S. Atomic Energy Commission. 

* Present address: Texas Technological College, Lubbock, 
Texas. 

t Instrument Division now of Applied Physics Division. 

1 Inghram, Hayden, and Hess, Phys. Rev. 71, 643 (1947). 

2F. D. S. Butement, Nature, 167, 400 (1951). 

3 Rutledge, Cork, and Burson, Phys. Rev. 86, 775 (1952). 

4G. W. Parker and W. T. Martin, Oak Ridge National Labo- 
ratory Report ORNL-1432 (unpublished). 


were determined. Half-lives for both Sm and Pm" 
were remeasured. 

Energy level diagrams with spin and parity assign- 
ments consistent with the experimental data are 
proposed for both isotopes. 


PREPARATION OF SOURCES 


Most of the work with Sm™® reported here was done 
with samarium enriched in Sm™ which was bombarded 
for one year at a neutron flux of 3X10" neutrons/cm? 
sec. After the bombardment the samarium was sepa- 
rated from Pm'*® and Pm" which grew during the 
irradiation and from traces of other rare earths by 
elution from Dowex-50 ion exchange columns. Pro- 
methium-145 activity was obtained by letting the 
purified samarium stand for periods of months and 
then separating the daughter Pm’ from the parent 
Sm" on an ion exchange column. This procedure gave 
Pm" of high specific activity, which was suitable for 
use in beta-spectrometer sources. The specific activity 
of the Sm™“* was not high enough to use in studies of 
the low-energy conversion electrons on a magnetic lens 
spectrometer. Sources of Sm™® for this purpose were 
prepared by bombarding samarium-free neodynium 
oxide with 45-Mev alphas on the Berkeley 60-inch 
cyclotron. After irradiation the samarium produced by 
an (a,n) reaction was separated on an ion-exchange 
column from the neodynium target and from rare 
earths produced by other nuclear reactions. Separation 
from other solids in the column elutriant was achieved 
by precipitating samarium as the fluoride and then 
converting to the perchlorate. The beta spectrometer 
sources were mounted on 30 ug/cm? of gold supported 
by a 50-ug/cm? plastic film. Not more than a few 
ug/cm? of solid material was associated with either the 
Sm" or the Pm'*> spectrometer source. 


SAMARIUM'* MEASUREMENTS 


A Sm"° gamma-ray spectrum taken at low geometry 
with a scintillation spectrometer is shown in Fig. 1. 
This confirms the presence of the previously reported 
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Fic. 1. Sm" scintillation counter spectrum. 


61-kev gamma ray. From this spectrum the ratio of K 
x-rays to 61-kev gamma rays was found to be 11.35. A 
spectrum taken with a much more intense source and 
585 mg/cm? of tin to absorb the x-rays and 61-kev 
gamma ray is shown in Fig. 2. Repeated purification 
of the Sm'* did not change the relative intensities of 
the continuous spectrum and the 485-kev gamma ray 
peak. The half-lives of the x-rays, 61-kev gamma ray, 
485-kev gamma ray, and the continuous inner brems- 
strahlung spectrum were all found to be 340+3 days. 
It was concluded that all of these radiations were 
associated with Sm‘ decay and that the 61-kev gamma 
ray was 4.5X 10° times as intense as the 485-kev gamma 
ray. 

A 4m scintillation spectrometer curve taken with a 
detector assembly similar to that described earlier’ is 
shown in Fig. 3. A 0.9-mil aluminum absorber was 
placed between the Sm“* source and each of the NaI 
crystals to absorb Auger electrons and conversion 
electrons. The peaks in the spectrum labeled A, B, C, 
and D correspond, respectively, to absorption in the 
crystal of one K x-ray photon, two K x-ray photons, 
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Fic. 2. Inner bremsstrahlung spectrum of Sm", 
* Ketelle, Thomas, and Brosi, Phys. Rev. 103, 190 (1956). 
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one 61-kev gamma ray, and absorption of a 61-kev 
gamma ray plus one K x-ray photon. If suitable cor- 
rections are made for the probability of detection of 
gamma rays and K-shell vacancies, the intensities of 
these peaks are proportional to the number of decay 
processes in which the particular radiations are emitted. 
Equations relating the areas of the peaks in the spec- 
trum to the number of processes were given in an earlier 
publication.’ The K-conversion coefficient can be ob- 
tained from the ratio of the number of K captures 
followed by K conversion to the number of K captures 
followed by gamma emission. This gives ax equal to 
5.3+0.2 for Sm™“*. Values for the electron capture ratio 
e can also be obtained from 4m data. However, in the 
case of Sm™*, since the peak corresponding to L capture 
followed by gamma emission has a low intensity and is 
not completely resolved from the K capture followed 
by K-conversion peak, the value of «=0.25+0.05 
obtained in this way is subject to large errors. 

In work with Ce an estimate of 8, the ratio of 
ground-state to excited-state K captures, was obtained 
by mounting the 4 source between thin films so that 
the conversion electrons as well as the x-rays and 
gamma rays were counted. The rate of K captures to 
the ground state with no other coincident radiation 
was equal to the counting rate in the K x-ray peak. In 
the case of Sm’ the 15-kev K-conversion electron 
energy is so low that not all of the electrons are counted. 
However, an estimate of 8 can be obtained from the 
counting rate in peak A of Fig. 3 relative to the 
counting rates in peaks B and D. If the counting rates 
in the peaks are corrected for the events which would 
have appeared in other peaks had all detection proba- 
bilities been unity, the remaining counting rate in peak 
A will be due to K captures followed by LZ conversion, 
L captures followed by K conversions, and K captures 
directly to the ground state. From the corrected 
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Fic. 3. 49 scintillation counter spectrum of Sm". 








DECAY SCHEMES 


OF Sm'!45 AND Pm!45 


TABLE I. Sm"* experimental data. 








Measurement 


Method 
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K/L conversion ratio 61-kev gamma 

L/M conversion ratio 61-kev gamma 

K Augers/K conversions 61-kev gamma 
K-conversion coefficient 61-kev gamma 

K captures to ground/K captures to 61-kev level 
K x-rays/61-kev gamma rays 

485-kev gamma rays/61-kev gamma rays 
K captures/61-kev K conversions 
(L+M+N)/K (captures to 61-kev level) 
(L+M+N)/K (captures to 485-kev level) 
I.B. end point for capture to 61-kev level 
Half-life of 61-kev level 
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counting rates in the peaks, the L/K capture ratio, 
and the K/L conversion ratio, the ratio of ground-state 
K captures to excited-state K captures has been com- 
puted to be 0.08+0.02. 

The K/L conversion ratio was measured on a thin 
magnetic lens spectrometer. Because of the very low 
energy of the K line (15 kev) it was necessary to work 
with sources of very high specific activity and to use 
very thin counter windows. The value for the conversion 
ratio given in Table I was the limiting ratio found as 
the solids in the source were reduced and as the thick- 
ness of the counter window was reduced. Figure 4 
shows the conversion-electron and Auger-electron 
spectrum of Sm"®. 

The magnetic-lens spectrometer has also been used 
with a scintillation spectrometer to measure coin- 
cidences between AK x-rays and conversion electrons. 
The Z-conversion electron—x-ray coincidence rate, V x1, 
the K-conversion electron—x-ray coincidence rate, Vxx, 
and the counting rates in the Z- and K-conversion 
electron peaks, Vz; and Vx, respectively, are related 
to the electron capture ratio € as follows: 


/ 


Nx 


Ni 
2-+¢=— 
Nx L 


Nx 


(1) 


This equation is valid only when the x-ray counting 
efficiency is very low. At high x-ray counting efficiencies 
coincident K x-rays are absorbed in the detector and 
give pulses twice the size of a single x-ray pulse. Dis- 
crimination against these pulses eliminates some of the 
coincidences between K-conversion electrons and 
x-rays, but does not eliminate any of the coincidences 
between L-conversion electrons and x-rays. This leads 
to error in € unless the equation is corrected by terms 
which are a function of the x-ray counting efficiency. 
A determination of e¢ using this equation gave 
0.20+0.02, where the large statistical error results 
from the fact that ¢ is small in comparison with two. 
The electron capture ratio can also be calculated 
from x-ray—x-ray and x-ray-gamma-ray coincidence 
measurements.® The ratio of the coincidence counting 


6 C, H. Pruett and R. G. Wilkinson, Phys. Rev. 96, 1340 (1954). 


rates, Nxx and N,,, and the single counting rates in 
one channel, V, and N,, 
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is related to the electron capture ratio as follows: 
1+8f1 14+R 
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(3) 


i+e= 
QK 


Here 1+ is the ratio of total electron captures to the 
excited state to K-electron captures to the excited state, 
B is the ratio of ground-state to excited-state K-shell 
captures, ax is the K-conversion coefficient and R; is 
the ratio of K conversions to (L+M) conversions. 
Substituting values for these constants into the equation 
gives « equal to 0.20+0.05. The rather large un- 
certainty in ¢ results from the fact that ¢ is small 
compared with one and from the errors in the other 
constants which appear in the equation. However, the 
value is consistent with the values found by the other 
methods reported above. 

Delayed coincidences were measured between the K 
x-rays and the 61-kev gamma ray using a “‘fast-low” 
coincidence assembly’ with a resolving time of 8 mysec. 





Fic. 4. Magnetic lens spectrum of Sm"*. 
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Fic. 5. Sm'** K x-ray~y-ray delayed coincidence curve. 


For these measurements two Nal crystals were mounted 
on two 14-stage 6810A RCA photomultiplier tubes 
which were operated at a voltage high enough so that 
the coincidence circuit was triggered by the first photo- 
electron. The half-life of the 61-kev level was found to 
be 2.6 musec from the delayed coincidence curve shown 
in Fig. 5. 

Coincidence measurements were also made with a 
(0.5-usec resolving time between the low-intensity 
radiations shown in Fig. 2 and the K x-rays and 61-kev 
gamma ray. Both AK x-rays and gamma rays were 
coincident with the continuous inner bremsstrahlung 
spectrum. However, only the K x-rays were in coin- 
cidence with the 485-kev gamma ray. The ratio of the 
single counting rates of the 485-kev gamma, \,, and 
the inner bremsstrahlung, yp, to the x-ray coincidence 
counting rates, V,, and Nx, 


Ny s Ney 
Ry=— / ——, (4) 
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is related to the capture ratio to the 485-kev level, ess, 
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as follows: 
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Here Bg; is the fraction of electron captures that occur 
to the 61-kev level, fxcap”’ is the fraction of the captures 
to the 61-kev level that are K captures, fxeon is the 
fraction of transitions from the 61-kev level that are 
converted in the K shell and fxea,’”’ is the fraction of 
the captures to the ground state that are K captures. 
All of the quantities in this equation, except for the 
capture ratio to the ground state, have been measured. 
This makes it possible to calculate the capture ratio to 
the 485-kev level if the reasonable assumption is made 
that the capture ratio to the ground state is approxi- 
mately the same as the capture ratio to the 61-kev 
level. When this assumption is made, €4s5 is found to be 
0.61+0.1. 

An estimate of the disintegration energy of Sm!‘ 
was obtained by analysis of the inner bremsstrahlung 
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Fic. 7. Pm" scintillation counter spectrum. 


spectra to determine the end-point energy. Both the 
total spectrum and the 61-kev gamma-coincident 
spectrum were analyzed. The gamma spectra of Ce", 
Hg**, Au!’ Sr*®, and Cs!*7 were used to determine the 
energy response and the resolution of the spectrometer 
and to make a somewhat arbitrary division of the 
spectrum at any energy into three rectangles: a peak, 
a Compton distribution, and a valley between these 
two regions. By plotting smooth curves of relative 
heights and widths of the three regions as a function of 
energy it was possible to interpolate rectangular 
approximations for intermediate energies. 

The experimental curves were analyzed by fitting a 
peak rectangle to the high-energy side of the curve. 
The rectangular approximations to the lower energy 
pulses for the particular peak energy were subtracted 
from the original data. The remaining curve was again 
fitted with a new rectangular peak energy and another 
subtraction made. In this way a series of peak counting 
rates as a function of energy was obtained. These 





DECAY SCHEMES OF Sm!*5 


counting rates were next corrected for detection effi- 
ciency and finally for absorption in the 585-mg/cm? tin 
absorber that was used to absorb the K x-rays and 
61-kev gamma ray. These corrected values were then 
used to make a [N(E)/E}} versus E plot as shown in 
Fig. 6. The end-point energy of 540 kev obtained in 
this way differs from the disintegration energy by the 
K binding energy and the 61-kev level energy since 
most captures are to this level. The error in the 645-kev 
total decay energy is difficult to determine but it could 
be much larger than the statistical error of 3% because 
the [NV (E)/E}} versus E plot may not be a straight line 
for a first forbidden transition. 


PROMETHIUM-145 MEASUREMENTS 


A low-geometry scintillation spectrometer gamma- 
ray spectrum of Pm" is shown in Fig. 7. This spectrum 
confirms the presence of the low-energy gamma ray 
previously reported by Parker and Martin.‘ The ratio 
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Fic. 8. Pm! proportional counter spectrum. 


of K x-ray to gamma-ray intensity from this curve is 
23.8. Spectra taken with more intense sources and tin 
or lead to absorb the K x-rays and low-energy gamma 
rays did not show the presence of a continuous gamma- 
ray spectrum. This indicates that the inner brems- 
strahlung spectrum has a low-energy end point. 

A Pm" spectrum taken with a krypton-filled pro- 
portional counter is shown in Fig. 8. This curve shows 
that the low-energy gamma radiation in the scintillation 
counter spectrum can be resolved into two gamma rays 
with energies of 67 and 72 kev. The relative intensity 
of these two gamma rays was the same in several differ- 
ent source preparations; hence both are associated with 
the decay of Pm'*. Decay of a purified Pm"™® source 
was followed with an ionization chamber for a period 
of two years and gave a half-life of 17.7+0.4 years. 

A 4m scintillation counter spectrum of the Pm!" 
radiations which are not absorbed by 0.9-mil aluminum 
absorbers is shown in Fig. 9. The peaks in this spectrum 
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Fic. 9. 4m scintillation counter spectrum of Pm!"®, 


are labeled to conform with the labeling system used 
in Fig. 3. Since in this case the average gamma-ray 
energy is approximately double the x-ray energy, peaks 
B and C fall together. An independent measurement of 
gamma-ray intensity makes it possible to calculate the 
rate of the Leap-y process as the difference between total 
gammas and Keap-y processes. The capture ratio ¢ 
equal to the Leap-y rate divided by the Keap-y rate is 
found to be 0.93. The rate of K captures followed by 
K conversions can be calculated from the counting rate 
in the B+C peak of Fig. 9 by subtracting the number 
of Leap-y processes. It is now possible to obtain the 
conversion coefficient, ax, as the ratio of K eap-Keon 
processes to Keap-~y processes. The value of 3.33+0.14 
found for ax in this way is a composite value for the 
67-kev and 72-kev gamma rays. 

The ratio of K captures to the ground state to the 
sum of the A captures to the 67- and 72-kev levels can 
be determined for Pm™® in the same way that 6 was 
computed for Sm!°, In the case of Pm’*® the composite 
value of 8 is 5.9+0.3. 

Magnetic lens spectrometer measurements with a 
source of high specific activity and a very thin counter 
window are shown in Fig. 10. Because of overlapping 








Fic. 10. Magnetic lens spectrum of Pm", 
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TABLE II. Pm'** experimental data. 








Result 


lens spec. 19 +4 
lens spec. 1.1 +0.2 
lens spec. 1.8 +0.2 
lens spec. +0.2 
lens spec. +0.1 
scin. spec. +0.7 
4m scin. spec. +0.3 
4 scin. spec. +0.3 
4m scin. spec. 

delayed x—y coinc. 

L-conversion electron—x-ray coinc. 
x-x and x-~y coinc. 

delayed x—y coinc. 

delayed x-y coinc. 


Measurement Method 





K/M conversions 72-kev gamma ray 
K/L conversions 67-kev gamma ray 
Lex/(L22+M oz) conversion electron ratio 
72-kev/67-kev K-conversion electrons 

K Auger electrons/K-conversion electrons 
K x-rays/gamma rays 

K captures to ground state/K captures to excited states 
K-conversion coeff. 67-kev gamma ray 
K-conversion coeff. 72-kev gamma ray 
72-kev gamma rays/67-kev gamma rays 
(L+M-+N)/K captures to 67-kev level 
K captures/K conversions 

Half-life of 72-kev level 

Half-life of 67-kev level 


of the peaks shown in Fig. 10, the intensities are some- 
what uncertain and values for the K/L conversion 
ratio given in Table II are therefore subject to errors 
other than the statistical error. From the intensities of 
the individual K-conversion peaks, the individual 
gamma-ray intensities in Fig. 8, and the composite ax 
calculated from 47 scintillation spectrometer data it is 
possible to compute conversion coefficients for each of 
the two gamma rays. These are given in Table IT. 

Coincidence measurements made with a 0.5-ysec 
resolving time showed that x-rays were in prompt 
coincidence with each of the gamma rays, but that the 
gamma rays were not in coincidence with each other. 
When a proportional counter was used as the gamma- 
ray detector it was shown that the relative intensities 
of the 67- and 72-kev gamma rays were approximately 
the same in the K and L x-ray coincident spectra as 
they were in the single spectrum. This result indicates 
that the ratio of K to Z capture to each of the levels 
was the same within the error of measurement which 
was +5%. 

Coincidence counting rates with a 0.5-ysec resolving 
time were measured with scintillation counters between 
x-rays and gamma rays and between x-rays and x-rays. 
From these counting rates the ratio, R3, was computed 
as it was for Sm" and used with other constants in 
Eq. (3) as a check on the consistency of the various 
measurements. 

The ‘‘fast-slow” coincidence assembly used to 
measure the half-life of the 61-kev level in Sm"* decay 
was also used to study the decay of Pm™*. A delayed 
coincidence curve between the K x-rays and the gamma 
rays is shown in Fig. 11. Since the spectrum of the 
coincident gamma radiation shifted to smaller pulse 
heights as the delay was increased, it was possible to 
conclude that the 67-kev gamma ray was delayed more 
than the 72-kev gamma ray. The half-life of the 72-kev 
level in Nd'** was too short to measure with the present 
equipment. The half-life of the 67-kev level was found 
to be 3.3X10-* sec. The curve shown in Fig. 11 was 
used also to estimate the intensity ratio of the un- 


3.3 X10-8 sec 





converted 72-kev gamma to the unconverted 67-kev 
gamma ray given in Table IT. 

Because of the overlap of the A-conversion lines in 
the magnetic lens spectrum of Pm" it was not possible 
to use x-ray-conversion electron coincidence data in 
Eq. (1) to solve for the capture ratio. However, the 
L-conversion line of the 67-kev gamma ray could be 
resolved from other lines. The ratio of the L-conversion 
electron counting rate, Vz, to the L-conversion—x-ray 
coincidence counting rate, Vxz, can be used to solve 
for « as shown in Eq. (6): 


N1/Nxi= (1+ ©)/ex. (6) 


Since ex, the x-ray counting efficiency, occurs in this 
equation it is necessary to know the absolute K x-ray 
emission rate and the K x-ray counting rate in order to 
solve for e. A coincidence counting rate was measured 
between L-conversion electrons detected with a thin 
magnetic lens spectrometer and K x-rays counted with 
a scintillation spectrometer. The absolute K x-ray 
emission rate of the source was measured at low 
geometry with a scintillation spectrometer. The value 
of « found for capture to the 67-kev level was 0.85+0.03. 
In principle « for capture to the 72-kev level could be 
determined by measuring x-ray coincidences with the 
M-conversion line. In practice the low intensity of the 
M line makes it difficult to reduce the statistical error 
of the measurement to the point where a difference in «€ 
for capture to the two levels could be detected. 


ENERGY LEVEL DIAGRAMS 


The nuclear spin of the ground state of Nd has 
been measured® and found to be 3. This measured spin 
is consistent with the shell-model prediction of f;/2 for 
an 85-neutron nucleus. The shell-model prediction of 
fre for the ground state of Sm"* should also be reliable 
since it has a single neutron outside a closed shell. 

The inner-bremsstrahlung energy end point and the 
half-life of Sm'“* indicate that electron capture to either 

8B. Bleaney and H. E. D. Scovil, Proc. Phys. Soc. (London) 
A63, 1369 (1950). 
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Fic. 11, Pm! K x-ray-gamma-ray delayed coincidence curve. 


the 61-kev level or the ground state of Pm" is a first 
forbidden transition. The expected shell-model assign- 
ments for the lowest energy levels in a 61-proton 
nucleus are $+ and $+. With either assignment the 
capture transition from the 3~ Sm"* ground state would 
be first forbidden. Also, with either assignment electron 
capture to the Nd" ground state in Pm'* decay would 
be first forbidden because the spin and parity changes 
are the same as in Sm™* decay. The energy computed 
from the L/K capture ratio to the 67-kev level in Nd! 
and the branching ratio to this level give a comparative 
half-life which indicates that this transition also is first 
forbidden. However, the lifetimes of the 67-kev level 
and the K/L conversion ratio of the 67-kev gamma ray 
indicate that the spin change in the transition to the 
ground state is two. Therefore, the 67-kev level in Nd!“ 
is given a }~ assignment. The 72-kev level is assigned 
$- because the conversion coefficient of the 72-kev 
gamma ray indicates an M, transition to the ground 
state. The branching ratio and decay energy indicate 
that electron capture to the 72-kev level also is first 
forbidden. Since transitions from the Pm" ground 
state to 3-, 3-, and 3> levels are first forbidden with a 
spin change of 0 or 1, the Pm’*® ground state must be 
a $* level. This argument would not be valid if the 
67-kev level were fed by a 5-kev transition from the 
72-kev level rather than by direct electron capture. 
The M-conversion electrons of such a transition were 
not identified in the electron energy spectrum but they 
could be obscured by the presence of the more intense 
Auger-electron spectrum in the same energy region. How- 
ever, there was no evidence for an appreciable number of 
5-kev transitions in the conversion-electron energy 
spectrum coincident with the 67-kev gamma ray where 
the detection sensitivity was increased several-fold. 
The transitions involving the 485-kev level give 
some evidence in support of a $+ assignment for the 
Pm" ground state. The comparative half-life for 
electron capture to this level in the decay of Sm"® 
indicates that the transition is first forbidden with a 
spin charge of two. In capture transitions of this kind 
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the L/K ratio is high at low disintegration energies 
because of the relatively large amount of Z ITI capture.® 
The L/K capture ratios were computed from the ordi- 
nary first forbidden and the unique first forbidden 
transition probabilities of Brysk and Rose. In order 
to convert the L/K ratios to e’s for comparision with 
experiment, the Hartree" self-consistent field wave- 
function values for Cs+ were used to compute the 
relative amounts of M, and N;, capture. For the experi- 
mental transition energy of 160+15 kev, the computed 
e was 0.28+0.02 for an ordinary first forbidden and 
0.75+0.2 for a unique first forbidden transition to the 
485-kev level. The experimental measurement of 
0.6+0.1 is in fair agreement with the computed value 
for the unique first forbidden case. 

The most probable assignment of the 485-kev level 
on the basis of both capture ratio and comparative 
half-life is $+. This assignment is also consistent with 
the fact that the only gamma transition from the 
485-kev level observed in this work was to the $+ 
ground state. It is estimated that if branching from 
the 485-kev level occurs, less than 2% of the transitions 
are to the 61-kev level which has been given a }*+ 
assignment. 

A diagram with the Pm’ and Nd" energy levels 
and the proposed spin assignments is shown in Fig. 12. 
The Pm" disintegration energy is computed from the 
experimental value of ¢ for capture to the 67-kev level 
in Nd'*. The Hartree wave-function values for Cst 
were used to convert from ¢« to an L/K capture ratio. 
This ratio was then used with the Brysk and Rose 
capture transition probabilities to compute the tran- 
sition energy. The total decay energy of Pm"® obtained 
in this way is in good agreement with the value pre- 
dicted from the beta-decay energy systematics of Way 
and Wood." 


9H. Brysk and M. E. Rose, Oak Ridge National Laboratory 
Report ORNL-1830 and errata (unpublished). 

10 EP, R. Hartree, Proc. Roy. Soc. (London) 143, 506 (1934). 

1K, Way and M. Wood, Phys. Rev. 94, 119 (1954). 
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Neutron Thresholds in the V*(p,n)Cr', Mn**(p,n)Fe*®, Zn’°(p,n)Ga”, 
and As’*(p,n)Se’® Reactions 


C. R. Gossett AND J. W. BuTLER 
Nucleonics Division, United States Naval Research Laboratory, Washington, D. C. 
(Received August 7, 1958) 


The two-counter slow-to-fast ratio technique has been used with proton energies up to about 2 Mev in 
a study of neutron thresholds from the following four reactions. In the V*!(p,n)Cr®! reaction, the ground- 
state threshold was measured to be 1.564+0.002 Mev. No excited states were observed in the region of 
excitation from zero to 0.41 Mev. In the Mn*5(p,n)Fe*® reaction, the ground-state threshold was measured 
to be 1.034+0.002 Mev. Excited-state thresholds were found at 1.455+0.003 and 1.982+0.002 Mev, corre- 
sponding to energy levels in Fe®® at 0.414+0.003 and 0.931+0.002 Mev, respectively. In the Zn”(p,n)Ga™ 
reaction, the ground-state threshold was measured to be 1.457+0.002 Mev. No excited states were observed 
in the region of excitation from zero to 0.53 Mev. In the As7*(p,m)Se?> reaction, the ground-state threshold 
was measured to be 1.669+-0.002 Mev. An excited state threshold was found at 1.960+0.002 Mev, cor- 
responding to an energy level in Se”® at 0.287+0.002 Mev. A two-counter detector of high sensitivity and 
a low-background experimental arrangement are described. 


I. INTRODUCTION 


OW-LYING excited states of nuclides in the 
medium-weight region are of particular interest 
to the shell model. One method of observing and 
measuring with good precision the energies of such 
states is the detection of neutron thresholds from (p,m) 
reactions. For such reactions the thresholds of the 
excited states as well as the ground states may be 
detected by means of the two-counter slow-to-fast ratio 
method.'* Furthermore, the careful measurement of 
the ground-state thresholds in such reactions is a pre- 
cision means of measuring mass differences of neigh- 
boring isobars. Four such (p,m) reactions have been 
examined, and are reported herein. No excited states 
have been previously reported for two of the nuclides 
studied: Ga” and Se”. 
A preliminary account of a part of the present experi- 
ment has been reported‘ at a meeting of the American 
Physical Society. 


Il. EXPERIMENTAL PROCEDURE 


Two of the target nuclear species, Mn*° and As”, are 
monoisotopic in nature, and a third, V*', has a natural 
abundance of 99.75%; therefore, standard laboratory 
cp chemicals were used in preparing these targets. The 


1T. W. Bonner and C. F. Cook, Phys. Rev. 96, 122 (1954). 

2 Brugger, Bonner, and Marion, Phys. Rev. 100, 84 (1955). 

3 Butler, Dunning, and Bondelid, Phys. Rev. 106, 1224 (1957). 

‘J. W. Butler and C. R. Gossett, Bull. Am. Phys. Soc. Ser. IT, 
2, 230 (1957). 


fourth, Zn”, is present in natural zinc only to the extent 
of 0.63%. Therefore, enriched Zn” was acquired from 
the Stable Isotopes Division of the Oak Ridge National 
Laboratory, with the following isotopic abundances: 
Zn™, 9.73%; Zn, 8.40%; Zn*’, 4.14%; Zn, 29.33%; 
and Zn”, 48.40%. Targets of Mn*, Zn”, and As” were 
prepared by electroplating techniques, that for Zn” 
being basically similar to that used for nickel and 
cobalt in previous experiments,® and those for Mn and 
As being the standard electroplating techniques for 
these elements. The vanadium target was made by the 
vacuum evaporation process. Target thicknesses ranged 
from 2 to 20 kev to the incident protons. Target 
backings were either gold or silver disks, 1}-in. diam 
X0.010-in. thick. 

The NRL Nucleonics Division 2-Mv Van de Graaff 
accelerator was used as a source of protons, providing 
beam currents of from 1 to 10 ua. The beam-analyzing 
magnet current was regulated by a proton-moment 
resonance device. Energy calibration was determined 
by means of the Al?’(p,y) resonance at 0.992+0.001 
Mev,®? and the Li’(p,m) threshold at 1.881+0.001 
Mev.*® The proton-beam energy spread was 0.06% 


5 J. W. Butler and C. R. Gossett, Phys. Rev. 108, 1473 (1957). 

6 R. O. Bondelid and C. A. Kennedy, Naval Research Labora- 
tory Report NRL-5083 (unpublished). 

7 Bumiller, Staub, and Weaver, Helv. Phys. Acta 29, 83 (1956); 
Bumiller, Staub, and Miiller, Helv. Phys. Acta 29, 234 (1956). 

8 Jones, McEllistrem, Douglas, and Richards, Phys. Rev. 94, 
947 (1954), 
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for the precise energy determinations and 0.12% for the 
excitation-curve data. 

A liquid nitrogen cold trap was placed close to the 
target to prevent the buildup of contaminants from the 
vacuum system. The effectiveness of this technique has 
previously been discussed. Such contaminants have 
two deleterious effects: a contribution to the neutron 
background, and a shift in the incident proton energy 
at the target through energy loss in the contaminant 
layer covering the target. Conventional experimental 
techniques were followed with regard to beam current 
integration, electron repeller bias voltages, electrostatic 
strong-focussing lenses, etc. 

The two-counter slow-to-fast ratio method was 
employed to detect neutron thresholds. The principle 
of this technique has been described previously,!* but 
is briefly outlined as follows, with reference to Fig. 1. 
The smaller detector (nearer the target) is more sen- 
sitive to “slow” neutrons (i.e., neutrons emitted at 
bombarding energies near their threshold and therefore 
in the kev region) than to ‘‘fast” neutrons (of energy 
greater than about 0.1 Mev), due to the inherent sensi- 
tivity of the boron lined proportional counters and the 
small amount of moderator used. The larger, or “‘fast,”’ 
counter has a relatively flat energy response from a 
fraction of a Mev to several Mev, due to the larger 
amount of moderator present. Because the smaller, or 
“slow,” counter partially shields the fast counter from 
slow neutrons originating at the target, and because the 
fast counter has its axis perpendicular to the neutron 
beam, thus requiring the neutrons to penetrate 2-3 in. 
of additional moderator before being counted, the fast 
counter sensitivity drops off in the region where the 
slow counter efficiency increases. Thus if the ratio of 
slow- to fast-neutron counts is plotted as a function of 
bombarding energy, a new group of slow neutrons, cor- 
responding to a threshold for neutron emission, will be 
detected as a rise in this ratio. Since the outgoing 
neutrons acquire most of the excess proton energy 
above the threshold, a continued increase in the bom- 
barding energy will result in a fall in the ratio. 

The slow-fast counter arrangement used is basically 
similar to that used for a previous experiment.’ How- 
ever, for the present experiment the low neutron yields 
from some of the reactions necessitated a more sensitive 
neutron detection system. This was accomplished by 
using a large number of the more sensitive B'° lined 
detectors and by placing the detectors close to the 
target. 

In order to determine the optimum arrangement for 
the observation of excited-state thresholds, a number of 
tests were run with the strong 1982-kev threshold of 
the Mn**(p,n)Fe®® reaction (see Sec. III). For these 
tests the relative rise of the ratio curve was measured 
for several arrangements of the number, orientation, 
and spacing of the counter tubes, and the amount and 
distribution of the paraffin moderator. The arrangement 
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Fic. 1. Geometrical arrangement of target and neutron de- 
tectors. The circles indicate cross sections of B'-lined propor- 
tional counter tubes and the shaded areas indicate paraffin 
moderator, 


which proved most satisfactory and which was used 
for the experiments reported in this paper is shown in 
Fig. 1, where the circles indicate the cross sections of 
the B"-lined proportional counter tubes, and the shaded 
areas the paraffin moderator. Both fast and slow 
counters were surrounded by 0.020 in. of cadm’ ». 
The geometry shown in Fig. 1 was used for the As” 
and Zn” reactions where the neutron yield was very 
low. For the V*! and Mn*® reactions, which gave higher 
yields of neutrons, the spacing between the target 
chamber and the front face of the slow counter was 
} in. and the spacing between the two counters was 
12 in. 

Hydrogen-containing materials, such as the heavy 
concrete floor of the laboratory, the walls, and ceiling, 
degrade the energy of the neutrons, and reflect some of 
them back toward the detectors. The threshold detec- 
tion sensitivity above the ground-state threshold is 
therefore adversely affected, because these lower energy 
neutrons, which left the target as fast neutrons (corre- 
sponding to the ground or lower excited states), are 
detected in both the slow and fast counters, thus pro- 
ducing an effective background over which a new 
threshold must be observed. Therefore, it is experi- 
mentally advantageous to remove the target and 
detectors as far as possible from other matter, especially 
hydrogenous matter. 

In this laboratory such an isolation of the target and 
detectors is readily achieved. The Van de Graaff 
accelerator is a vertical machine, the base plate resting 
on the fourth floor of its building. The energy-defining 
magnet, which rests on the third floor, is on a rotatable 
base. Normally, the beam tube from the magnet to the 
target is parallel to and about 8 ft from the nearest 
outside wall, and is 43 in. above a steel-reinforced 
concrete floor. For the present experiment, however, 
the magnet base was rotated 90° to allow the proton 


beam to pass through the nearest outside wall. The 
beam tube outside the building was supported from a 
truss bridge which spans the 60-ft distance to the 
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adjacent building. The bottom of this bridge is about 
40 ft above the ground. The proton beam tube was 
supported about 12 ft below the bottom of the bridge 
with the target placed about a fourth of the distance 
from the outer wall to the next building. The detectors 
and associated electronic equipment were supported by 
a rolling carriage, also suspended from the truss bridge. 
Since the floor of the carriage is made of a light alu- 
minum grill, and since the whole carriage assembly and 
truss bridge were designed to be as light as possible, 
the detectors were sufficiently removed from solid 
materials that the primary neutron scatterer was air. 
For some neutron absorption or scattering experiments, 
air scattering can have a serious effect, but for the 
present experiment, the moderating effect of the air is 
not a serious problem. 

As an example of the effectiveness of the target 
suspension bridge technique, one neutron threshold 
(the 1.455-Mev threshold with a Mn* target, see Sec. 
III) was not detectable inside the building in the 
normal position, but was clearly detectable outside the 
building in the position described above. 

For the four reactions studied, ratio function data 
and fast counter yield curves were taken from just 
below threshold to about 2 Mev as shown in Sec. III. 
All thresholds thus detected were re-examined for a 
precise determination of the threshold energy. These 
runs (not shown) were made with better beam resolu- 
tion (as mentioned above) and with bombarding energy 
intervals much smaller, 0.5 to 1.0 kev, than those used 
for the ratio excitation curves, 4 to 10 kev. Separate 
bombarding energy calibrations were made for each 
run. The position of the threshold was determined by 
drawing straight lines through the datum points below 
threshold and above for the linear portion of the rise, 
usually 2 to 5 kev. The intersection of these two straight 
lines was considered to be the threshold. 

Ambient neutron background due to the accelerator 
and other sources was low and was negligible above the 
ground-state thresholds; therefore, it was not sub- 
tracted to obtain the experimental curves presented in 
Sec. III. The fast counter yield curves have not been 
corrected for the energy response of the counter. 


III. RESULTS 
V°!(p,n)Cr®! 


The fast-counter yield curve (solid curve) and ratio 
curve (open circles) for the V*'(p,2)Cr°! reaction are 
shown in Fig. 2. Inspection of the ratio curve reveals 
no thresholds other than the ground state up to the 
maximum bombarding energy, 1.98 Mev, used with 
this reaction. This proton energy range corresponds to 
exploration of the region from zero to 0.41 Mev of 
excitation of the residual Cr*' nucleus. The lowest 
known excited state (presumably the first excited 
state) of Cr®!' is at an energy of 0.750+0.011 Mev, as 
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Fic. 2. Excitation function for the V"(p,2)Cr® reaction. The 
solid curve represents the fast-counter yield (not corrected for the 
energy response of the counter), and the open circles indicate the 
ratio function. The ground-state threshold appears at 1564 kev. 


reported by Heydenburg and Temmer,’ using the 
Ti(a,ny)Cr*! and V®°'(p,ny)Cr®! reactions and a scin- 
tillation gamma-ray spectrometer. 

The position of the ground-state threshold was deter- 
mined to be 1.564+-0.002 Mev. Previous measurements 
of this ground-state threshold are reported by Richards 
et al."® at 1.562+-0.006 Mev, and by Gibbons ef al." at 
1.5656+0.0015 Mev. It may be seen that the present 
experiment is in excellent agreement with both of these 
previous experiments. 

From the threshold energy, the Q value for the reac- 
tion is calculated to be —1.534+0.002 Mev. A com- 
parison of the present results for the Q»,, value with 
the results of experiments using other reactions and 
with the mass spectrometer measurements may most 
readily be made in terms of the mass excess difference 
of the initial and final nuclides of the (p,m) reaction. 
Thus the present experiment yields a Cr*!-V*! mass 
excess difference, AE (Cr®!-V*!), of 0.751+0.003 Mev, 
where the mass excesses of the m, H', and H? used in 
this and succeeding calculations are those given by 
Wapstra.” The adopted value of the electron capture 
Q value given by Lidofsky" yields directly a AE(Cr*!- 
V*!) value of 0.750+0.005 Mev. 

Because the residual nuclides of (p,m) reactions are 
almost always unstable, comparison with mass spec- 
trometer doublet measurements may be made only 
where a precise reaction Q value is known linking this 
residual nuclide with another stable nuclide. In the 
present case, such a link between Cr*® and Cr*! is 
obtained from the Q,,,, value reported by Van Patter 


9N. P. Heydenburg and G. M. Temmer, Phys. Rev. 99, 617(A) 
(1955). 

10 Richards, Smith, and Browne, Phys. Rev. 80, 524 (1950). 

11 Gibbons, Macklin, and Schmitt, Phys. Rev. 100, 167 (1955). 

2 A. H. Wapstra, Physica 21, 367 (1955). 

18. J. Lidofsky, Revs. Modern Phys. 29, 773 (1957). 
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and Whaling’ who combined the measurements of 
Kinsey and Bartholomew" with those of Heydenburg 
and Temmer.’ Then using the mass spectrometer 
doublet measurements for Cr®® and V*! of Giese and 
Benson,!* one obtains a AE(Cr*!-V*!) value of 0.752 
+0.013 Mev. As may be seen, all AF values are in 
excellent agreement. 


Mn**(p,n)Fe®® 


Figure 3 shows the fast-counter yield curve (solid 
curve) and the ratio curve (open circles) of the 
Mn**(p,7)Fe® reaction as a function of proton energy. 
For these curves the target thickness was 70 yg/cm? or 
7 kev to 1.5-Mev incident protons. The ratio curve 
shows a break or sudden rise at 1.455+0.003 Mev, 
indicating an excited-state neutron threshold. This 
threshold corresponds to an energy level at 0.414+0.003 
Mev in Fe®®. The second break, about 43 kev higher in 
bombarding energy than the first, is not another 
threshold, but is a satellite of the first break. Such 
satellites are discussed below. One additional threshold 
was observed at 1.982+-0.002 Mev, corresponding to 
an excited state at 0.931+0.002 Mev in Fe ®. This 
threshold is quite pronounced, and (perhaps as a result 
of its relative intensity) displays several satellite breaks. 
The insert (solid circles) shows on an expanded energy 
scale the ratio curve from about 1.95 Mev to 2.06 Mev. 

The nature of the satellites is not understood. Several 
possible causes have been discussed in a previous com- 
munication.? The experimental arrangement in the 
present experiment is somewhat different from the 
previous experiment, as noted in Sec. II. Specifically, 
the target chamber is made of 3-in. aluminum instead 
of 0.010-in. stainless steel, and the proportional counters 
are steel-wall tubes, B'°-lined, and filled with a typical 
proportional counter gas whereas in the previous ex- 
periment the counters were copper-wall tubes filled 
with BF; gas. Since the satellites were observed in both 
experiments, the target container, counter tube walls, 
and counter tube are thus eliminated as the 
causative agent. 

Resonances in the compound nucleus could possibly 
be responsible, but this possibility seems unlikely 
because of the regularity of the satellites and the fact 
that there is no clear association between the resonances 
(as revealed by the fast-counter curve) and the satel- 
lites. Another possibility is that the satellites in some 


gas 


way reflect the fine structure response of the slow and/or 


fast counters, possibly through scattering resonances in 
carbon. The nature of these satellites is being further 
investigated, and the results obtained will be reported 
in a future communication. 


4D. M. Van Patter and W. Whaling, Revs. Modern Phys. 29, 
757 (1957). 

16 B. B. Kinsey and G. A. Bartholomew, Phys. Rev. 89, 375 
(1953). 

16 C, F, Giese and J. L. Benson, Phys. Rev. 110, 712 (1958). 
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Fic. 3. Excitation function for the Mn**(p,n)Fe® reaction. The 
solid curve represents the fast-counter yield (not corrected for the 
energy response of the counter), and the open circles indicate the 
ratio function. The solid circles show an enlarged view of the 
ratio function from about 1950 to 2060 kev. In addition to the 
ground-state threshold at 1034 kev, two excited-state thresholds 
are observed at 1455 and 1982 kev. Additional rises in the ratio 
curve are interpreted as satellite peaks associated with the 
thresholds, but not representing new thresholds. 


The ground-state threshold was determined to be 
1.034+0.002 Mev. Previous measurements of the 
ground-state threshold are reported by Stelson and 
Preston!” at 1.024+0.010 Mev, McCue and Preston"® 
at 1.020+0.010 Mev, and Trail and Johnson” at 
1.039+0.005 Mev. The value of the present experiment 
lies between those of references 17 and 19 and is in 
agreement with both; however, it is in slight disagree- 
ment with the value of McCue and Preston. The spread 
in values obtained by different experimenters for this 
threshold is probably at least partly due to a resonance 
which occurs near the foot of the threshold rise, causing 
a nonlinearity in this rise. Chapman and Slattery” 
report a private communication from Trail and Johnson 
giving a revised Q value of 1.015+-0.005 Mev. When 
this Q value is converted to threshold bombarding 
energy, 1.0330.005 Mev, it is seen to be in excellent 
agreement with the present experiment. 

The highest threshold observed in the present experi- 
ment at 1.982+0.002 Mev was also observed by 
Chapman and Slattery” who report a value of 1.975 
+0.010 Mev, in satisfactory agreement with the present 
experiment. They did not search for the ground-state 
or lower excited-state thresholds because of the low 
neutron yields for this reaction below the second 
excited-state threshold. 

The energies of the first two excited states of Fe® 
are reported to be 0.413 Mev and 0.933 Mev by 
Sperduto and Buechner” from the magnetic analysis 

17 P_ H. Stelson and W. M. Preston, Phys. Rev. 83, 469 (1951). 

18 J. J. G. McCue and W. M. Preston, Phys. Rev. 84, 1150 (1951). 

19 C, C. Trail and C. H. Johnson, Phys. Rev. 91, 474(A) (1953). 

2 R, A. Chapman and J. C. Slattery, Phys. Rev. 105, 633 (1957). 

21 A. Sperduto and W. W. Buechner, Bull. Am. Phys. Soc. Ser. 


II, 1, 223 (1956). [Slightly revised values, W. W. Buechner 
(private communication). ] 
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Fic. 4. Excitation function for the Zn”(p,n)Ga™ reaction. The 
solid curve represents the fast-counter yield (not corrected for 
the energy response of the counter), and the open circles indicate 
the ratio function. The ground-state threshold occurs at 1457 kev. 
The two anomalies at about 1800 and 1960 kev are not interpreted 
as thresholds for excited states in Ga” 


of the Fe*(d,p)Fe®® reaction. These values are in ex- 
cellent agreement with the values of the present experi- 
ment of 0.414+0.002 Mev and 0.931+0.002 Mev. 

Mark ef al.” report possible states in Fe®® at 0.420 
Mev and 0.975 Mev from observation of gamma rays 
attributed to the Mn®*(p,ny)Fe® reaction. They state, 
however, that the 975-kev gamma ray may come from 
a level in Mn**, In view of the disagreement of their 
value with that now established for the second excited 
state of Fe®®, and the recent report of a state in Mn® 
at 0.983+0.005 Mev by Mazari et al.,” their second 
hypothesis seems more reasonable. Their value of 
0.420 Mev for the first excited state of Fe®° is in reason- 
able agreement with the value of the present experi- 
ment. 

None of the low-energy gamma rays reported by 
Adyasevich et al.“ from the thermal-neutron capture by 
natural iron fit transitions from the two levels reported 
in this experiment. However, they expected a maximum 
contribution of only 5% of the total yield to be due to 
the Fe®4(ny,,y)Fe® reaction. 

For the purposes of comparison, the ground-state 
V»,n Value of the present experiment may be converted 
to the Fe®®-Mn* mass-excess difference, AE (Fe®®-Mn*), 
yielding a value of 0.232+0.003 Mev. Lidofsky’s™ 
adopted value for Q, leads directly to a value of 0.220 
+0,004 Mev for AE(Fe®®-Mn*®). With the use of the 
measurements of Quisenberry et a/.** for Fe and that of 
Giese and Benson'® for Mn*®, a value of AE(Fe®*-Mn**) 
may be calculated with both the (n,y) and (d,p) Q 
values. The adopted value for Q,,, of Van Patter and 
Whaling" thus gives for AE (Fe®*-Mn*) a value of 0.221 
+0.008 Mev. The Qa, value of 7.077+0.008 Mev of 
Sperduto and Buechner” yields for AE(Fe®®-Mn**) a 


® Mark, McClelland, and Goodman, Phys. Rev. 98, 1245 (1955). 

* Mazari, Sperduto, and Buechner, Phys. Rev. 108, 103 (1957). 

* Adyasevich, Groshev, and Demidov, J. Nuclear Energy 3, 258 
(1956). 

26 Quisenberry, Scolman, and Nier, Phys. Rev, 104, 461 (1956). 
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value of 0.215+0.010 Mev. The disagreement of the 
value calculated from the (p,m) threshold of this report 
with the other values which are in agreement with each 
other suggests that the neutron threshold value is too 
high; however, it should be noted that there was a 
considerable spread in the individual measured values 
of Q., and that an error in either mass spectrometer 
measurement would equally affect the AE(Fe®-Mn**) 
value calculated from Q,,, and from Qa, p. 


Zn"°(p,n)Ga?° 


Figure 4 shows the results for the Zn”(p,n)Ga” 
reaction, the solid curve representing the fast-counter 
yield, and the open circles the ratio curve. Only the 
rise for the ground-state threshold is considered to be 
sufficiently pronounced to permit the definite assign- 
ment of a threshold. The other two slight rises are con- 
sidered to be anomalies. The first of these may be due 
to the ground-state threshold of the Zn*(p,n)Ga® 
reaction, since the initial break in slope appears near 
the expected value for this threshold, which has been 
reported as 1.812+0.005 Mev by Trail and Johnson" 
and 1.805+0.005 Mev by Chapman and Slattery,” and 
since the target used for this experiment contained 
about 4.1% Zn? compared to 48.4% Zn”. The second 
anomaly, which shows a change in slope at a bombard- 
ing energy of about 1.96 Mev, could be an excited-state 
threshold from the Zn”(p,n)Ga” reaction ; however, the 
anomaly observed in the present experiment is neither 
strong enough nor sharp enough to make a definite 
assignment. It is unlikely that this anomaly is due to 
an excited-state threshold from the Zn*’(p,n)Ga®™ reac- 
tion, since Chapman and Slattery report no evidence 
for excited-state thresholds below a bombarding energy 
of 2.167 Mev. The region of excitation studied in Ga” 
in the present experiment was from zero to 0.53 Mev, 
corresponding to the bombarding energy range from 
the ground-state threshold to 2.10 Mev. No previous 
information is available concerning excited states of 
Ga”, 

The ground-state threshold for the Zn(p,n)Ga” 
reaction was determined to be 1.457+0.002 Mev. The 
only previous measurement of this threshold was 
reported by Trail and Johnson,” who obtained the 


TABLE I. Summary of precise energy determinations for neutron 
thresholds observed in the present experiment. 


Energy of 
residual 

Q value state 

(Mev) (kev) 
— 1.534+0.002 0 
— 1.016+0.002 0 
— 1.429+0.003 414+3 
— 1.947 +-0.002 93142 
— 1.436+0.002 
— 1.647+0.002 
— 1.934+0.002 


Proton energy 
Reaction (Mev), 


V5\(p,n)Cr® 1.564+0.002 
Mn**5(p,n)Fe® 1.034+0.002 
1.455+0.003 
1.982+-0.002 
1.457+0.002 
1.669-+0.002 
1.960+0.002 





Zn” (p,n)Ga” 
As’5(p,n)Se7® 











NEUTRON 


value of 1.47+0.03 Mev, in good agreement with the 
present result. 

In the mass region above zinc there presently exists 
a paucity of precise reaction Q values and mass spec- 
trometer doublet measurements. Since Ga” is not 
known to decay by electron capture to Zn”, but only 
by 8” emission to Ge”, a direct comparison of the (p,») 
results with other reactions is not possible, except by 
utilizing the older mass spectrometer data of Collins 
et al.” Their work is in disagreement in many instances 
with the recent and more precise work of Quisenberry 
et al. 

The Ga”-Zn” mass excess difference, AE(Ga”-Zn”), 
may be computed in terms of the Ga®(n,y)Ga” QO value 
of Bartholomew,’ and the mass spectrometer values for 
Ga® by Collins ef al. and Zn” by Quisenberry e/ al. This 
calculation yields a AE(Ga™-Zn™) value of 0.69-+-0.05 
Mev. Another approach is through the Ga7(@-)Ge” 
Q value of Bunker ef a/.?* and the mass spectrometer 
value for Ge” by Collins ef al. This calculation yields a 
AE(Ga”-Zn”) value of 0.40+0.06 Mev. The results for 
Q>,n of the present report yield a AE(Ga™-Zn™) value 
of 0.653+0.003 Mev. Thus, the present results agree 
with those from the (,y) reaction and the masses of 
Ga® and Zn”, but are in serious disagreement with 
those from the B~ decay and the mass of Ge”. This 
discrepancy suggests that an error exists in either the 
mass spectrometer measurement for Ge” or in the 
B--decay measurement. A similar discrepancy has been 
noted by Way ef al.” on the basis of earlier data. 


As*(p,n)Se”® 


The fast-counter yield curve (solid curve) and ratio 
curve (open circles) for the As”(p,7)Se” reaction are 

26 Collins, Johnson, and Nier, Phys. Rev. 94, 398 (1954). 

27G. A. Bartholomew (private communication to D. M. Van 
Patter and W. Whaling, reference 14). 

28 Bunker, Mize, and Starner, Phys. Rev. 105, 227 (1957). 

29 Nuclear Level Schemes, A=40—A=92, compiled by Way, 
King, McGinnis, and van Lieshout, Atomic Energy Commission 
Report TID-5300 (U. S. Government Printing Office, Washington, 
D. C., 1955), p. 107. 


THRESHOLDS 





nm w > 
FAST NEUTRON COUNTS/# COUL 


4 


= 
1700 


4 








rs 





Q 
2100 


L 
2000 


1 1 
i800 1900 
PROTON ENERGY (KEV) 


Fic. 5. Excitation function for the As75(p,n)Se”® reaction. The 
solid curve represents the fast-counter yield (not corrected for the 
energy response of the counter), and the open circles indicate the 
ratio function. The ground-state threshold appears at 1669 kev 
and an excited-state threshold at 1960 kev. 


shown in Fig. 5. For this curve the target was about 
7 kev thick to 1.5-Mev incident protons. In addition 
to the ground-state threshold, a single strong threshold 
is observed at a bombarding energy of 1.960+0.002 
Mev, which corresponds to an excited state of Se” at 
0.287+0.002 Mev. Previous to the present experiment, 
no excited states had been observed in Se”®. 

The ground-state threshold was determined to be 

1.669+0.002 Mev. The only other measurement of this 
threshold is that of Trail and Johnson" who report 
1.674+0.005 Mev, in good agreement with the present 
value. ; 
The electron capture decay of Se” does not proceed 
directly to the ground state of As” and thus no Q, 
value is available for comparison with the (p,m) result. 
Likewise, no reaction data have been reported to link 
Se” with other nuclides to allow comparison with the 
results of the present experiment. 

In Table I are summarized the results of the precise 
energy determinations for all thresholds observed in 
the four nuclides studied in the present experiment. 





PHYSICAL REVIEW VOLUME 113, NUMBER 1 JANUARY 1, 1959 


Revised Weizsicker Semiempirical Formula for Diffuse Nuclear Surfaces* 


Wiiuram D. Gunter, JR., AND Ropert A. Husss 
Stanford University, Stanford, California 
(Received September 15, 1958) 


An attempt is made to modify the Weizsicker semiempirical mass formula to include effects of the diffuse 
nuclear surface indicated by recent electron scattering experiments. Volume and surface effects are combined 
by integrating over an assumed trapezoidal density function similar to that found experimentally. Good 
fits to the experimental nuclear masses are achieved with ro (a radius parameter) and e (half the surface 
depth) equal to 1.081 10 cm and 1.202 10—" cm, respectively. These are in reasonably good agreement 
with the experimental values (1.07+-0.02) X 10- cm and (1.50-+0.20) X 10- cm found by Hahn, Ravenhall, 


and Hofstadter. 


N its original form,' the Weizsicker mass formula 
attempts to reproduce the general trend of nuclear 

masses by assuming a uniform density throughout the 
nucleus and using a spherical drop model to calculate 
the various contributions to the binding energy. Recent 
experiments in electron scattering indicate that the 
nuclear surface is somewhat diffuse.? This study at- 
tempts to demonstrate the possibility of fitting a 
Weizsicker formula to nuclear masses when this 
diffuseness is considered. 

In recent literature on this subject, a reference surface 
was used to calculate the surface energy terms in the 
mass formula.’ In this paper we have attempted to 
replace the volume, surface, and Coulomb energy terms 
by integrals over the nuclear volume assuming a 
trapez..dal distribution of charge and mass density. 
This method differs from previous Weizsicker fits 
mainly in that it allows a single expression for both the 
volume and surface contributions to the binding energy. 

The parameters used in describing the trapezoidal 
model are defined below and shown in Fig. 1. The 
parameter c is the radius to the point where the nuclear 
density drops to half of its original value. The parameter 


1 
+—— C=r,A3 


ra 




















f ——+. 


Fic. 1. Trapezoidal density showing meaning of 
parameters €, C, po, and fo. 


* Supported by the joint program of the Office of Naval Re- 
search, the U. S. Atomic Energy Commission, and the Air Force 
Office of Scientific Research. 

1C. F. von Weizsicker, Z. Physik 96, 431 (1935). 

Hahn, Ravenhall, and Hofstadter, Phys. Rev. 101, 
(1956). 

3A. G. S. Cameron, Chalk River Project Report CRP-690 
(unpublished). 
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€ is one-half the distance between the point where the 
density starts to drop off and the point where it is zero. 

Since internucleon forces drop off rapidly with 
distance, one may say with plausibility, though without 
certainty, that the energy due to these forces should be 
proportional to p*.* Of course this cannot be completely 
correct since otherwise there would be no saturation 
effect. Nevertheless, this type of dependence has been 
used before and permits simple calculations. Hence we 
postulate that the total volume energy including surface 
energy is proportional to an integral 


cte—r 
fo ed V =f po" Herre fs (— ") sera 


=4apele—cet+ce—&/5], 
where 
for O<r<c—e, 
c—e<r<cte, 
r>c+e. 


p=po 
p=po(cte—r)/2e for 

p=0 for 

The calculation of the Coulomb energy is more 
straightforward but slightly more difficult. For a 
spherically symmetric charge distribution with density 
p(r’), it is easily verified that the potential at any field 


point 7’ is 
o 4 a 
<r f 4ar’p(r)dr, 
a r”? 0 


whereas the electrostatic energy is 


g(r’)= 


“ad cte 
f olr’)p(r)dV =3 f olr’)o(r")4nr"tdr’ 
0 0 


By an integration over the nuclear volume, this 


yields the result 


82 po*{ 2 1 é 
— “ 54 362 hie Ce ec — 
3 3 5 15 105} 


*W. A. Fowler (unpublished notes on Nuclear Physics, Cali- 
fornia Institute of Technology). 
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REVISED 


An obvious constraint on the values of po for both 
the electrostatic and mass densities is 


ete cte 
4rr’p,(r)dr=Ze, 4rrpu(r)dr=A. 


0 
These yield 
3Ze 3A 


P0e= ’ 
4 (c8+-ce’) 
927 e 


2— 2. 


Pe = ae 
16n°c8(1+ e/c?)? 


aS ’ 
dn (-+ce’) 
9A? 
16m2c8(1-+e/c2)? 





An additional exchange correction term of the form 
Z(Z—1)(1—0.767/Z') was inserted in the foregoing in 
place of Z? as suggested by Cooper and Henley.°® 

Thus the complete functional form of the revised 
Weizsiicker formula which we shall use is 


M-—A ZMu+(A—Z)M,—A 
A ott ay 


dy € * tyey* 
I-01 

re Cc Cc 5 Cc 

a. 3Z(Z—1)(1—0.767Z-Hep Srey? 
per aecenn 

ro 5(1+e/c*)?A! 6 


tsey*® trey? 1 sey* A-2Z\? 56 
+5(£)+(-) -s(¢) }+-(—) #5 
2X\c 6\¢ 42\c¢ A A 
where @,, da, and a, are constants which represent the 
relative strength of the Coulomb, asymmetry, and 
volume-surface contributions to the packing fraction 
of a given nucleus. Henceforth this expression will be 
referred to as the “f” function. 

In this “f” function, we have assumed that the basic 
nuclear half-maximum radius c goes as the cube root of 
the mass number (c=roA!), and that the width of the 
diffuse surface 2¢ is considered to be a constant with 
respect to changes in nuclear mass number as indicated 
by Hahn, Ravenhall, and Hofstadter? Furthermore, 
we have assumed that the factor of proportionality ro 
is the same for both the mass and electromagnetic size 
of the nucleus. 

If we consider only odd-A nuclei, the pairing energy 








c 


TABLE I. Af= fesic— fexp (in units of 10-4 amu). 


1.103 1.121 1.130 1.159 


1.094 1.112 





0.132 
0.124 
0.053 
0.102 
0.106 


0.0522 0.0572 


0.153 
0.005 
0.080 
0.052 
0.150 


0.147 
0.035 
0.076 
0.065 
0.137 


0.144 
0.063 
0.069 
0.076 
0.125 
0.0550 0.0509 


0.0776 0.0516 











5 L. N. Cooper and E. M. Henley, Phys. Rev. 92, 801 (1953). 
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Fic. 2. Least-squares fit of the parameter ¢/ro 
[2 (Af) in units of 10 s(amu)*), 


coefficient 6 may be eliminated, and thus the “f’ 
function contains only three unknowns—a,, @,, and da. 
The packing fraction function was thus fitted to the 
masses of three separate nuclei which were picked to be 
representative of the range in which the formula was 
expected to be valid. These were Cl*’, Mo”, and U™*, 

The main problem in accomplishing a fit is, of course, 
to solve three equations in three unknowns (a,, da, and 
a,) such that for particular values of the parameters ¢ 
and ro the ‘‘f” function passes through the points listed 
(Cl7, Mo”, U*®). For ease of calculation, it was noticed 
that except for the terms a,/ro and a,/ro°, “f” is a 
function of the ratio ¢/c or essentially of the ratio €/7ro. 
Thus we lumped a,/ro and a,/(ro)* into new constants 
which would be determined when we fit the function to 
the three listed nuclei for a particular value of the 
ratio €/To. 

To determine the best fit, we defined a function Af 
to be the difference between the predicted value of / 
and the actual value observed for a particular nucleus. 
The value of Af was calculated for different nuclei as a 
function of the ratio €/ro for different fits. The best fit 
was considered to be the particular ratio which gave a 
minimum to the sum of the squares of Af. The values 
of X(Af)* are given for the five representative nuclei 
used in this calculation in Table I and are also plotted 
in Fig. 2. As indicated on the graph, a best fit seems to 
occur for the ratio €/ro-= 1.111. 

To find the actual values of ¢ and ro for a particular 
fit, we noticed that if a, is given some prescribed value, 
then from the value of a./ro determined from that fit 
we may determine the value of ro. Since the expression 
for Coulomb energy in the “‘f” function is an essentially 
classical calculation for the assumed charge distribution, 
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Fic. 3. The family of fits for various values of €/ro, showing the effect of various values of a, and 
including the line of best fit and the point of best fit. 


a reasonable value of a, should be nearly unity. This is 
in agreement with many previous Weizsicker fits which 
have essentially classical Coulomb energy terms.® 
Figure 3 shows the actual values of € and ro which 
occur for differing ratios of €/ro and differing values of 
a, near unity. The line of best fit is indicated on this 
graph. This is a line of €/ro=1.111 and, as shown on 
the graph, the actual values of the parameters are 
somewhat sensitive to changes in the assumed value of 
a,. Assuming that a, equals unity, the best fit occurs for 


rp=1.08110-" cm, €=1.202K10-" cm. 


In comparison, the values obtained by scattering 


experiments (reference 1) are 


ro=1.0740.02K10-" cm, €=1.5+0.20X 10 cm. 


In Figs. 4 and 5, the “‘f” function is plotted for the 
value of €/ro which gives the best fit and two extreme 
values on either side of the best fit. Also included are 


©R. D. Evans, The Atomic Nucleus (McGraw-Hill Book Com- 
pany, Inc., New York, 1955). 


experimental points as given by Wapstra and Huizenga.’ 
As is evident, our best fit follows the trend of experi- 
mental points better than either of the two extreme 
cases, although all three lie very close together. 

We do not try to be too definite in giving probable 
error to the values of € and ro since we required that all 
our solutions pass through the three listed points. 
Even though we have found the best fit subject to this 
constraint, it is possible that better fits might be 
obtained with solutions which do not pass through 
these particular points. Furthermore, as shown in Fig. 
3, our best fit is sensitive to changes in a,. A complete 
analysis of the data using our model might indicate a 
better fit at an a, not exactly unity. This might give 
somewhat different results for the values of the nuclear 
parameters. Finally, it is obvious that the volume 
energy of the nucleus cannot be exactly dependent on 
p’ because of saturation. Taking this effect into account 


7A. H. Wapstra, Physica 21, 367 and 385 (1955); J. R. Hui- 
zenga, Physica 21, 410 (1955). 
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would be very difficult, but as above, it might lead to — scattering data on the diffuse nuclear surface (reference 
a different set of parameter values for the best fit. 1). We have, however, not attempted a complete and 
We have attempted in this paper to show phenomen- detailed analysis of the trapezoidal model. 
logically that good fits can be obtained with a trape- 
zoidal nuclear model using a single expression for 
volume and surface-energy contributions. Furthermore We wish to thank Dr. Hofstadter for suggesting this 
we have attempted to show that a reasonable fit can study and for many valuable discussions as the work 
occur at the values of ¢ and ro which agree with electron _ progressed. 
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(n,y) Cross Sections of Na*’, I’, and Au!*’t 


S. J. Bame, Jr., AND R. L. Cusitt 
Los Alamos Scientific Laboratory, University of California, Los Alamos, New Mexico 
(Received August 15, 1958) 


The cross sections for the Na®(n,7) Na™ and the I'27(n,y)I'*8 reactions have been measured by an activation 
method over the neutron energy range 20 kev to 1 Mev. The neutron flux was measured with a fission de- 
tector which contained a thin layer of known weight of U***. The Na® cross-section variation with energy 
shows incompletely resolved resonance structure; an average curve through the data decreases as 1/9, from 
2.4 mb at 20 kev to 0.6 mb at 300 kev, and as 1/E, from 0.6 mb at 300 kev to 0.2 mb at 1 Mev. The [!? 
cross section can be represented approximately by a straight line on a log-log plot, decreasing from 1.0 barn 
at 30 kev to 80 mb at 1 Mev. The Au'?(n,y)Au! cross section, measured at a neutron energy of 180 kev, 


is 310+20 mb. 


INTRODUCTION 


EUTRON capture cross sections in the kev to 
1-Mev energy range are of considerable im- 
portance to cosmological theories of element formation! 
and to nuclear reaction theory.? In addition, the growing 
interest in intermediate and fast reactors has increased 
the need for capture cross-section measurements in this 
energy range. This increasing interest has led to a 
number of recent experiments*® and to the development 
of a universal method‘ of measuring capture cross 
sections. 

When a neutron is captured by a nucleus, the event 
causes three effects which may make possible the 
detection of the capture: a neutron is lost; a different 
nucleus is formed which may be either radioactive or 
stable; and prompt gamma radiation is released. The 
classical method of measuring a capture cross section, 
which is used in this experiment, relies on the detection 
of the radioactivity which is sometimes induced in a 
sample by neutrons. Detection of the prompt gamma 
radiation associated with capture makes possible the 
universal method‘ which does not depend on the for- 
mation of a radioactive nuclide. Using this method, 
Diven, Hemmendinger, and Terrell have begun a 
systematic program of measuring capture cross sections. 
Because there have been a number of serious disagree- 
ments in cross-section values obtained by the older 
method of induced radioactivity,® it seemed appropriate 
to try to resolve some of the discrepancies, in preparation 
for the results of the systematic studies. 


t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

'‘ Burbidge, Burbidge, Fowler, and Hoyle, Revs. Modern Phys. 
29, 547 (1957). 

* Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 

§ Macklin, Lazar, and Lyon, Phys. Rev. 107, 504 (1957); Booth, 
Ball, and MacGregor, Bull. Am. Phys. Soc. Ser. II, 2, 268 (1957); 
and Johnsrud, Gilbert, and Barschall, Bull. Am. Phys. Soc. Ser. 
II, 3, 165 (1958). 

‘Diven, Terrell, and Hemmendinger, Phys. Rev. 109, 144 
(1958), and private communications. 

® For references and comparisons, see D. J. Hughes and R. B. 
Schwartz, Neutron Cross Sections, Brookhaven National Labo- 
ratory Report BNL-325, (Superintendent of Documents, U. S. 
Government Printing Office, Washington, D. C., 1958), second 
edition. 


Iodine, gold, and sodium are three elements which are 
particularly well suited for the activation technique, 
because they are monoisotopic, the decay schemes of 
the resulting nuclides are well known, and the half-lives 
are of convenient length. The capture cross sections of 
I? and Au’ have been used as secondary standards in 
some experiments.’ Because sodium is used as a coolant 
in some nuclear reactors, its cross section is of interest. 
Consequently, the capture cross sections of these 
nuclides have been remeasured by the method of 
induced radioactivity. 


EXPERIMENTAL 


The Na* activity was induced by exposing 2-cm 
diameter by 1-cm thick NalI(TI) crystals to neutron 
sources. In the same way the I'*8 activity was produced 
in 2-cm diameter by 3-cm thick crystals. The crystals 
served both the functions of samples and nearly 100% 
efficient detectors, in the manner described by Martin 
and Taschek.* The Aw activity was produced in a 
0.750-inch diameter by 0.010-inch thick gold disk. 

The neutrons were produced by the Li’(p,7)Be? and 
the T(p,n)He® reactions, initiated by a proton beam 
from a Van de Graaff accelerator. For neutron energies 
above 130 kev, the cylindrical crystals, covered with a 
thin sheet of rubber, were exposed at 0° to the source, 
because at this angle the minimum energy spread for a 
given neutron yield is obtained. For lower neutron 
energies, the crystals were exposed at backward angles 
to the source. 

The neutron flux to which a sample was exposed was 
measured with a flat response long counter which had 
been previously calibrated with a thin-walled U™* 
fission detector placed in the position at which the 
samples were to be exposed. The fission detector, 
operated as a parallel plate ionization counter, con- 
tained a disk on which was deposited a uniform, thin 
layer of U.O;. The weight of U** in this layer was 
determined very precisely by Diven’ in an experiment 
performed to measure the fission cross section of U™. 

6H. C. Martin, Jr., and R. F. Taschek, Phys. Rev. 89, 1302 


(1953). 
7B. C. Diven, Phys. Rev. 105, 1350 (1957). 
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The number of fission counts in the detector was 
related to the neutron yield from the target through 
the fission cross section.’ The greatest uncertainty in 
the experiment lies in the uncertainty of the fission 
cross section which is estimated to have an uncertainty 
of +5% above 150 kev, +8% between 60 and 150 kev, 
and +15% below 60 kev. 

The activities produced in the crystals were counted 
by placing the crystals in a mineral oil well on top of a 
photomultiplier tube. Excellent discrimination was 
obtained between the Na*™ activity which has a 15-hour 
half-life? and the I'8 activity which has a 25-minute 
half-life.'"° The sodium activations were generally one 
hour long, with an interval of six to eight hours before 
counting the activity. The iodine activity was produced 
in three-minute irradiations, and then the activity was 
immediately counted for five minutes. Both activities 
were followed through several half-lives in a few cases 
to make sure that a negligible number of contamination 
counts were being recorded. The pulse-height distri- 
butions of the two activities were obtained after very 
intense irradiations of two crystals. The distributions 
had the appearance expected from the decay schemes®:!” 
and are shown in Fig. 1. 

I'?5 decays to Xe'* by emitting 8 particles in about 
94% of the disintegrations. The other 6% of disinte- 
grations results in the formation of Te!?* by electron 
capture. Figure 1 shows that the 26-kev Te!’® K x-ray, 
which should be counted with almost 100% efficiency, 
was detected. The pulse-height distribution was ob- 
tained down to a pulse-height equivalent to an energy 
of 10 kev, at which point the photomultiplier tube noise 
set in. It was assumed that the distribution extrapolated 
smoothly into zero pulse height below 10 kev, and the 
integrated number of counts in the pulse-height dis- 
tribution was taken to be the total number of I'** 
disintegrations in the counting period. Standard radio- 
active decay theory was used to relate the number of 
disintegrations back to the original number of I'*8 atoms 
formed in the sample. 

In a similar fashion, Na* decays to Mg* by emitting 
8 particles in 100% of the disintegrations, followed by 
two gamma rays. As in the case of counting the I'*8 
activity, the pulse-height spectrum was obtained down 
to an equivalent 10 kev, and extrapolated smoothly to 
zero pulse height. 

A single gold activation was made by attaching the 
sample to the thin hemispherical cap of the fission 
detector which faced the neutron source. The irradiation 
was carried out at 0° from the source; fission counts 
were recorded simultaneously. The 2.7-day Au!%* 

’ Fission cross sections were taken from a recent compilation 
by W. D. Allen and R. H. Henkel which appears in Progress in 
Nuclear Energy (Pergamon Press, Ltd., London, 1958), Ser. I, 
Vol. II, p. 31. 

9P. M. Endt and C. M. Braams, Revs. Modern Phys. 29, 683 
(1957). 

10 Bencser, Farrelly, Koerts, and Wu, Phys. Rev. 101, 1027 
(1956). 
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Fic. 1. (a) Pulse-height distribution of I'°8 activity in a NaI (TI) 
crystal. 94% of the disintegrations result in beta emission, with 
a beta end-point energy of 2.1 Mev. In 6% of the disintegrations 
electron capture in I!*8 leads to Te!*® resulting in the sharp x-ray 
line observed at low pulse heights. (b) Pulse-height distribution 
of Na*™ activity in a NaI(T]) crystal. Approximately 100% of the 
disintegrations lead to emission of beta-particles with an end point 
energy of 1.4 Mev. Gamma rays with higher energies result in the 
long tail on the high-energy side of the beta spectrum. 


activity was detected in a very carefully calibrated 
Nal(TI) scintillation counter gamma-ray detector." 
The original number of Au'** atoms formed in the 
sample was determined with a standard error of +3%. 

The experimental room in which the irradiations 
were made is about 20 feet above the ground, and is 
surrounded by a sheet metal building, so the background 
of thermal neutrons should have been relatively low. 
A number of experimental checks confirmed that this 
background was negligibly low. There was no ob- 
servable difference in the activities induced in samples 
wrapped in cadmium sheet and in uncovered samples. 
Checks were also carried out by counting first with the 
fission detector bare and then with the counter covered 
with thin cadmium sheet; there was no difference 
within counting statistics. 

In order to determine the effect of neutron scattering 
in the crystal samples, cross sections for I'?7(n,y)I'** 
were measured with both 3- and 1-cm thick crystals. 
No difference was observed in the two cross sections. 
This is the expected result, since the calculated influence 
of scattering is approximately the same for both crystal 
sizes. The effect of neutron scattering in a sample is to 


1 C, H. Reed and D. R. F. Cochran (to be published). 
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Fic. 2. Na*(n,7)Na™ cross-section curve. The triangles at the 
top of the graph represent the neutron energy spread of the points. 
The vertical lines at the bottom represent the neutron energies 
at which resonances are known to occur in the total cross section.® 


increase the average path length; corrections of about 
3% have been made to the data for scattering. 

Various other errors in the experiment were con- 
sidered and corrections made. These errors include 
scattering of neutrons by the samples into or out of the 
neutron detectors used in the experiment, scattering of 
neutrons by the wall of the fission detector, finite length 
of the neutron source in the case of the T(p,z)He’® gas 
targets, and the finite size of the sample. Exact cor- 
rections were possible for some of these effects. In others, 
an exact determination was not possible; approximate 
corrections were made, introducing errors of a few 
percent. Standard compounding of the various errors 
in the experiment yielded a standard deviation of 
+18% for (n,y) cross sections below 60 kev, +12% 
for cross sections between 60 and 150 kev, and +8% 
for cross sections above 150 kev. 


RESULTS 


The Na™(n,y)Na*™ reaction cross section as a function 
of energy is shown in Fig. 2. An average curve through 
the points, ignoring the peaks and valleys, decreases 
as the reciprocal of neutron velocity at low energies, 


changing to a 1/E, dependence at higher energies. . 


There is an obvious resonance type structure in the 
curve, but the poor energy resolution makes impossible 
more than a rough comparison between the known 
resonances in the total cross section® of Na* and the 
peaks in the excitation curve. It seems probable that 
there may be one or more levels in Na™, not detected 
in the total cross section work, which are excited when 
Na”™ captures neutrons with energies of about 35 and 


AND ' SR. 0. CUBHT 

110 kev. The cross sections of this experiment are in 
reasonable agreement with previous results in the 
200-kev to 1-Mev energy range.® The low-energy result 
can be compared with the 1+0.2 mb at 24-kev cross 
section of Macklin, Lazar, and Lyon* which was 
obtained with an Sb-Be source Considering the 
standard errors of the two experiments and the energy 
resolution of the present result, the agreement between 
the two experiments seems satisfactory. 

The I'*7(n,y)I'8 cross-section curve is shown in Fig. 
3. As would be expected because of the close energy 
level spacing in a medium weight nuclide at the ex- 
citation energy resulting from capture, there is no 
apparent resonance structure in the excitation curve. 
The present results can be compared to the results of a 
number of independent experiments compiled in refer- 
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Fic. 3. I27(n,y)I8 cross-section curve. The neutron energy 
spreads are about 15-25 kev up to 550 kev; above, the spreads 
are about 100 kev. 


ence 5. The agreement with an average curve drawn by 
the compiler is within 10%. A recent measurement by 
Diven, Hemmendinger, and Terrell* at 400 kev agrees 
within experimental errors with the result of this 
experiment. 

The Au? (n,y)Au!® cross section at a neutron energy 
of 180+30 kev is 310+20 mb. This value is in good 
agreement with recent results obtained by Diven et al.,‘ 
as well as the more recent values given in reference 5. 
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Decay of Np” 


R. VANDENBOSCH 
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(Received September 8, 1958) 


The decay of a 16-minute neptunium activity attributed to Np*! has been studied with anthracene and 
sodium iodide scintillation counters. The principal mode of decay appears to be a beta group decaying to the 
ground state of Pu®! with a beta end-point energy of 1.36+0.10 Mev. 


HE 1953 Table of Isotopes! lists Np* as a 
negatron emitter with a 60-minute half-life. 
Later experiments? with a time-of-flight mass separator 
showed that this activity was due to an isomer of Np™®. 
In a preliminary experiment, a sample was collected at 
mass 241 which showed both a 16-minute activity and 
a 3.3-hour activity, although fission product contamina- 
tion was suspected.” However, neither of these activities 
were reported in a later study’ of the spallation products 
from helium ion induced reactions of U***. 

The present work was initiated in the hope of 
clarifying the situation. Uranium foils of 0.001-inch 
thickness were bombarded with helium ions to search 
for Np* which may be produced by the U*%(a,p) 
reaction. After irradiation, the foils were dissolved in 
acid. Neptunium was isolated by a chemical purification 
procedure which included co-precipitation with lantha- 
num fluoride, thenoy! trifluoroacetone (TTA) extrac- 
tions, and ‘anion exchange separations. Less extensive 
purification procedures failed to remove all fission- 
product contaminants. Neptunium samples counted 
with 2x and end-window proportional counters showed 
half-life periods of 16 minutes, 60 minutes, and 2.3 


days. There was no indication of a three-hour activity. 
The neptunium samples were counted for about a 
month and no activities with half-life periods longer 
than 2.3 days were observed. 

Short bombardments of 10 minutes duration with a 
helium ion energy of 32 Mev were performed for the 
study of the 16-minute activity. Under these conditions. 
the number of atoms produced of 16-minute Np™! and 
60-minute Np*’ was approximately equal. A 4-hour 
bombardment with a helium ion energy of 43 Mev was 
performed in a search for a 3.3-hour activity. From 
this experiment it was concluded that an upper limit 
for the cross section for production of the activity is 
approximately 0.2 mb. 

The beta spectra of the short-lived activities were 
examined with a 4-inch thick anthracene crystal. 
Calibration with the 629-kev Ba!’ conversion electrons 
gave a peak width of 14%. The neptunium fraction 
was deposited on 5-mil mica sheets to reduce back- 
scattering. The composite spectrum, observed with a 
multichannel pulse-height analyzer, was divided into 
energy groups, each approximately 100 kev wide. 
Decay curves were resolved into the individual com- 





Fic. 1. Decay curve for 
the 660-750 kev _beta- 
energy group observed with 
the anthracene crystal. The 
lower energy groups had a 
lower ratio of 16-minute 
to the 60-minute activity, 
and the higher energy 
groups had a higher ratio. 
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t Based on work performed under the auspices of the U. S. Atomic Energy Commission. 


1 Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 469 (1953). 
Michel, University of California Radiation 
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Fic. 2. Kurie plot of the beta spectrum of the 16-minute 
component. The channel width was 90 kev 


ponents for each energy group. A decay curve of one of 
the energy groups is shown in Fig. 1. The beta-spectrum 
end point for the 60-minute component was found 
from an average of two experimental determinations to 
be 0.86 Mev, in good agreement with a previous 
determination.' The beta-spectrum end point for the 
16-minute component was determined to be 1.36+0.10 
Mev in the same experiments. A Kurie plot for the 
16-minute component is shown in Fig. 2. Kurie plots 
for beta spectra obtained with anthracene crystals 
usually deviate from a straight line for beta energies 
below one-half the beta end point. The Kurie plot 
obtained for the 16-minute component began to deviate 
slightly earlier than expected, and when resolved, 
indicated a lower-energy group with an end point at 
about 0.9 Mev. The gamma-spectrum was examined 
with a 23-in. by 2}-in. thallium-activated sodium 
iodide crystal. No gamma rays or K x-rays (resulting 
from internal conversion) were observed, which could 
be attributed to the 16-minute activity, although low- 


intensity transitions could have easily been missed in 
the complex spectrum from the decay of the 60-minute 
Np*” and 2.3-day Np’. The 0.9-Mev beta group 
observed in the 16-minute component is probably due 
to incomplete resolution of the 60-minute Np™”. 

The beta-spectrum end point of 1.36 Mev is in good 
agreement with the decay energy of 1.32 Mev predicted 
from closed decay energy cycles‘ for Np*', supporting 
the mass assignment. The logft value calculated 
assuming all the decay goes to the ground state is 5.8, 
indicating an allowed transition. The nuclear spin of 
the daughter Pu™! has been measured® to be $. Np*#! 
might be expected to have the same spin as Np®*7 and 
Np**, as these isotopes all have an unpaired 93rd 
proton. The spin of Np*’ has been measured®’ to be 3. 
The spin of Np*** was first measured*’ to be 3. However, 
a later measurement” indicates a spin of 3, which is 
more consistent with the decay scheme proposed for 
the beta decay of Np." The log/t value of 5.8 for 
Np” is more consistent with a spin of $ than 3 for 
Np*!, although other possibilities exist. 
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The absolute differential cross section for the elastic scattering of 21.6+0.2 Mev deuterons has been 
measured for Mg, Ni, Cu, Zn, Rh, Ag, Pt, and Au. The cross sections were measured for each element with 
a two-degree interval between 10° and 42° and between 45° and 150° with a five-degree (or less) interval. 
The estimated standard deviation ranges from 3% in the forward direction to 6% in the backward direction. 
The deuterons were detected with a double NaI(T1) crystal with an energy resolution of about 2%. In most 
cases the contribution of inelastically scattered deuterons to the cross section is negligible. The ratio of 
measured cross section to Rutherford cross section shows a pronounced diffraction pattern in all cases. 


I. INTRODUCTION 


HE elastic scattering of protons and alpha 
particles by various nuclei has been studied 
over a wide range of energies by a number of investi- 
gators. The elastic scattering of these particles shows 
a strong dependence of scattering angle on cross section. 
While the cross section for 17-Mev protons! usually 
remains of the same order of magnitude as Rutherford 
scattering, the cross section for alpha particles around 
40 Mev shows a much stronger decrease of the cross 
section with increasing angle. There have been rather 
few measurements of the elastic scattering of deuterons. 
Gove? has reported on the elastic scattering of 15.2- 
Mev deuterons by Pb and Bi. The angular distribution 
shows no diffraction pattern. Rees and Sampson* have 
measured the differential cross section for a number of 
heavy elements at 11 Mev. Here again the cross section 
shows no diffraction pattern. Measurements at 24 Mev 
on Be have been reported‘ which show a pronounced 
diffraction pattern. The present experiments cover the 
scattering of 21.6-Mev deuterons by magnesium, nickel, 
copper, zinc, rhodium, silver, platinum, and gold. The 
data were taken from 10° to 150°. An attempt was made 
to obtain accurate differential cross sections, especially 
in the interval between 10° and 75°. 


II. EXPERIMENTAL PROCEDURE 


The deuteron beam of the Argonne 60-inch cyclotron 
has an energy of 21.6 Mev. Its total deflected beam 
usually is about 150 microamperes for the present work. 
The center portion of this beam is focused by means 
of a focusing system designed by Ramler and 
Benaroya.° The focusing system consists of two sets 
of quadrupole magnets, a horizontal and a vertical 
deflection magnet. After it passes through the second 
set of magnets, the beam is brought out of the cyclotron 
rault into the experimental tunnel through a concrete 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 
1T. E. Dayton and G. Schrank, Phys. Rev. 101, 1358 (1956). 
*H. E. Gove, Phys. Rev. 99, 1353 (1955). 
3 J. R. Rees and M. B. Sampson, Phys. Rev. 108, 1289 (1957). 
4R. G. Summers-Gill, Phys. Rev. 109, 1591 (1958). 
5 W. Ramler and R. Benaroya (unpublished). 


wall 7 ft thick. The beam in the tunnel can be readily 
focused into a spot 4 mm in diameter with a beam 
current of 3 microamperes. The floor plan of the cyclo- 
tron area is shown in Fig. 1. 


Scattering Chamber 


This experiment was performed in the Argonne 
60-inch scattering chamber. A detailed description of 
the scattering chamber will be given elsewhere,® 
therefore only its pertinent features will be discussed 
here. The basic design is similar to the one described 
previously.’ The collimator for the incident beam 
consists of two apertures 0.125 in. in diameter and 37 
in. apart and lined with gold and tantalum to reduce 
the neutron production. The center line of this col- 
limator has been adjusted so that it intersects with and 
is perpendicular to the axis of rotation of the scattering 
table. The detection units are mounted on arms which 
are supported by the scattering table and are exactly 
radial. The construction is such that the arms can be 
readily set at any given angle with respect to the table 


to better than 4 minute of arc and that the angular 


position of the detector relative to the beam will not 
change when the detector is moved radially. The table 
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Fic. 1. Floor plan and experimental arrangement. 
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5890 (unpublished). 
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Fic, 2. Schematic drawing showing the beam tube B, the foil 
changer F, and detection unit D on one of the arms. 


is graduated in steps of 0.25 degrees. The error in the 
graduating marks is less than +1 minute of arc. The 
table is rotated by remote control and its angular 
position is read by means of a GPL closed-circuit 


television system. The targets were metallic foils, 
which were held in foil holders screwed onto the disk 
of the foil changer. The foil changer is shown in Fig. 2, 
together with one of the detection units. The foil 
changer can hold 8 targets and it can be rotated by 
remote control. It is possible to have the targets rotate 
with the table or to maintain them at any given angle 
with respect to the beam. In the present experiment the 
foil changer was placed at 45.0°+0.2°. The targets are 
on the axis of rotation of the table to within 0.003 in. 
The distance for the detecting aperture to the scattering 
center is read directly to +0.2 mm. The angle of the 
detecting aperture relative to the beam direction is 
known to 0.03°. 


Current Integration 


The Faraday cup is similar to the one previously 
described.’ It has its own vacuum system and is sepa- 
rated from the scattering chamber by a 0.002-in. Al 
foil. The pressure is usually held at 10-° mm Hg. The 
operating pressure of the scattering chamber is in 
general between 10~' and 10-? mm Hg. The scattering 
chamber is directly connected to the cyclotron, which 
has an operating pressure of less than 8X10-* mm Hg. 
The collector cup is always held at ground potential. 
The current is integrated by means of a current inte- 
grator designed by Brookshier, Ramler, and Benaroya.* 
The collector cup is connected to a vibrating reed 
electrometer. A cycling integrator accepts the output 
of the vibrating reed electrometer and integrates it to 
an accuracy of 0.25%. The input at the integrator is 
kept at ground potential to +1 mv. The over-all 
the electrometer and 
integrator is better than 10-" 
Electrometer and integrator have a combined range of 
10~ to 10~'® amp. 


combination of 
1% down to 


accuracy of 
amp. 


’ Brookshier, Ramler, and Benaroya (unpublished) 


Detection 


The detection system used either a single NaI(T1) 
crystal or a sandwich of two NaI(TI) crystals. In many 
targets the (d,p) reaction produces a great number of 
protons of approximately the same energy as the 
elastically scattered deuterons. The (d,p) spectrum 
shows a very appreciable gross structure’ and therefore 
it is necessary to identify the particles. For part of the 
experiment we made use of the fact that the range of a 
21.6-Mev deuteron is considerably less than that of a 
proton with the same energy. We used a crystal which 
was machined to a uniform thickness somewhat less 
than the range of the 21.6-Mev deuteron.” The pulse 
from the photomultiplier was displayed on the 20- 
channel analyzer. 

The detection unit has three Al disks. Each of these 
disks carries 6 absorbers. The system is arranged so 
that absorbers comprising 0 to 0.150 in. of Al can be 
inserted in steps of 0.001 in. The disks are actuated by 
remote control through solenoids and their positions 
are indicated by an array of microswitches. Absorber 
is inserted until the pulse height of the elastic deuteron 
peak reaches a maximum. About 0.003 in. of additional 
absorber is inserted to make certain that all of the 
elastically scattered deuterons are stopped in the 
crystal. The multiple scattering in the absorber makes 
it desirable to have the crystal quite close to the 
absorber. Whereas the diameter of the defining gold 
aperture was 3.189+0.003 mm, the diameter of the 
crystal used was 1 cm. At the forward angles, where 
the cross section for elastic scattering is high, this 
arrangement is very satisfactory. Of course, for elements 
with low Z the amount of absorber inserted has to be 
reduced gradually as the angle is increased. However, 
when the cross section becomes small the background 
from the very high neutron and gamma flux in the 
experimental area becomes bothersome and difficult 
to subtract. Therefore, it was necessary to use a two- 
crystal detector. If one multiplies dE/dx and E one 
obtains an expression which is approximately pro- 
portional to MZ?, where M is the mass of the particle 
and Z the charge. As the dE/dx detector, we used a 
Nal(Tl) crystal with a uniform thickness between 
0.007 in. and 0.015 in. and as the E detector one with 
a uniform thickness of 0.040 to 0.250 in. To make the 
sandwich, the £ crystal was first glued to a quartz 
plate, machined to its desired thickness, and covered 
with a 0.0004-in. Al foil. Then the dE/dx crystal was 
glued to this Al foil and machined down to the specified 
thickness. In order to preserve the composite crystal 
it was enclosed in a container filled with very dry air. 
The particles enter the container through a window of 
0.00025-in. permalloy. The inside of the box is coated 


® Schiffer, Lee, Yntema, and Zeidman, Phys. Rev. 110, 1216 
(1958). 

© The crystals were prepared by C. Johnson using the instru- 
mentation developed by W. Managan. 
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with alumina in sodium silicate binder, and the RCA 
6199 photomultiplier used for the dE/dx signal looks 
at the crystal obliquely through a quartz window 
seated on an O-ring seal. The resolution for the elasti- 
cally scattered deuterons passing through a 0.010-in. 
dE/dx crystal was about 20%. The photomultiplier for 
the E signal looks at its crystal directly through the 
quartz plate which is used for the vacuum seal. Under 
these conditions the crystal sandwich did not deteriorate 
over a period of several months. The dE/dx and E 
signals are transmitted to the counting area, about 
150 ft away, and after amplification are multiplied in 
a pulse multiplier of the type described by Aschen- 
brenner." The output of this multiplier is not strictly 
proportional to MZ?. Since the dE/dx crystal cannot be 
of infinitesimal thickness, the pulse for the same kind 
of particle decreases with decreasing energy of the 
incident particle. It can be shown that this can be 
corrected if, instead of multiplying AE by FE, one 


2000;-- 


Fic. 3. Pulse mul- 
tiplier spectrum ob- 
tained for Pt at 105°. 
The points are those 
obtained with the 
ungated analyzer. 
The curve has been 
drawn through the 
points (not shown) 
obtained with the 
gated analyzer. 
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multiplies AE by (E+AE+AE).” If one fixes either 
k or X, one can adjust the other one for optimum con- 
ditions. We selected k to be considerably larger than 
unity in order to obtain a sufficiently large output pulse. 
The output pulse of the multiplier was amplified and 
displayed on a newly designed 100-channel pulse-height 
analyzer."* This analyzer uses a magnetic-core memory 
and has a constant dead time of 20 usec. The infor- 
mation is stored in a decimal system and can be printed 
out. The spectrum is continuously displayed on the 
cathode ray tube and marker points permit ready 
identification of channel number. The peak of the 
deuteron distribution on the 100-channel analyzer is 
observed and then various thicknesses of absorber are 
inserted in front of the crystals. Then A is adjusted as 
required until the peak of the deuteron distribution is 

uF, A. Aschenbrenner, Phys. Rev. 98, 657 (1955). 

12 Stokes, Northrop, and Boyer, Rev. Sci. Instr. 29, 61 (1958). 

18 J. P. McMahon (unpublished). 
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Fic. 4. Spectra obtained for Pt and Rh at 62° and for Rh at 140°. 


independent of the energy of the incident deuterons. 
The output of the second pulse multiplier is fed into a 
single-channel differential discriminator. The output of 
the discriminator is used to gate the 100-channel 
analyzer. To insure counting all the particles of the 
desired type, the base line and channel width of the 
single-channel analyzer are adjusted until the entire 
peak of the particle is accepted. A typical pulse- 
multiplier spectrum, obtained for Pt at 105°, is shown 
in Fig. 3 together with the gated distribution. It should 
be noted that, because of the thickness of the dE/dx 
crystal, one would not expect to see anything but 
protons and deuterons. When this adjustment has been 
made, the output of the & crystal is fed into the 100- 
channel analyzer (using the same gating as for Fig. 3) 
and the deuteron spectrum obtained. Typical spectra 
1000/- 


| Mg ot 62° 














—— 
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Fic. 5. Spectrum of Mg at 62°. The levels are the 1.37- and 
4.2-Mev levels in Mg’. The positions of the peaks are in agreement 
to within 100 kv with the calibration of the crystal. 
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TABLE I. Cross sections for Mg. The experimental results have 
been transferred to the center-of-mass system. Angles are in 
degrees and cross sections in mb/sterad. 


66 u (do /dw)e.n 66. (da /dw)e.n 
1.56 
1.07 
0.592 
0.482 
0.497 
0.626 
0.695 
0.798 
0.815 
0.638 
0.469 
0.267 
0.224 
0.220 
0.230 
0.218 
0.178 
0.115 
0.078 
0.078 
0.103 
0.110 
0.110 


69.25 
71.35 
74.40 
76.45 
79.55 
81.60 
84.65 
86.65 
91.70 
94.75 
99.70 
104.65 
109.55 
114.40 
119.25 
124.10 
128.85 
133.60 
138.33 
143.03 
147.70 
152.60 


157.05 


5030 
3240 


10.85 
13.00 
15.22 2094 
17.35 1218 
19.50 755 
21.70 399 
23.83 165.5 
26.00 53.8 
28.13 17.4 
30.25 19.3 
32.40 32.6 
34.53 42.2 
36.65 46.4 
38.80 

40.90 

42.00 

45.15 

48.35 

51.50 

54.65 

57.80 

60.95 

64.10 

66.13 


are shown in Fig. 4. The group to the left of the Rh 
elastic peak is the 2-Mev ‘“‘anomalous” group. In order 
to obtain the energy resolution of the system, it is 
necessary to establish the energy scale. If one assumes 
the response of Nal to be linear with deuteron energy, 
the energy scale of the obtained spectrum will be non- 
linear because of the absorber in front of the £& crystal. 
The thickness of absorber (in mg of Al) can be calcu- 
lated by inserting various amounts of absorber and 
recording the positions of the elastic peak for the 


TABLE II. Cross sections of Ni. The experimental results have 
been transferred to the center-of-mass system. Angles are in 
degrees and cross sections in mb/sterad. 


a (da /dw)e. Bes (da/dw)e.r 
66.75 
68.80 
71.80 
73.85 
76.90 
78.90 
81.90 
83.95 
86.95 


10.33 
12.40 
14.45 
16.53 
18.60 2040 
20.65 1002 
22.73 494 
24.80 285 
26.85 212 
28.90 192 88.95 
31.00 170 91.95 
33.03 137 96.95 
35.10 94.7 101.90 
37.15 71.1 106.90 
40.25 39.0 111.83 
43.40 26.5 116.75 
46.40 23.8 121.70 
49.45 21.8 126.60 
52.53 15.9 131.50 
55.60 8.90 136.40 
58.65 3.83 141.25 
61.70 1.58 146.15 
63.75 1.69 151.00 


24 000 
12 650 
7330 
3740 


0.650 
0.613 
0.437 
0.258 
0.117 
0.090 
0.133 
0.172 
0.174 
0.125 
0.088 
0.0494 
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deuterons. From the range-energy relation one obtains 
the thickness of absorber used and hence the energy 
scale for the 100-channel analyzer. This can be checked 
by observing the inelastic spectrum of Mg as shown 
in Fig. 5. The energy resolution of the system (full- 
width at half-maximum) was usually about 2% of the 
full energy. The fact that some absorber is used im- 
proves the resolution because the straggling effect is 


TaBLE III. Cross sections for Cu and Zn. The experimental 
results have been transferred to the center-of-mass system. Angles 
are in degrees and cross sections in mb/sterad. 


Cu Zn 
66.m (do /dw)e.m (do /dw)e.m 


27 900 
14 730 
8060 
4100 
2190 
1065 
524 
347 


24 540 
13 100 
6670 


10.30 
12.35 
14.45 
16.50 3850 
18.55 2030 
20.60 961 
22.70 470 
24.75 304 
26.80 262 296 
28.85 241 270 
30.90 208 225 
32.95 167 173 
35.00 121 127 
37.05 78.5 79. 
40.12 40.9 41. 
43.20 21.2 25. 
46.27 22.6 21. 
18.2 17. 
11.7 1. 
6.08 6.71 
3.51 3.85 
3.39 3.64 
4.40 4.07 
5.24 4.97 
5.19 4.90 
4.73 4.12 
3.56 3.02 
2.12 1.76 
0.696 
0.365 
0.370 
0.493 
0.650 
0.760 
0.754 
0.392 
0.204 
0.0971 
0.146 
0.167 
0.179 
0.136 
0.112 
0.0613 
0.0451 
0.0431 


Doh Urb 


66.60 
68.65 
71.70 
73.70 
76.70 
78.75 1.3 
81.75 0.513 
83.78 0.406 
86.80 0.463 
88.80 0.635 
91.80 0.826 
96.80 0.892 
101.75 0.583 
106.75 0.330 
111.70 0.142 
116.65 0.158 
121.55 0.181 
126.50 0.220 
131.40 0.193 
136.30 0.165 
141.15 0.0994 
146.05 0.0742 
150.90 0.0596 


smaller than the contribution of the curvature of the 
range-energy curve. It might be possible to improve 
the resolution somewhat by inserting absorber in front 
of the detection unit. However, since the EF crystal is 
about 1.5 in. away from the disks, the scattering in the 
foils would require a correction which we wished to 
avoid. In the experiments with only one crystal, the 
crystal was immediately behind the absorber and no 
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measurable decrease in intensity resulted from the 
small amount (less than 100 mg/cm?) of absorber used. 

The angle subtended by the defining aperture varied 
from about 0.5° to 0.9°. No correction for the finite 
geometry or for multiple scattering in the scattering 
foil have been applied to the data. Neither of these 
corrections should amount to more than about 1.5%. 
There was no evidence for any appreciable low-energy 
component in the beam nor for a measurable contri- 
bution from slit edge penetration in the detecting 
aperture. 


Beam Energy 


The beam energy of the 60-in. cyclotron can be 
varied somewhat as a function of the operating pa- 
rameters of the cyclotron. The cyclotron group has 


TaBLE IV. Cross sections for Rh and Ag. The experimental 
results have been transferred to the center-of-mass system. Angles 
are in degrees and cross sections in mb/sterad. 


Rh Ag 


Be.m (da/dw)c.m (da/dw)e.m 

86 800 

47 900 

23 800 

12 600 
7030 
3790 
2230 


65 600 
39 500 
21 100 
10 900 
6170 
3400 


10.20 
12.25 
14.30 
16.30 
18.35 
20.40 
22.40 1950 
24.45 1350 1484 
26.50 976 1032 
30.55 495 538 
32.60 332 343 
34.63 221 236 
36.65 133 146 
38.70 93. 106 
40.70 Vhs 90.2 
42.75 72. 83.6 
44.80 67. 78.3 
45.80 63. 72.0 
48.80 53. 55.0 
51.85 33.5 34.0 
54.90 19.9 19.2 
57.93 11.9 7 
60.95 8.09 8.48 
63.00 7.49 8.18 
66.00 6.64 8.35 
68.00 6.18 7.67 
71.05 5.49 6.28 
73.05 5.06 5.39 
76.05 3.94 4.22 
78.08 3.50 3.48 
81.10 2.46 2.18 
83.10 2.07 1.91 
86.10 1.34 1.28 
88.10* 1.29 1.33 
91.10 1.08 1.22 
96.10 0.844 0.981 
101.10 0.730 0.767 
106.05 0.586 0.612 
111.05 0.471 0.444 
116.00 0.358 0.376 
120.95 0.245 0.287 
125.90 0.236 0.267 
130.85 0.272 0.271 
135.80 0.218 0.192 
140.70 0.124 0.130 
145.65 0.104 0.103 
150.55 0.096 0.103 
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TABLE V. Cross section for Pt and Au. The experimental results 
have been transferred to the center-of-mass system. Angles are in 
degrees and cross sections in mb/sterad. 


Pt 
Be.m (do dw)e m 
12.10 
14.15 
16.15 
18.20 
20.20 
22.20 
24.25 
26.25 
28.30 
30.30 
32.30 1570 1648 
34.33 1140 1183 
36.34 785 826 
38.35 582 612 
40.40 450 467 
42.40 363 377 
44.40 291 
46.43 230 
185 


Au 

(da/dw)o.m 
155 300 
83 600 
48 400 
32 000 
18 700 
11 300 
7440 
5030 
3500 
2370 


143 000 
79 700 
47 400 
30 600 
17 700 
10 450 

7220 
4850 
3080 
2210 


oo 
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= 
Co 00 
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95. 


100. 


a) 
ow 


115.55 
120.50 
125.50 
130.45 
135.42 
140.40 
145.35 
150.30 


0.96 

0.775 
0.602 
0.521 
0.411 
0.408 


0.314 0.363 


made an extensive study of the influence of these 
parameters on the energy of the extracted beam and 
the mean energy is thought to be well represented by 
21.640.2 Mev. The energy width of the beam is 
estimated at less than 200 kev full-width at half- 
maximum. 


Targets 


The target materials chosen are commercially 
available as foil. They were chosen to cover the range 
from low to high Z and to permit the comparison of 
distributions from neighboring elements. The obser- 
vation of the angular distribution of the inelastic 
spectrum shows that there is no appreciable contri- 
bution from materials with low Z (C, N, O). In the 
case of Rh, Ag, Pt, and Au there are a number of levels 
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Fic. 6. The ratio of measured differential cross section and 
calculated Coulomb cross section for Mg. 
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Fic. 7. The ratio of measured differential cross section to 
Coulomb cross section for Ni, Cu, and Zn. Where Ni is shown only 
Cu and Zn points fall on the Ni line. Where Zn is shown together 
with Ni, the Cu points fall on the Zn line. 


below 0.6 Mev which, in the present experiment, are 
not separated from the elastic peak. From the inelastic 
spectrum of Au and Pt it seems unlikely that these 
levels contribute appreciably to the elastic peak. 
However, in the case of Rh and Ag, the contribution 
could be quite appreciable, especially in the backward 
direction. The line shape of the elastic peak usually 
does not show any great broadening caused by the 
levels in the neighborhood of 0.5 Mev in Ag and Rh. 
The targets were punched out of the foil and measured 
comparator. The target thickness was then 
determined by weighing on a microbalance. The 
diameter of the targets was 33.49+0.03 mm. Since 
the spot where the beam strikes the target was about 
3.3 mm in diameter, neglecting the cos 45° correction, 
computation of the thickness involves the assumption 
that the targets are uniform in thickness. Targets 
punched in different sections of the foil show an 
appreciable variation in thickness. However, the cross 
sections obtained from foils which showed differences 


on a 
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up to 12% were in good agreement with each other. 
From this it is deduced that the thicknesses of the foils 
used varied smoothly. 


Results 


The results are tabulated in Tables I to V. The 
angles are measured in the center-of-mass system. The 
cross sections o are given in millibarns/steradian in 
the c.m. system. The Coulomb cross section o, has been 
calculated for the c.m. angle with the classical formula. 
The ratio R is shown in Figs. 6 to 9. The standard 
deviation of the number of counts taken was 1% or 
less between 10° and 45°, less than 2% between 45° 
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Fic. 8. The ratio of measured differential cross section to 


Coulomb cross section for Ag and Rh. The line is drawn through 
the points for Ag. The points shown are those obtained for Rh. 
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_ Fic. 9. The ratio of measured differential cross section to 
Coulomb cross section for Au and Pt. The line has been drawn 


through the points obtained for Au. The experimental points 
shown are those obtained for Pt. 
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and 75° and between 2% and 4% for the remainder. 
No corrections have been made for background counts, 
finite geometry, multiple scattering, and low-lying 
levels. The over-all uncertainty due to current inte- 
gration, target thickness, and geometry is estimated 
at +2%. 

The data show a definite structure for all of the 
elements investigated. There is practically no difference 
between the results obtained for Pt and Au. The data 
for Ag and Rh are also very similar. The angular 
distributions for Cu, Ni, and Zn are very similar. 
Beyond 150° the ratio R increases for all three elements. 
The spacing of the maxima is appreciably greater for 
Ni than for Cu and Zn. The same effect has been 
observed by Dayton and Schrank! for 17-Mev protons. 
The great difference in cross sections between Cu and 
Ni at backward angles observed in the experiments!’ 
with 17.5-Mev and 7.5-Mev protons does not appear 
in the present data. The cross section for Zn at backward 
angles is smaller than that for Cu for 21.6-Mev deu- 
terons as well as for 17.5-Mev protons. Therefore, it 


“W. F. Waldorf and N. S. Wall, Phys. Rev. 107, 1602 (1957). 
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seems doubtful that the larger cross section of Ni can 
be explained in terms of a large contribution of com- 
pound elastic scattering for nuclei with even Z. At 
small angles the ratio R decreases with decreasing Z. 

French and Goldberger'® have calculated the effect 
of the internal structure of the deuteron on the elastic 
scattering cross section. They predict a steady decrease 
of the ratio R as one moves to larger angles. From their 
numerical calculation for Al at 140° at an incident 
energy of 14.5 Mev one might conclude that the effect 
is small. It is well known that the deuteron may 
disintegrate in the Coulomb field of the nucleus. The 
experimental upper limit for the cross section of 
disintegration of the deuteron by the nuclear Coulomb 
field in the case of Au at 21.6 Mev is 400 millibarns. 
The total observed deviation in this experiment from 
Rutherford scattering is several times larger. Therefore, 
the disintegration by the Coulomb field does not seem 
to be the major factor in the observed exponential 
decrease of R. 


16 J. B. French and M. L. Goldberger, Phys. Rev. 87, 899 
(1952). 
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The gamma-ray threshold technique has been applied to the O'*(d,ny)F’ reaction in the range of deuteron 
bombarding energies from 1.55 to 3.36 Mev. Four gamma-ray thresholds have been observed: 1.85+0.05, 
2.15+0.05, 2.64+0.03, and 3.16+0.03 Mev, corresponding to excited states in F’ at 7.40+0.05, 7.67+0.05, 


8.11+0.03, and 8.58+0.03 Mev, respectively. 


I. INTRODUCTION 


BOVE 8.5 Mev, the O'*(p,7)F" reaction! and the 

O'*(p,a)N" reaction? have been used to deter- 
mine the energies of excited states in the compound 
nucleus, F’, by measurement of the bombarding 
energies of resonances. Between 6.0 and 7.3 Mev, the 
gamma-ray threshold method® has been applied to the 
0'8(d,ny)F reaction to determine the excited states in 
the residual F nucleus corresponding to deuteron 
bombarding energies from 0.25 to 1.80 Mev. In the 
present experiment, the use of this technique has been 
extended to cover the gap between 7.3 and 8.6 Mev 
corresponding to deuteron bombarding energies between 
1.55 and 3.36 Mev, respectively. 


II. EXPERIMENTAL PROCEDURE 


The NRL 5-Mvy Van de Graaff accelerator was used 
to furnish bombarding deuterons to the target chamber 
shown in Fig. 1. The targets were prepared by oxidation 
of thin nickel foils, 10 microinches thick, in an atmos- 
phere enriched® in O'*. The thickness to 3-Mev incident 
deuterons was about 30 kev. A disk of pure tin, about 
(0.020-in. thick, was used to stop the deuterons after they 
had traversed the target. In order to check on the 
background yield the natural nickel oxide target 
(NiO"'*) could be inserted into the path of the beam by 
means of the push rod, operating through an O-ring 
seal. The double target holder could be placed in the 
rear, since the two target holders were interchangeable. 
This permitted the use of an optional stopping disk, 
such as gold. The brass absorber between the target and 
the crystal was used to attenuate the intense low-energy 
gamma rays, such as the 0.875-Mev gamma ray from 
the O'%(d,p)O" reaction, and to scatter some of the 
neutrons out of the target-crystal path. The heater 
element (helical wire shown in Fig. 1) was used to 


!J. W. Butler and H. D. Holmgren, Phys. Rev. 99, 1649(A 


(1955). 

2 J. Seed, Phil. Mag. 42, 566 (1951). 

§C. Mileikowsky and R. T. Pauli, Arkiv Fysik 4, 299 (1952). 

*A. V. Cohen, Phil. Mag. 44, 583 (1953). 

°H. D. Holmgren and J. W. Butler, Phys. Rev. 99, 655(A) 
(1955); J. W. Butler and H. D. Holmgren, Phys. Rev. 112, 461 
(1958). 

6 The enriched O'* gas was kindly supplied by Professor A. O. C. 
Nier. The isotopic composition was as follows: O'*, 59.8%; O', 
0.89°% and O'8, 39.307 


prevent the buildup of carbon and other contaminants 
on the target. 

The gamma-ray threshold technique has _ been 
described in a previous communication.® Basically, it 
involves the observation of the gamma rays emitted by 
the residual excited nucleus, instead of the observation 
of the neutrons emitted in the reaction. Thus the 
method has the advantage of dealing usually with a 
higher energy gamma ray at a new threshold, instead 
of a lower energy neutron. Consequently, modern scin- 
tillation techniques including electronic pulse-height 
discrimination, can be employed conveniently. 

The Nal crystal, 1-in. diam X1}-in. long, 
optically coupled to a 6292 multiplier phototube. 
(This particular crystal-tube combination has 7.5% 
resolution for the Cs!'*? 0.662-Mev gamma ray.) The 
yield of gamma rays for the reaction was relatively 
high, so the small size of the crystal was not a disad- 
vantage from a counting rate point of view, but instead 
offered two advantages. (1) The ratio of neutron to 
gamma-ray sensitivity of the small crystal was less 
than for a larger crystal, and (2) the interpretation of 
the spectra of high-energy gamma rays was simpler than 


Was 


for a crystal of intermediate size because each gamma 


ray gave rise to essentially only one peak, namely, the 


double-escape peak in the response spectrum of the 











Fic. 1. Semischematic representation of the target chamber and 
crystal geometry. The brass absorber reduced the counting rate 
of low-energy gamma rays and neutrons. The beam stopper could 
be heated to diminish the background yield due to carbon buildup. 
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crystal to pair production. The pulses from the scintil- 
lation counter were analyzed by a 20-channel pulse- 
height analyzer. 


III. RESULTS 


Four gamma-ray thresholds were found. The first 
three of these indicate new energy levels in F'’, while 
the fourth corresponds to the 0.630-Mev resonance in 
the O!8(p,7)F" reaction.! Figure 2(a) shows the gamma- 
ray spectra below and above the first threshold found, 
the one at 1.85 Mev. The 5-Mev peak is the double- 
escape peak for a 6-Mev gamma ray. This prominent 
gamma ray was found in a previous experiment® to 
have a threshold at a bombarding energy of about 0.346 
Mev, and corresponds to a state in F at 6.05 Mev. In 
order to make a detailed comparison of the two spectra 
possible, they have been normalized to the same total 
number of counts in the 20 channels. It is because of 
this normalization process that the counts per channel 
in the lower energy channels are greater below threshold 
than above. Thus, the apparent drop in the yield of 
the 6-Mev gamma ray is not real, and indicates only a 
relative drop with respect to the yield in all 20 channels. 
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Fic. 2. (a) Gamma-ray spectra above (solid squares) and below 
(solid circles) the 1.85-Mev threshold. The two spectra have been 
normalized to the same total area. It is the combination of this 
normalizing process and the relative increase of high-energy 
gamma-ray counts above threshold that causes the apparent 
decrease in yield of the 6-Mev gamma ray (5-Mev double-escape 
peak). (b) The sum of the normalized channels 45-54 inclusive 
as a function of bombarding energy. The break at 1.85 Mev is 
considered to be the threshold. Standard statistical deviations are 
shown on representative datum points. The “Channel No.” 
abscissa refers only to the curve in (a). 
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Fic. 3. (a) Gamma-ray spectra above (solid squares) and below 
(solid circles) the 2.15-Mev threshold. The two spectra have been 
normalized to the same total area. (b) The sum of the normalized 
channels 48 through 57 as a function of bombarding energy. 
Standard statistical deviations are shown on representative datum 
points. The “Channel No.” abscissa refers only to the curve in (a). 


In Fig. 2(a), the “threshold” gamma ray seems to be 
mainly in channels 46 to 54, inclusive. There is no peak 
corresponding to the typical spectrum of a single 
gamma ray, but this could be due to a number of 
factors: fairly large statistical uncertainties, high 
background, and multiplicity of gamma rays. In order 
to determine the position of the threshold, the sum of 
these normalized channels was plotted as a function of 
deuteron energy, and is shown in Fig. 2(b). The 
“break” indicating the position of the threshold occurs 
at a bombarding energy of 1.85+0.05 Mev, corre- 
sponding to a Q value for formation of this particular 
state in the residual F"* nucleus of —1.66+0.05 Mev 
and corresponding to an excitation energy in F” of 
7.40+0.05 Mev. (This last value was computed using 
Wapstra’s table of masses.”) The zero on the ordinate 
scale is displaced in order to magnify the region close 
to the threshold. This helps in determining the position 
of the threshold, even though the scatter of the datum 
points appears larger due to the magnification of their 
uncertainties. 

Figure 3(a) shows the normalized gamma-ray spectra 
below and above the second threshold. Since the new 
gamma ray seems to be concentrated mainly in channels 
48 to 57, inclusive, the sum of these channels is plotted 
in Fig. 3(b) as a function of deuteron energy. This 
curve indicates a threshold at a bombarding energy of 
2.15+0.05 Mev, and thus a Q value of —1.93+0.05 


7A. H. Wapstra, Physica 21, 367 (1955). 
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Fic. 4. (a) Gamma-ray spectra above (solid squares) and below 
(solid circles) the 2.64-Mev threshold, the two-spectra having 
been normalized to the same total area. (b) The sum of normalized 
channels 43 and 45 through 51 as a function of bombarding 
energy. Standard statistical deviations are shown on representative 
datum points. The “Channel No.” abscissa refers only to the curve 
in (a) 


Mev and a residual excited state in F’ at 7.67+0.05 
Mev. 

The third threshold observed is illustrated in Fig. 4, 
where (a) depicts the normalized spectra below and 
above threshold, and (b) shows the sum of channels 
43 and 45 through 51 as a function of deuteron energy. 
The threshold is thus indicated to be 2.64+0.03 Mev, 
corresponding to a QY value of —2.38+0.03 Mev, and 
an excited state in F’ at 8.11+0.03 Mev. The fact that 
the resolution of the spectra in Fig. 4(a) appears to be 
poorer than in the previous two figures is primarily due 
to the increased intensity of the new gamma rays asso- 
ciated with the previous two thresholds. 

The gamma-ray spectra associated with the fourth 
threshold observed are shown in Fig. 5(a). It can be 
seen that the predominance of the 6-Mev gamma ray 
is beginning to disappear. The sum of channels 43 
through 49 inclusive are plotted in (b), indicating a 
threshold at 3.16+0.03 Mev, a Q value of —2.84+0.03 
Mev, and an excited state in F® at 8.58+0.03 Mev. 
This threshold was observed on four different occasions 
giving values of 3.15, 3.15, 3.16, and 3.17 Mev, respec- 
tively. The adopted value is the one given above. 

The results of all four threshold observations are 
presented in Table I which gives the deuteron bom- 


barding energy, the Q value, and the energy of the 
residual F" excited state. 


IV. DISCUSSION 


The above results give the excited states in F found 
by means of the gamma-ray threshold technique applied 
to the region of excitation energies between 7.3 and 
8.6 Mev. Previous experiments by others have covered 
the adjacent regions of excitation. Seed,’ using the 
O'5(p,a) F® reaction, found resonances indicating energy 
levels at about 8.56 and 8.76 Mev. Mileikowsky and 
Pauli,’ and Cohen‘ also investigated the O!8(p,a)F” 
reaction with results in essential agreement with Seed. 
Butler and Holmgren! found the same two levels by 
means of the O'8(p,y)F" reaction. The region between 
6.0 and 7.4 Mev was investigated by Butler and 
Holmgren,® applying the gamma-ray threshold tech- 
nique to the O'%(d,ny)F" reaction. They found three 
excited states in this region, 6.05, 6.21, and 6.26 Mev. 
All of these results, including those of the present ex- 
periment, are shown in the energy level diagram of 
Fig. 6. 
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Fic. 5. (a) Gamma-ray spectra above (solid squares) and below 
(solid circles) the 3.16-Mev threshold, the two spectra having 
been normalized to the same total area. (b) The sum of normalized 
channels 43 through 49 as a function of bombarding energy. The 
threshold energy at 3.17 Mev obtained from this curve is averaged 
with energies obtained from curves of three other runs to yield 
a value of 3.16 Mev. Standard statistical deviations are shown 
on representative datum points. The “Channel No.” abscissa 
refers only to the curve in (a). 





ENERGY LEVELS 


In a recent experiment which is of interest to the 
present discussion, Smotrich ef al.8 observed the scat- 
tering of alpha particles from N. In the region of 
excitation covered by the present experiment, they 
observed many energy levels as resonances in their 
excitation function. The ones which have a direct 
bearing on levels found in the present experiment are 
discussed below in connection with those levels. Wher- 
ever a clear identification could be made between a 
resonance observed by Smotrich ef al. and a threshold 
observed in the O!8(d,ny)F reaction, the position of 
the resonance is indicated also in Fig. 6. 

Smotrich ef al. observed no resonance corresponding 
to the threshold at 1.85 Mev. As a corollary of this 
result, one can say that the state corresponding to this 
threshold does not emit alpha particles, or at least has 
a very small alpha partial width. The operation of the 
isobaric spin selection rules offers one possible explana- 
tion for such a state showing a negligibly small alpha 
width even though many lower alpha-emitting states 
are observed. Applying the rules in their simplest form, 
one would expect that a T=} state in F" would not 
break up by alpha emission, and thus could not be 
formed by alpha bombardment of N®. 

However, a T=} state could be produced by the 
(d,n) reaction on O'* used in the present experiment. 
From the O¥-F” and F!’-O" disintegration energies, 
one can calculate that the lowest isobaric spin quartet 
state in F"’ should occur at an energy of about 7.5 Mev. 
Thus there exists the possibility that the state corre- 
sponding to the 1.85-Mev threshold (7.40 Mev) is the 
first T=} state in F". 

One further observation which supports this hypoth- 
esis is the fact that the 1.85-Mev threshold has a rise 
occurring over a bombarding energy interval about 
twice as long as the other thresholds. The ground state 
of O' is believed to be 3+. Since only s-wave neutrons 
can be emitted with observable intensity near threshold 
(assuming the compund nucleus model), a final state 
in F of 3+ would require d-wave incoming deuterons. 
At higher energies above threshold, p-wave neutrons 
could be emitted with p-wave bombarding deuterons. 
This effect would tend to increase the energy interval 
over which the threshold effect is observable. Thus, the 
long rise of the 1.85-Mev threshold is consistent with 


TABLE I. Neutron gamma-ray thresholds found in the 
O18 (d,ny)F" reaction. 


Energy of 
excited state 


in F!9 (Mev) 


7.40+0.05 
7.67+0.05 
8.11+0.03 
8.58+0.03 


Deuteron 
energy 
(Mev) 


O value 
(Mev) 


—1.66+0.05 
— 1,930.05 
—2.38+0.03 
—2.84+0.03 


1.85+0.05 
2.15+0.05 
2.64+0.03 
3.16+0.03 


8Smotrich, Jones, McDermott, and Bennenson, Bull. Am. 
Phys. Soc. Ser. II, 3, 26 (1958); and K. Jones (private com- 
munication). 
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Fic. 6. The energy level diagram of F" over the interval of 
interest to the present experiment. The three lowest states were 
found as thresholds in reference 5. The four thresholds of the 
present experiment are indicated on the O!8+d-n diagram, with 
their corresponding levels in F!%. The resonances in the alpha 
bombardment of N' are indicated where they correspond to 
states found in the present experiment. Resonances in the proton 
bombardment of O'8 are also shown in the region of interest here. 


the 7.40-Mev state having a spin of 3 and being the 
first T=% state in F", although it should be re-em- 
phasized that the present evidence is not sufficient to 
preclude other interpretations. 

It is possible that the break at 1.85+0.05 Mev is 
actually due to the O'*(d,n)F" reaction threshold, 
which is about 1.836+0.003 Mev, since the ‘O!8” 
target contained 50% more O"* than O'*. However, this 
possibility was tested with a natural CaO target and 
similar data processing, and there was no upward break 
in the region of interest. In fact there was a slight 
downward slope of the curve corresponding to Fig. 2(b). 
Furthermore the counts in channels 45-54 were more 
than a factor of 20 lower than with the O'* target. 
Therefore, it is considered unlikely that the 1.85-Mev 
threshold is due to Ol. 

The second threshold of the present experiment 
(Ea=2.15 Mev, E,=7.67 Mev) might correspond to the 
state in F at 7.70 Mev observed by Smotrich et al. From 
alpha-particle width considerations, it is more likely 
that it corresponds to their state at 7.76 Mev, because 
the lower state has a width of 30 kev and the upper, a 
width of 8 kev. Another possibility is that the state cor- 
responding to the second threshold (7.67 Mev) is an 
isobaric spin quartet state, and therefore not observed 
by Smotrich et al. 

The third threshold (8.11 Mev in F"’) very probably 
corresponds to the 8.12-Mev state of Smotrich ef al. 
because their 8.12-Mev state is fairly narrow, 6 kev. 

The fourth threshold (8.58+0.03 Mev in F") cor- 





272 BUTLER, FAGG, 
responds to the 8.56-Mev state observed as a resonance 
at 0.630 Mev in the O'8(p,7)F"® reaction.! The data of 
Smotrich ef al. did not go beyond excitation energies of 
8.4 Mev, and therefore did not include the 8.56-Mev 
state. 

Harlow ef al.® have used the “counter ratio”? method 
to look for neutron thresholds in the O!8(d,n)F" reac- 
tion. In the region of interest to the present experiment, 
they found a weak indication for a threshold at a 
bombarding energy of 3.05+0.02 Mev. Although one 
might at first be inclined to identify this threshold with 
the fourth threshold found in the present experiment, 
3.16+0.03 Mev, the discrepancy in the energies is well 
outside the stated uncertainties in the measurements. 

Harlow et al. did not observe the first three thresholds 
listed in Table I. Their failure to do so is probably due 
to the greater sensitivity of the “gamma-ray threshold” 
technique as compared with the “counter ratio” 
technique. 

The same state in F’ (8.56 Mev) has been excited by 
both the (p,y) and the (d,vy) reactions on the same 
initial nuclide, O'*. It is useful to conceive of both reac- 
tions as being basically similar (in terms of the direct 
process model) since they both result in the addition of 
a proton to form the same excited state which then 
decays with the emission of a gamma ray. However, in 
the (p,y) case, the entering proton is free and has a 


® Harlow, Marion, Chapman, and Bonner, Phys. Rev. 101, 214 


(1956). 


AND 


HOLMGREN 


well-defined energy, whereas in the (d,ny) case, the 
proton is bound and has a continuum of energies up to 
a well-defined maximum (this maximum being the total 
kinetic energy in the center-of-mass system minus the 
binding energy of the deuteron). Thus, the difference in 
bombarding energies (in the c.m. system) between the 
threshold in the (d,ny) case, and the resonance in the 
(p,y) case should be precisely the binding energy of the 
deuteron. For the 8.56-Mev state in F"’, the c.m. kinetic 
energies are 0.596+0.002 and 2.84+0.93 Mev for the 
(p,y) resonance and the (d,ny) threshold, respectively. 
The difference, therefore, is 2.24+-0.03 Mev, which is in 
good agreement with the deuteron binding energy of 
2.227+0.003 Mev measured from the H?(y,7)H! reac- 
tion by Noyes ef al." 

This procedure is potentially one of the most precise 
methods of measuring the binding energy of the 
deuteron. In the present experiment, such precision was 
not achieved, of course, partly because such was not 
its purpose. It is conceivable that the 3.16-Mev (d,ny) 
threshold could be measured within an uncertainty of 
2 kev or less and it is quite certain that the 0.630-Mev 
(p,y) resonance could be measured within a fraction of 
a kev. Thus a direct experimental measurement of the 
deuteron binding energy could be made with an experi- 
mental uncertainty of about 2 kev or less. 


10 Noyes, Van Hoomissen, Miller, and Waldman, Phys. Rev. 
95, 396 (1954). 
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Free Antineutrino Absorption Cross Section. I. Measurement of the Free 
Antineutrino Absorption Cross Section by Protons* 


FREDERICK REINES AND CLYDE L. Cowan, JR. 
Los Alamos Scientific Laboratory, University of California, Los Alamos, New Mexico 
(Received September 8, 1958) 


The cross section for the reaction p(v,8*)m was measured using antineutrinos (v) from a powerful fission 
reactor at the Savannah River Plant of the United States Atomic Energy Commission. Target protons were 
provided by a 1.4X 10° liter liquid scintillation detector in which the scintillator solution (triethylbenzene, 
terphyenyl, and POPOP) was loaded with a cadmium compound (cadmium octoate) to allow the detection 
of the reaction by means of the delayed coincidence technique. The first pulse of the pair was caused by the 
slowing down and annihilation of the positron (8*), the second by the capture of the neutron () in cadmium 
following its moderation by the scintillator protons. A second giant scintillation detector without cadmium 
loading was used above the first to provide an anticoincidence signal against events induced by cosmic rays. 
The antineutrino signal was related to the reactor by means of runs taken while the reactor was on and off. 
Reactor radiations other than antineutrinos were ruled out as the cause of the signal by a differential 
shielding experiment. The signal rate was 36+-4 events/hr and the signal-to-noise ratio was $, where half 
the noise was correlated and cosmic-ray associated and about half was due to non-reactor-associated 
accidental coincidences. The cross section per fission v (assuming 6.1 » per fission) for the inverse beta decay 
of the proton was measured to be (1142.6) XK 10~“ cm?/y or (6.7+1.5) X 10 cm?/fission. These values are 


consistent with prediction based on the two-component theory of the neutrino. 


I. INTRODUCTION 


DETERMINATION of the cross section for the 
reaction: antineutrino (7) on a proton (pt) to 
yield a positron (8+) and a neutron (n), 


p+ pt—Bt+n, (1) 


permits a check to be made on the combination of 
fundamental parameters on which the cross section 
depends. Implicit in a theoretical prediction of the 
cross section are (1) the principle of microscopic 
reversibility, (2) the spin of the 7, (3) the particular 
neutrino theory employed: e.g., two- or four-component, 
(4) the neutron half-life and its decay electron spectrum, 
and (5) the spectrum of the incident ?’s. 

An experiment which was performed to identify 
antineutrinos from a fission reactor! yielded an approxi- 
mate value for this cross section. Following this work, 
however (and prior to the parity developments involved 
in point 3), the equipment was modified in order to 
obtain a better value of the cross section. The modifica- 
tion consisted in the addition of a cadmium salt of 
2-ethylhexanoic acid to the scintillator solution? of one 
of the detectors of reference 1, utilizing the protons of 
the solution as targets for antineutrinos, and making 
the necessary changes in circuitry to observe both 
positrons and neutron captures in the detector resulting 
from antineutrino-induced beta decay in the detector. 
In addition, a second detector used in the experiment 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

t Now at the Department of Physics, George Washington 
University, Washington, D. C. 

1 Cowan, Reines, Harrison, Kruse, and McGuire, Science 124, 
103 (1956). 

2 Ronzio, Cowan, and Reines, Rev. Sci. Instr. 29, 146 (1958), 
describe the preparation and handling of liquid scintillators 
developed for the Los Alamos neutrino program. 


of reference 1 was now used as an anticoincidence 
shield against cosmic-ray-induced backgrounds, and 
static shielding was increased by provision of a water 
tank about 12-inches thick below the target detector. 
The delayed-coincidence count rate resulting from the 
positron pulse followed by the capture of the neutron 
was observed as a function of reactor power, and an 
analysis of the reactor-associated signal yielded, in 
addition to an independent identification of the free 
antineutrino, a measure of the cross section for the 
reaction and a spectrum of first-pulse (or 7) energies. 
Since the antineutrino spectrum is simply related to 
the B* spectrum, the measurement yields an anti- 
neutrino spectrum above the 1.8-Mev reaction thresh- 
old. The spectrum is, however, seriously degraded by 
edge effects in the detector. 

This experiment was identical in principle with that 
performed at Hanford in 1953. It however, 
definitive from the point of view of antineutrino 
identification (whereas the Hanford experiment was 
not) because of a series of technical improvements, 
coupled with the better shielding against cosmic rays 
achieved by going underground. The improvements 
consisted in the use of an isolated power supply to 
diminish electrical noise from nearby machinery, better 
shielding from the reactor gamma-ray and neutron 
background, a more complete anticoincidence shield 
against charged cosmic rays through the use of a liquid 
scintillation detector, and use of a large detector 
containing 6.5 times as many proton targets.‘ In 
addition, oscilloscopic presentation and photographic 
recording of the data assisted materially in analyzing 
the signals and rejecting electrical noise. 


Was, 


3F. Reines and C. L. Cowan, Jr., Phys. Rev. 90, 492 (1953). 

‘ The gain, times 6.5, due to the increase in target protons was 
largely balanced by a decrease in the neutron detection efficiency, 
times }, made necessary by other experimental considerations. 


273 





F. REINES AND 


Il, THE EXPERIMENT 


Figure 1 represents schematically the sequence of 
events which occur when an antineutrino is captured 
by a proton. The cross section ¢ for the process for an 
average fission 7 is determined from the relation 


R 
¢= —— cm’, (2) 
3600/neEg*e,, 


where R=the observed signal rate in counts/hr; 
n=the number of target protons=8.3X 105; f=the 
antineutrino flux at the detector in #/cm? sec= 1.3X 10", 
assuming .V=6.1 7/fission; ¢g*=the positron detection 
efficiency, and ¢,=the neutron detection efficiency. 

Note that the mean cross section per fission (.Vé) is 
independent of the number of antineutrinos assumed 
emitted by the fission-fragments per fission (.V). 
Uncertainties in the > flux f (5 to 10%) arise from 
imprecise knowledge of reactor power, uncertainty 
concerning energy released per fission and the number 
of » per fission, and incomplete knowledge of the 
fission-fragment distribution in the reactor. The > 
energy spectrum is determined from a measured #* 
spectrum (or the first-pulse spectrum of the anti- 
neutrino-produced delayed coincidences after appro- 
priate energy-resolution corrections). The energy £; of 
the 7 is related to £g*, the kinetic energy of the product 
Bt, by the equation 


? 


(9) 


k= 3.53+ E3*(me units). 


We have neglected the few-kilovolt recoil energy of the 
product neutron. 

With these quantities in mind we will describe the 
experiment in conjunction with a schematic diagram 
of the equipment (Fig. 2). Assume that an antineutrino- 
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Fic, 1. Schematic of antineutrino detector. This 1.4X 10*-liter 
detector is filled with a mixture which consists primarily of 
triethylbenzene (TEB) with small amounts of -terpheny! 
(3 g/liter), POPOP wavelength shifter (0.2 g/liter and cadmium 
(1.8 g/liter) as cadmium octoate. An antineutrino is shown trans- 
muting a proton to produce a neutron and positron. The positron 
slows down and annihilates, producing annihilation radiation. 
The neutron is moderated by the hydrogen of the scintillator and 
is captured by the cadmium, producing capture gamma rays. 


’ Photographs of the detectors and some associated equipment 
may be found in F. Reines and C. L. Cowan, Jr., Physics Today 
10, No. 8, 12 (1957). Detector details are described in an article 
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L. COWAN, JR. 
induced reaction occurs in the detector. The 8* signal 
is seen by each of two interleaved banks of 55, 5-inch 
Dumont photomultiplier tubes in prompt coincidence 
within the 0.2-usec resolving time of the equipment. 
The signals are added by preamplifiers whose gains 
have been balanced to allow for slight differences in 
the response of the two photomultiplier banks, amplified 
further and sent via a 30-usec delay line to the deflection 
plates of a recording oscilloscope. At the same time the 
two signals are sent separately to a prompt coincidence 
unit (marked 8+) which accepts them if they correspond 
to pulse-height amplitudes between 1.5 and 8 Mev. 
On receipt of an acceptable signal, the 8* scaler is 
tripped, and a gating pulse is sent to the second co- 
incidence unit (marked m). If during a prescribed time 
(0.75 to 25.75 usec) following the 8* pulse, a neutron 
pulse corresponding to an energy deposition of 3 to 10 
Mev in the antineutrino detector occurs (again in 
prompt coincidence from the two interleaved photo- 
multiplier banks), the neutron coincidence unit signals 
a delayed coincidence. This delayed coincidence is 
registered by a scaler and triggers the scope sweep, 
allowing the entire sequence which has been stored in 
in the 30-ysec delay lines to be displayed and photo- 
graphed. The neutron prompt coincidences are also 
recorded by a scaler.* Therefore the raw data obtained 
for analysis are the following: the rates in the positron 
and neutron gates, delayed coincidence rate, scope 
trigger rate, pulse amplitudes, and time intervals 
between pulses as seen on the recording oscilloscope. 
These data are obtained with the reactor on and off 
and with gross changes in bulk shielding provided by 
bags of wet sawdust. 

In addition the above arrangement there 
provision for the reduction of cosmic-ray-associated 
background by means of an anticoincidence detector 
placed above the antineutrino detector as shown in 
Fig. 2. If, for example, a pulse occurs in the anti- 
coincidence detector of amplitude >0.5 Mev in co- 
incidence with otherwise acceptable 6t-like pulses, the 
event is not accepted by the §* coincidence-anti- 
coincidence unit and hence is not recorded by the 
oscilloscope. This is a reasonable criterion since the 
annihilation radiation which might reach the anti- 
coincidence detector for a bonafide 7 event is at most 
0.5 Mev. In order to reduce the background from 
events secondary to the passage of high-energy (>8 
Mev) charged cosmic rays and delayed in time, the 6* 
coincidence unit had incorporated into it a long gate 
which rendered the system insensitive for ~60 usec 
following such a pulse. Pulses triggered by electrical 
noise are also eliminated by means of the distinctive 
visual record. 


Is 


to 


by F. Reines in the forthcoming book, Methods of Experimental 
Physics, edited by L. C. Yuan and C. S. Wu [Academic Press, 
Inc., New York (to be published) ], Vol. 5. 

®To be precise, we should use the phrases “8*-like” and 
““n-like” to describe the pulses because pulses in these energy 
ranges are produced by other particles as well. 
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Fic. 2. Schematic of experimental arrangement. 


A. Calibration 


Calibrations of energy and time-interval response 
were made periodically. The first was accomplished by 
employing the uw-meson “through-peak”’ energy, the 
second by means of standard time markers put directly 
on the oscilloscope traces by a crystal oscillator. Gate 
lengths were checked against a time-delay calibrator 
designed for the purpose. Figure 3 shows the through- 
peak, a pulse-amplitude distribution resulting from 
the vertical passage through the tank of penetrating 
cosmic-ray 4 mesons, taken before and after the present 
experiment for each of the two interleaved photo- 
multiplier tube banks. Since most of the mesons are 
minimally ionizing, and the depth of the liquid is 60 cm, 
the specific energy loss’ in the liquid of 1.57 Mev/cm 
gives the location of the peak as 100 Mev. The peak 
represents a slightly higher energy than that calculated 
from the energy loss/cm times the tank depth because 
of the finite lateral extent of the tank and the angular 
distribution of the cosmic rays. The peak is located to 
an accuracy of +5%. Since the detector response is 
proportional to the energy deposited in it, a standard 
linear pulser was calibrated with the through-peak 
amplitude and then used to calibrate the system in 
turn and set the appropriate gates. Based on measure- 
ments using artificial radioactive sources and the end 
point of the electron spectrum from u-meson decay in 
our large liquid scintillation detectors, the error in 
energy calibration is believed to be less than +10%. 


B. Determination of the Signal Rate R 
The signal rate R was determined from the four 
series of measurements summarized in Table I. In 


1 This value is obtained from Fig. 2.91 of the book by B. Rossi, 
High-Energy Particles (Prentice-Hall, Inc., Englewood Cliffs, New 
Jersey, 1952), using a carbon density of 0.88 g/cm‘. 


principle the procedure is straightforward : the acciden- 
tal background rate A (hr~') is determined for each 
run from the relation 


A=3600anBtr hr-, (4) 


where +=delayed-coincidence gate length in sec=25 
X 10-*; a=overlap factor for counts in and 8 gates; 
ni and 6+=the rates in the neutron and positron gates 
averaged over each run as measured by the scalers. 
We see from a comparison of the delayed-coincidence 
rate as given by the scalers and film analysis, however, 
that about 34 of the scaler rate is rejected as unsuitable 
on inspection of the film traces. This means that the 
accidental background rate calculated from the » 
and 8* scalers is too high by a factor of about }. 
In addition, the energies in the m and £B* gates 
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Fic. 3. Ungated meson through-peaks for energy 
calibration and stability check. 
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TABLE I. Summary of runs (a). 


Run length 
uw 
2.05 
14.43 
8.0 
13.30 


9.5 


Comments 


Reactor ON, wet saw- 
dust shield in place. 
(Category A) 


12.47 
9.37 
9.54 

14.43 
6.77 


Reactor OFF, sawdust 
shield in place. 
(Category B) 


12.20 
2.00 
11.12 
9.53 
10.53 
11.67 
8.92 


Reactor ON, sawdust 
shield in place. 
(Category C) 


6.48 
10.38 


Reactor ON, sawdust 
removed. 
(Category D) 


n(sec™') 


Total scope 
film accept. 
rate (hr-!) 
(in 25 ysec) 


Scaler readings 
Del. coinc(hr=) 
(25 psec gate) 


B* (sec™) 
212.6 
220.3 
209.4 
205.3 
214.8 


15.9 
15.8 
15.6 
15.6 
15.4 


165.6 
170.9 
173.7 
170.1 
163.5 


14.3 
14.0 
14.2 
14.5 
14.4 


=.) 
mn 
cs 


228.3 
213.5 
224.4 
236.6 
226.2 
232.6 
222.5 


16.3 
16.2 


eS ee ran 
A ell a 


srs so sss 


a 


250.5 


240.2 


wa 
te 


~Is0 
nN ¢ 


* Runs are listed in chronological sequence. Missing runs were omitted either because they were incomplete or were not a relevant part of this series. 


overlap, and judging by the rates in these gates, 
1.23>a> 1.00. Basing our calculations on the scope 
films, we find the net rates (total less accidental) for 
the four categories of runs which we list in Table IT. 
Since a<1.23 and the truth is between (a) and (c), we 
quote R= 36+4 hr~', where +4 includes the statistical 
error listed in column (a) and an allowance for the 
drift in the energy calibration, which analysis of the 
data shows likely to have occurred in the period 
between the series of runs A and C. The ratio of the 
n/B+ rates is lower for runs C than for A. This is 
consistent with an increase in the over-all gain of the 
system, since the background spectrum decreases 
monotonically with increasing energy, and an increase 
in gain would bring in relatively more low-energy 
pulses. Runs D were made to demonstrate that the 
sawdust shield, though effective in reducing neutron 
signals from an Am-Be source (and hence reactor 
neutrons) by a factor of 15 and gammas by a factor of 
2, had no effect on the antineutrino signal. The anti- 


neutrino flux during D was up by 10% because of a 


change in reactor power which happened to coincide 
with these runs. When corrected for this rise in reactor 
power, the results from D are consistent with the other 
runs. 


C. Signal-to-Background Ratio 


From Tables I and II we conclude that the signal-to- 
total-background ratio is approximately 3, with the 
background about equally divided between correlated 
and accidental events. Correlated events arise primarily 
from fast neutrons produced by u-meson capture in the 
vicinity of the detector: the first pulse is produced as 
a proton recoil, the second by the capture of the 
neutron in the scintillator cadmium. The correlated 
reactor-associated background is deduced from the 
due the 75-cm 
neutron shielding 


absence of an observable effect to 
sawdust shield (density, 0.5 g/cm’; 
factor, 15) to be <1/10 the signal. An accidental back- 
ground increase of 15 hr“ was associated with the 
reactor so that the ratio of signal to accidental reactor- 


associated background was about 2/1. 


TABLE IJ. Summary of results (b). 


Net rate (hr~') 
(b) 

No correction 

*!"’ factor and 
a=1 


118.4 

84.4 
123.3 
126.6 


(a) 
Bkd. reduced by 
signal ratio and 


Run category a= 


A (47.3 hr) 
B (52.6 hr) 
C (66.0 hr) 
D (16.9 hr) 


146.2+1. 
112.2+1.! 
153.0+1.4 
157.9+2 


=Gross rate less calculated accidental background 


(c) 
Correction 
“4” factor and 
a=1 


130.8 

99.1 
135.8 
138.1 


Results 
Reactor associated signal 
=[(C-B)66 + (A-B)47.3]/113.3 


(a) 3843 (hr) 
(b) 3743 
(c) 3543 
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D. Efficiency Estimates 


In order to evaluate the cross section, we require the 
efficiencies ¢g+ and e¢,. Since these quantities were 
inferred rather than measured directly, some discussion 
of the efficiency evaluation procedure employed is in 
order. 

ea” 

It is evident that the 6*-detection efficiency is high 
because of the small probability of 6+ leakage from the 
detector. The problem is to determine the probability 
that an event will fall within the energy gates employed, 
i.e., 1.5 to 8 Mev. To estimate this probability, plots 
were made of the first-pulse spectrum with the reactor 
on and off as measured in runs A, B, and C. Figure 4 
shows the spectrum of first pulses scaled to run time of 
47.3 hr. The lowest energy points are seen to drop 
sharply, a fact attributed to the effect of energy gates 
cutting into the spectrum. Since the background spec- 
trum should continue to rise with decreasing energy, 
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Fic. 4. First-pulse spectrum. 


the reactor on-off difference was scaled up by a factor 
determined from an extrapolation to lower energies 
and is shown on the first-pulse difference curve on Fig. 5. 
In deriving the difference curve, no account was taken 
of the increase in accidental background associated 
with the reactor, and so the curve rises more sharply 
at lower energies than does the true 8* spectrum. The 
8* detection efficiency was deduced from this curve by 
extrapolating to the origin and measuring the fraction 
of the area in the experimental vs the extrapolated curve. 
This procedure underestimates the efficiency somewhat 
because a subsequent measurement of the ungated 
spectrum seen from a Cu® 8* source dissolved in the 
scintillator showed no pulses of energy <0.45 Mev, 
whereas we have here assumed pulses down to 0 Mev. 
Accordingly, the 8* efficiency estimate from Fig. 5 
(0.81) is raised slightly and taken to be e¢g+=0.85+0.05, 
where 0.05 is meant to indicate the limits of error in €g*. 
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Fic. 5. Positron spectrum, 4;/(Ai+A2)=0.81. No correction 
is made here for reactor-associated background. This background 
raises the lower-energy part of the spectrum and hence eg+>0.81. 
Take eg+=0.85+0.05. 


&n 
The neutron-detection efficiency is somewhat more 
difficult to estimate. This efficiency is given as the 
product of three factors: 


€n = En E€nv€ng, (5) 


where €n;=probability that the neutron will not leak 
out of the system, en2=probability that the neutron 
will be captured in the scintillator cadmium in the 
25-usec time interval (0.75 to 25.75 usec) after its 
birth, and ens=probability that the neutron capture 
gamma rays will produce a signal which falls within 
the chosen energy gates, 3 to 10 Mev. 

We estimate en; from a consideration of the detector- 
volume fraction within an  antineutrino-produced 
neutron mean free path of the detector surface. From 
the conservation laws applied to reaction (1) the 
neutron energy is $10 kev and therefore has a mean 
free path in the scintillator of about 1 cm. The fraction 
of the detector volume within 1 cm of the edge is about 
6% and approximately 3 (or 3%) of the neutrons born in 
this region will be travelling outward; hence €n;=0.97. 

The least certain of the factors involved in the 
neutron-detection efficiency is €no. It was estimated in 
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Fic. 6. Second-pulse spectrum. 
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NEUTRON CAPTURE SPECTRUM, MEV 


Fic. 7. Neutron-capture gamma spectrum. A;/(A,+A2)=0.68. 
No correction is made here for reactor-associated background. 
This background raises the lower-energy part of the spectrum 
and hence en;>0.68. Take en;=0.75+0.05. 


two ways: by an interpolation of the curves calculated 
via the Monte Carlo method for cases* involving 
higher Cd/H ratios than the one used in this experiment 
(here Cd/H=0.000145) and by integration of the 
cadmium-capture probability for thermal neutrons 
from 0.75 to 25.75 usec after their introduction into the 
scintillator. The interpolation gives tn2=0.15 with a 
+0.02 uncertainty. If capture competition by the 
scintillator hydrogen is neglected, the mean time for 
capture tca=161 usec, and the capture probability is 


36+4 


¢=— 


Né=6.7+1.5X 10-* cm?/ fission, 


where we have quoted the root-mean-square error. 
This value of the cross section is consistent with 
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Fic. 8. Distribution of time intervals between pulses. @ Runs 
A (47.3 hr). a Runs B (scaled to 47.3 hr from smooth curve 
drawn through 52.6 hr of data). 


§ Reines, Cowan, Harrison, and Carter, Rev. Sci. Instr. 25, 
1061 (1954), 


L. COWAN, JR. 
calculated to be 0.142. Since the mean capture time 
in scintillator hydrogen rH=235 usec, the hydrogen 
captures in this period reduce the number of captures 
in Cd so that eno=0.135. 

We estimated en; in much the same way as ég¢. 
Figure 6 shows the first-pulse spectra in runs A and B 
normalized to 47.3 hr. Figure 7 shows the difference 
spectrum and A ;/(A1+A»)=0.68. Since, as with the first- 
pulse spectrum, no allowance was made for the acci- 
dental background, we take 


€n3 = 0.75+0.05, 


where +0.05 is meant to indicate the limits of error 
in €n3. 

To summarize, €,=0.97X0.75X0.14=0.10. It seems 
reasonable to assign error limits of +20% to this 
efficiency. An experimental attempt to measure the 
neutron-detection efficiency succeeded only in setting 
a lower limit of 6%. Figures 8 and 9 show the distribu- 
tion of time-delay intervals between the pairs of pulses 
comprising the delayed coincidences. The curves are 
characteristic of neutron captures in the scintillator.’ 


E. The Cross Section 
Inserting the efficiency numbers, etc., into Eq. (2) 


we find the cross section for fission antineutrino absorp- 
tion by protons: 


————=11+2.6x 10 cm?/i, 


3600 X 1.3 X 10*& 8.3 10°§X (0.85+0.05) x (0.10+0.02) 





predictions based on the two-component theory of 
the neutrino.° 


F. The v Spectrum from Fission Fragments 


It is possible to deduce the fission fragment 7 
spectrum from a measurement of the 6* energies in 
reaction (1) and a knowledge of the cross section for 
the process. Because of the large experimental error 
involved in our determination of the 8* spectra, the 
resultant # spectrum is very poorly determined. 
Nonetheless it seems worthwhile to make such a de- 
duction. Apart from statistical fluctuations, the major 
uncertainty is in the energy resolution of the system. 
This uncertainty is due to leakage of one 0.511-Mev 
annihilation gamma ray from the detector and the poor 
energy resolution (+25%) for 1 Mev deposited in the 
large detector. The effect of gamma-ray leakage on the 
spectrum was checked by dissolving a Cu®-octoate 
source in the scintillator and measuring the energy 


® The cross sections for monoenergetic ’ and for the measured 
y spectrum for fission fragments are given by Carter, Reines, 
Wagner, and Wyman, Phys. Rev. 113, 280 (1959), following 
paper. 
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Fic. 9. Reactor-associated distribution of time intervals 
between pulses. Runs A-B (normalized to 47.3 hr). 


spectrum. It was somewhat distorted, but the main 
effect was to drop the energy by about 0.5 Mev. 

The 8+ spectrum n(£g*t), the cross section for 
monoenergetic 7, o(/;) and the # spectrum m(E;) are 
related’ by the equation 


m(E;)=n(Es*)/o(E3). (6) 


Figure 10 shows m(E;). Gamma-ray leakage was 
considered in that the 6+ curve was shifted to the right 
by 0.5 Mev prior to the calculation. The data are not 
considered sufficiently accurate to warrant estimation 
of the distortion due to the energy resolution of the 
detector. 
III. REMARKS CONCERNING AN 
IMPROVED MEASUREMENT 


At least two major improvements could be made in 
this measurement to increase the counting rate and 
improve the energy resolution. The neutron-detection 
efficiency can be raised from its present 10% to about 
80% by increasing the cadmium content of the scintil- 
lator by a factor of 20. This can be done without un- 
reasonable reduction in the light transmission and 
scintillator efficiency by using the highly purified 
cadmium octoate recently developed by Ronzio." 

In addition, redesign of the detector using an inner 
“cadmiated” region enclosed in a noncadmium-bearing 
scintillator would minimize end effects due to gamma- 
ray leakage from the detector. Such an increase in 
detection efficiency would permit a factor of ten reduc- 
tion in the size of the antineutrino-sensitive (or 


1A. R. Ronzio (private communication). Another solution, 
cadmium propionate in toluene with the suggested Cd/H ratio 
of 0.003, was used in the Hanford work*.* but its generally un- 
desirable characteristics, e.g., fire hazard and toxicity, militated 
against its use in the present experiment. 
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Fic. 10. Antineutrino spectrum from fission fragments deduced 
from B+ spectrum in reaction »(pt,n)8*. Crosses denote estimates 
of uncertainties. 


cadmiated) volume without undue sacrifice in signal 
rate. At presently available antineutrino fluxes, a 
signal rate of 30 hr or more would result from the 
smaller improved detector. The signal-to-accidental- 
background ratio would be raised by a factor of about 
ten for a 25-usec delayed-coincidence gate because of 
the increase in the signal rate and the decrease in 
detector size. The uncadmiated scintillator blanket 
should help shield against cosmic-ray-correlated events 
which are due to a neutron produced by u-meson 
capture in the vicinity of the detector. A cylindrical 
shape with photomultiplier tubes placed around the 
cylinder wall would make for a uniform light collection 
and hence improved energy resolution. This detector 
could be shielded against cosmic rays with the anti- 
coincidence detector as before, and much the same 
electronics could be used. 
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Free Antineutrino Absorption Cross Section. II. Expected Cross Section 
from Measurements of Fission Fragment Electron Spectrum* 


R. E. Carter, F. Reres, J. J. WAGNER, AND M. E. WyMant 
Los Alamos Scientific Laboratory, University of California, Los Alamos, New Mexico 
(Received September 8, 1958) 


A measurement of the electron spectrum from the thermal neutron fission of U*** is described. From 
this spectrum the antineutrino spectrum is calculated, and on the basis of the two-component theory 
of the antineutrino a predicted average cross section for the absorption of antineutrinos by protons is 
(6.141) 10~ cm*/fission. This agrees with the measured cross section of (6.7+1.5)X10~* cm*/fission. 
The four-component theory of the antineutrino would have predicted (3.05+0.5) X 10-* cm?/fission. 


I, INTRODUCTION 


N the preceding paper! a measurement of the cross 
section for the reaction p(#,8+)n for antineutrinos 

from fission fragments is described. In order to predict 
the average cross section for this reaction, one needs to 
know the energy spectrum. A measurement of the 
electron (beta) energy spectrum from fission permits a 
determination of the end-point distribution for beta 
emitters involved. Since this is also the end-point 
distribution for the antineutrino spectra, one can calcu- 
late the required antineutrino spectrum. Muehlhause 
and Oleksa* made such a measurement but their results 
did not permit an unambiguous interpretation of the 
cross section in terms of the two-component or four- 
component theory of the antineutrino. 

In the present experiment (Fig. 1) a single plastic 
scintillator was used as the electron spectrometer. This 
type of detector has a low gamma sensitivity with 
nearly 100% efficiency for electron detection. A gas-flow 
proportional counter placed between the fission source 
and the scintillator was used as a transmission counter 
to signal the passage of an electron through it into the 
scintillator. With this system for gating a pulse-height 
analyzer, the number of events subjected to pulse- 
height analysis was about § the total scintillator counts. 
The source of fission-fragment electrons was made the 
collecting electrode of a fission counter. This scintilla- 
tion spectrometer with its known source geometry and 
a suitable energy calibration was used to measure the 
number of electrons per fission as a function of energy 
from 1.5 to 8 Mev. 


II. EXPERIMENTAL TECHNIQUES 


The electron detector (Fig. 1) was a right circular 
cylinder of Plastifluor B,* 15 inches long and 1} inches 
in diameter, cemented to a Dumont-6292 photo- 


multiplier. A foil of U*® was placed in an external 

* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

t Present address: University of Illinois, Champaign, Illinois. 

1 F. Reines and C. L. Cowan, Jr., Phys. Rev. 113, 273 (1959), 
preceding paper. 

2 C.O. Muehlhause and S. Oleksa, Phys. Rev. 105, 1332 (1957); 
and private communication. 

’ Pilot Chemicals, Inc., 47 
Massachusetts. 
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thermal neutron beam of the Omega West Reactor - 
(OWR). This beta source was located on the axis of 
the scintillator cylinder and was sufficiently distant 
so that all detected electrons traveled in essentially 
parallel paths. The maximum path in the scintillator 
was 4g/cm*, about the maximum range of an 8-Mev 
electron. The resolution (full width at half-maximum) 
for monoenergetic electrons was 18.5% for the 624-kev 
Cs"? line, and 15.3% for the 976-kev Bi?’ line (K-con- 
version lines only). 

The 1.0639-Mev gamma ray of Bi*’ which converts 
in both the K and Z shells to give an effective electron 
line of 0.991 Mev (for the resolution of this system) was 
adopted as a convenient calibration standard (Fig. 2). 
An aluminum absorption measurement, using other con- 
version lines of Bi?’ (£,=0.570 Mev) and Cs!*7 
(E,=0.660 Mev) indicated an energy loss of 0.043 Mev 
at the 0.991-Mev line due to the materials present 
between the source and the detector. A measurement 
of the Tl** (ThC”) electron line at 2.526 Mev proved 
that the energy scale was linear within 1%. The 
measured end points of the beta spectra of F*° and Al** 
agreed with the well-known values of 5.41 and 2.87 Mev, 
respectively (maximum uncertainty 2%). In the course 
of the present experiment the Rh" end point was found 
to be 2.45 Mev. 

The proportional counter of Fig. 1 was made of two 
parallel subcounters with a square cross section and 
().005-inch steel center wires. The common wall between 
these two subcounters and the two windows through 
which the electrons passed were 0.00025-inch alu- 
minized Mylar. This system was chosen because it gave 
a relatively small spread in pulse heights from mono- 
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Fic. 1. The experimental arrangement. 
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energetic electrons of minimum specific ionization (less 
than 50% full width at half-maximum). It also gave 
variations in the time of formation of the pulse after the 
electron had traversed the counter of less than 0.5 usec. 
The counter gas, 97% argon and 3% ethane, flowed 
continuously. The height of the most probable pulse 
produced in the transmission counter by 991-kev elec- 
trons corresponded to an energy loss of 4.2 kev, so that 
the total energy lost by such an electron in traversing 
the counter (including the Mylar windows) was about 
5.5 kev. 

The pulses from the photomultiplier were amplified 
by both a relatively slow (0.3 usec rise time) linear 
amplifier, and a fast (0.1 usec rise time) amplifier (Fig. 
3). The signal from the fast amplifier together with 
that from the transmission counter, was fed to a coin- 
cidence circuit, whose output gated a 100-channel 
analyzer in which the signal from the slow amplifier 
was analyzed. The widths of the pulses in the coin- 
cidence circuit (1 usec total) and the width of the gating 
signal to the analyzer (4 usec) were narrow enough 
so that, with the geometry and the counting rates 
employed, not more than 0.1% of the analyzed 
counts could have been due to accidental 6-@ or B~y 
coincidences. 

Studies made with a pulser on the pulse widths and 
delays of the two channels of the coincidence circuit 
proved that the coincidence and gating system was 
100% efficient. An additional empirical check on the 
entire electronic system was made by comparing the 
singles counting rate in the scintillator with the number 
of analyzed counts for a pure beta-emitting source. This 
measurement gave an efficiency greater than 95%. 

The purpose of the lead shield shown in Fig. 1 was 
to reduce the background caused by the reactor. The 
number of electrons from the source which might be 
scattered into the scintillator by the lead was reduced 
by the polyethylene ring system. The scintillator itself 
defined the solid angle for detection. In order to mini- 
mize the energy loss of the electron before it entered 
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Fic. 3. Block diagram of electronic circuits. 


the scintillator, the lead collimator and its 5-inch- 
diameter aluminum extension were capped with 0.00025- 
inch Mylar, and the chamber thus formed was filled 
with helium. 

For a point source, the background could be obtained 
by absorbing the electrons in a conical shadow shield 
placed at the appropriate point between the source 
and detector. Such a shadow cone would remove only 
the primary electrons and would allow a proper sub- 
traction from the gross counting rate. A finite source 
did not permit this, and a shadow cone placed at even 
the optimum position removed some of the electrons 
which should properly be considered background. For 
the present measurements, a {-inch-thick graphite 
shadow shield was inserted as shown in Fig. 1, and the 
resulting counts were subtracted as background. This 
left a net count which tended to be too large. On the 
other hand, without the shadow shield, some electrons 
which started from the source towards the scintillator 
were scattered out by gas and windows before reaching 
it. This gave too low a counting rate. Indications were 
(from an independently calibrated Bi’ source) that 
neither of these two effects, which tended to com- 
pensate, was greater than 10%. 

In order to compute the number of betas per fission 
from the geometry of the system, it was necessary to 
know the number of fissions, and the point from which 
the betas were emitted. This was accomplished by 
sandwiching about 5 mg/cm? of U™* between two #-inch 
disks of 0.002-inch-thick aluminum and coating the 
outside of one of these disks with ~70 ug/cm? of U*®. 
This sandwich was made the collecting electrode of a 
fission counter, and was located in a neutron beam of 
10° neutrons per cm? per sec. The aluminum foils were 
thick enough to prevent all fission fragments produced 
in the center from escaping (and thereby located the 
beta source) but thin enough so that they did not 
attenuate the neutron beam nor absorb much energy 
from the betas emitted towards the scintillator. By 
counting the number of fissions produced in the monitor 
coating of uranium and knowing the relative weights 
of the two deposits, the total fission source strength was 
obtained to an accuracy of about 2%, 
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Fic. 4. Fission beta data as taken from the 100-channel analyzer. 


The operating schedule of the reactor did not permit 
foil irradiations long enough to reach effective secular 
equilibrium. In fact, the data of Fig. 4 were taken 
13 to 23 hr. after the start of irradiation. However, the 
calculations of Nelms and Cooper,‘ which give the U* 
fission product decay spectrum as a function of time, 
were used to estimate the subsequent behavior. While 
the expected increase at 1.7 Mev was 6% it declined 
to 3% at 2 Mev and was less than 1% at 4 Mev and 
above. The only experimental verification of the pro- 
cedure used in making the estimate was a series of 
spectra taken after from 1 to 7 hours of irradiation. 
The observed changes were consistent with the com- 
puted behavior. 


III. CORRECTIONS 


After a 2% counting-rate correction (analyzer dead 
time=0.6 msec) and background subtraction were 
made, the spectrum was raised 0.063 Mev to com- 
pensate for the energy loss in the materials between the 
beta-emitting fission fragment and the plastic detector. 

If the resolution function of the system (its response 
to monoenergetic radiation) is known, the correction 
for a continuous spectrum is straightforward.’ Since 
monoenergetic electrons in the region of 1.5 to 8 Mev 
were not available, the resolution function could not be 
measured. The probable form of this function must be 
considered in order to estimate the effect on the final 
result. 

‘A, T. Nelms and J. W. Cooper, National Bureau of Standards 
Report NBS-5853 (unpublished). 


5G. E. Owen and H. Primakoff, Phys. Rev. 74, 1406 (1948); 
Rev. Sci. Instr. 21, 447 (1950), Part IT. 
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An electron stopped in a scintillator produces a finite 
number of photons. The statistics of this process give a 
predictable Gaussian resolution function. However, 
some of the electrons incident on a scintillator do not 
deposit all their energy in it. Some electron energy is 
lost to bremsstrahlung, the photons escaping from the 
scintillator. The total energy going into bremsstrahlung 
for a plastic of this type is less than 3% in the important 
energy region of the spectrum (between 2.5 and 5 Mev). 

Some of the electrons entering the scintillator are 
scattered back out the front surface without depositing 
their full energy. The backscattering from this scintil- 
lator material has been observed to be 4% for the beta 
spectrum of Yt®, which has an end-point energy of 
2.18 Mev.® The fraction of electrons back-scattered at 
higher electron energies is assumed not to increase 
markedly. The effect of electrons which scatter out the 
sides of the scintillator was studied for the fission beta 
spectrum. For the data taken with the 14-inch scintil- 
lator, the scintillator itself determined the aperture of 
the system and should exhibit a maximum edge effect. 
With a larger scintillator (23 inches in diameter by 3 
inches thick) the shield acted as a somewhat inefficient 
collimator with at least half the scintillator area shielded. 
The spectral shapes as seen by the two dissimilar 
systems were identical but the larger scintillator gave 
about 5% more betas per fission at all energies. This 
set an upper limit on the number of electrons scattered 
out the sides of the 14-inch scintillator, since the un- 
certainty in the geometry for the larger system could 
account for the entire difference. This also demon- 
strated that the small scintillator was thick enough to 
analyze the high-energy end of the spectrum. 

Hence, the resolution function is the sum of two 
components. The first is the Gaussian resulting from 
about 90% of the electrons which deposit their full 
energy in the scintillator. Its effect on the true spectrum, 
a relatively small displacement upward in energy, has 
been computed to be 3 kev at 1 Mev, increasing to 48 
kev at 8 Mev. 

The form of the other component, corresponding to 
the reamining 10% of the electrons, is unknown, except 
that it will appear as a “‘tail’” on the low-energy side 
of the Gaussian. Various experimentalists’ have found 
that the shape of the “tail” may range from exponential 
to rectangular. A rectangular tail extending to zero 
energy has the greatest effect on the spectrum. In this 
case the observed spectrum above 1.5 Mev would be 
too low by the full 10%. At 1 Mev the correction would 
be about 7%. Only somewhere below 0.5 Mev would the 
curve rise above the true value. It should be noted that 
the Al** spectrum of Fig. 2 requires an equivalent cor- 
rection of about 5% to obtain agreement with the 
theoretical shape. 


6D. C. Miiller, Anal. Chem. 29, 975 (1957). 

7H. W. Koch and J. M. Wyckoff, J. Research Natl. Bur. 
Standards 56, 319 (1956); Freedman, Novey, Porter, and Wagner, 
Rev. Sci. Instr. 27, 716 (1956). 
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IV. RESULTS 


The distribution of scintillator pulse heights for the 
electrons emitted from fission fragments is shown in 
Fig. 4. The background obtained with a 3-inch thickness 
of graphite as a shadow absorber is shown on the same 
figure. During the course of experimentation the fission 
beta spectrum was measured with different solid angles, 
with and without shielding, and with different detectors. 
In each case the shape of the spectrum above 1 Mev 
was the same (within statistics). The data presented 
here are from the experimental system as described and 
represent only one of the many measurements. The data 
corrected as indicated in Sec. III and transformed to 
betas per fission per Mev are shown in Fig. 5. An 
analytic function which fits the experimental data in 
the important energy region is 


Y (Es) =3.88 exp[ —0.575E3—0.055E 2]. (1) 


(Eg is the electron kinetic energy in Mev.) It is repre- 
sented by the solid line on Fig. 5. With this analytic 
expression, a beta-spectra end-point distribution was 
calculated on an IBM-704 electronic computing 
machine for emitters with Z=32 and also for Z=60 
(Fig. 6). From these end-point distributions the anti- 
neutrino spectra were calculated. For the details of this 
calculation see Appendix II. These spectra are shown 
in Fig. 5, along with the beta spectrum. 

The antineutrino absorption cross section per fission 
is then given by 


Lx 


Ne= f o(E;)p(E;)dEs, 
1.8 Mev 








'. TON 
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Fic. 5. Corrected results, the empirical fit to the data, 
and the derived antineutrino spectra. 
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Fic. 6. The end-point distribution, assuming allowed 
shapes for the individual spectra. 


where o(/;)= the theoretically predicted cross section 
as a function of the antineutrino energy (for details 
see Appendix I), and p(/;)=the number of antineu- 
trinos per fission per Mev at energy F;. 

The number of antineutrinos per fission above the 
threshold for the reaction is 


v-f p(E;)dk;. (3) 
1.8 Mev 


The average absorption cross section per antineutrino 
above the threshold for the reaction is 


é= Ne/N. (4) 


From the values of p(/;) given in Fig. 5, Ne, V, and 
& were calculated for Z=32 and 60. The results are 
shown in Table I. The average of the two values is listed 
in line 3. The last line shows the final result adjusted for 
errors as indicated under reliability. 


V. RELIABILITY 


It was difficult to determine the errors in an experi- 
ment of this type where absolute values of quantities 
were required. The following is a list of sources of error 
and an estimate of their effect on the final cross section 
prediction (Vé). 


a. The mass ratio of the uranium source foil to the 
monitor foil had a uncertainty of +1% and the fission 
counter had a plateau sufficiently good so that the 
uncertainty in the total number of fissions was +2%. 

b. The energy calibration proved to have an un- 
certainty of not greater than +1%. 

c. Concern about the effect of the shield system and 
the method of subtracting background led to a measure- 
ment both with and without a shield. Background was 
measured by replacing the fission foil with an aluminum 
disk of the size of the foil backing material. The elec- 
tron spectra in the two cases were identical (within 
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TABLE I. Summary of results for reaction p(v,8*)n. 


Ne N o 

(10° cm?/fiss) (7 /fiss) (107 em?/>) 
2.83 
3.06 


5.21 
6.19 


Z=32 
Z=600 


Average 5.70 2.95 


Adjusted 


best value 2.9+0.44 


6.1+1 


statistics). The shadow absorber technique used should 
give an answer which is most nearly correct. The 
estimate of the uncertainty using this technique was 
+5%. 

d. The uncertainty in applying the corrections due 
to the energy shift because of resolution and because 
of energy loss was +1%. 

e. The analytic fit to the experimental data was 
estimated to have an uncertainty of +2%. 

f. There is an uncertainty in the theoretical cross 
section for monoenergetic antineutrinos of +13% 
caused by the uncertainty in the measured neutron half- 
life (12+1.5 min). 

g. The precise distribution of Z’s of the fission product 
beta emitters was not known. The use of the average 
of the values computed for Z=32 and Z=60 should 
involve an uncertainty no greater than +5%. 

The arithmetic sum of the above errors is 30%, but 
it seems reasonable to believe that the correct answer 
should fall within +15%. 

There is an uncertainty which is not included in the 
above. Very little experimental data were obtained to 
determine the asymmetrical part of the resolution func- 
tion for the scintillator and the departure of the fission 
beta spectrum from secular equilibrium. Both of these 
effects tend to give an answer for Né which is too low. 
Since it was estimated that the resolution correction 
could raise the spectrum by as much as 10% the results 
should be increased by 5% with an uncertainty of 5%. 
A further increase of 2+2% should be an adequate 
allowance for the departure from equilibrium. A 7% 
correction was made to obtain the values in the last 
line of Table I. 

A calculation of V (the number of antineutrinos per 
fission above 1.8 Mev) involves all the uncertainties 
listed above except the one in the theoretical cross 
section due to the neutron half-life. Hence, the result 
has been quoted with an uncertainty of +10%. 

The average cross section per antineutrino above 
1.8 Mev [Eq. (4) ] is determined by a ratio so some of 
the uncertainties will cancel since they appear in both 
the numerator and denominator. However, the value 
will have the uncertainty of the theoretical cross section. 
An uncertainty of +15% has been ascribed to this 
average cross section. 
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VI. INTERPRETATION OF RESULTS 


The measured cross section for the reaction 
p(v,8*)n for antineutrinos from fission fragments is 
Né= (6.741.5) K10-* cm?/fission.’ This result is in 
agreement with theoretical expectation, V¢=6.1+1 
X 10-* cm?/fission, based on the measured fission § 
spectrum, the two-component theory of the neutrino, 
the principle of microscopic reversibility, and the 
measured characteristics of neutron decay.’ A more 
precise measurement of the absorption cross section is 
of interest in order to sharpen our conclusions and 
indeed such increased precision is now feasible.! In 
addition to these conclusions based on the measurement 
of the electron spectrum, we have also calculated in 
Appendix III the expected cross section for the reaction 
C}*7(y,8-)A*". The two-component theory predicts no 
interaction as does the four-component theory with 
distinguishable neutrino and antineutrino. A four-com- 
ponent Majorana neutrino theory on the other hand 
predicts the result 1.44 10~“ cm?/fission. The work 
of R. Davis is not inconsistent with a zero cross section. 
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APPENDIX I. PREDICTED CROSS 
SECTION FOR /(v,$*)n 


For a monoenergetic * as derived for the four- 
component neutrino by Konopinski’ and others, 


Grykh\? M,—-M, 
o(k;)= (—) (4-= —- ) 
2n \ mc m 
M,—M,\? 4 
(oy 1] 
m 


where M,,—M, is the neutron-proton mass difference, 
E; is the antineutrino energy in mc? units, and G? is the 
appropriate 6 coupling constant. The threshold is at 
3.530 electron masses or 1.804 Mev. According to 
DuMond and Cohen,” (#/mc)?= 1.491 10-*! cm?. As 
pointed out by Lee and Yang," and others, the formula 
can be generalized to include the two-component neu- 
trino by the addition of a factor P, which is unity in the 


8 An independent prediction made by King and Perkins from a 
consideration of the details of the fission chains gives for the two- 
component neutrino theory the result No=8.5X 10~ cm?/fission 
[R. W. King and J. F. Perkins, Phys. Rev. 112, 963 (1958) ]. We 
wish to thank Dr. King for this information in advance of publica- 
tion. 

® E. Konopinski ef al. (private communication, 1953). 

10 J. W. M. DuMond and E. R. Cohen, Phys. Rev. 82, 
(1951). 

"1 T. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957). 
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four-component theory and two for the two-component 
theory. This result follows from the restriction in the 
two-component theory of the final states in the neutron 
decay. 


o(E;)= P(G*/2r) X 1.491 X 10-* (E;— 2.530) 
xX [(E;— 2.530)?—1]!, (6) 


where P is the parity factor and P=1 for a four- 
component 7, P= 2 for a two-component ?. G?/27=a is 
evaluated from the properties of neutron decay. When 
G’ is redefined in terms customarily used in 6-decay 
theory, G?= g?X m?/h'. 


1 _m*c\F (no) 


ae 2r°h' 


where 7, (the neutron mean life)= 1040-130 sec.!” 

The @~ spectrum from neutron decay measured by 
Robson® is consistent with an allowed shape having 
an end point of 782 kev. Hence the Fermi function 
F (no) = F (Pmax/ me) = F'(2.324) = 1.633. 


h’ 1 
= (1.12+0.14) K 10- cm’. 


a= 


c (mc)* r,F (no) 


The desired cross section for a monoenergetic anti- 
neutrino is 


o (Es) = (1.1240.14) X 10-4 (E;— 2.53) 
x [ (E;— 2.53)?— 1]! P cm’. 


APPENDIX II. CROSS SECTION FOR FISSION 
FRAGMENT ANTINEUTRINOS 


The B~ spectrum from fission fragments differs from 
the associated > spectrum because of the finite mass of 
the electron and the spectral distortion due to electro- 
static attraction between the electron and nucleus. Since, 
given an end point and Coulomb factor, both the 8~ and 
y spectrum are determined, the problem is viewed as one 
of determining the end-point distribution, considering 
Coulomb effects. However, the details of the short- 
lived fission product chains are not known and hence 
it is not possible to predict these effects accurately. Con- 
sequently, a procedure was adopted which enabled 
the expected cross section to be bracketed. It was 
assumed that the observed 8~ spectrum results from the 
superposition of a continuous distribution of 6~ emitters, 
each one having an allowed shape but all with the same 
nuclear charge Z. Two extreme values of Z(Z= 60, 32) 
are assumed so as to place upper and lower limits on 
the Coulomb distortion of the B-, and hence the 7 
spectrum. The end-point distribution is then determined 
by solving the appropriate integral equation, and the 

2 Spivak, Sosnosky, Prokofiev, and Sokoloff, Proceedings of the 
International Conference on the Peaceful Uses of Atomic Energy, 


Geneva, 1955 (United Nations, New York, 1956), Vol. 2, p. 33. 
13 J. M. Robson, Phys. Rev. 83, 349 (1951). 
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cross section of Appendix I is integrated over the re- 
sulting spectrum. 

The experimentally determined 8 spectrum Y (Eg) 
is related to the end-point distribution n(£,Z) by the 
integral equation 


V (Es) = f 
E=Eg 


where B(#,Z) is the normalization function for the 
allowed B~ spectrum {(E,£3,Z), 


n(E,Z)B(E,Z) f(E,Es,Z)dE, (8) 


E 
B-(E,Z) = 
Eg = 


f(E,Es,Z)dEs, (9) 


and £g is the total beta energy, including the rest 
energy. In general 

f(E,E3,Z) = Es?(E— Es)*G(Z,Pa), (10) 
where 


G(Z,Ps3) = (Ps/ Es) F(Z,Ps). (11) 


F is the Fermi Coulomb function," and Pz is the electron 
momentum. 
For Z= 32, G(32,Ps)=a, which is constant to 46%, 
8 


and 

f(32,E3,E) = Es?(E— Eg)*a. (12) 
For Z= 60, G(60,P) is represented to within +2% by 
the function 


G(E3)=6 exp[ —0.16(£s— 1)! ] (13) 


over the range lmc?< Eg<15mce*. n(E,Z) can now be 
solved for, assuming Z independent of /. Rewriting (8), 


a 


M=Y pa= f 
E=E, 


=Eg 


m(E,Z)(E—Eg,)*dE, (14) 


where 


m(E,Z)=n(E,Z)B(E,Z). (15) 


Differentiating (14) with respect to Hs three times, 
m(E3,Z) = 4d°M (Eg) /dE’, (16) 
and the end-point distribution is obtained from (15) 
and (16). 
The fission fragment # spectrum p(£;,Z) is then given 
by adding the spectra having the calculated end-point 
distribution n(F,Z) : 


x 


p(E;,Z)= f n(E,Z)B(E,Z) f'(E;,E,Z)dE. (17) 
E=Ei+1 


For Z=32, f’= (E—E;)?E¥, 
L= 60, f= (E- E;)°E3" exp[ —0.16(E-— E;- 1)*]. (18) 
4 These functions are given by M. E. Rose in Beta- and Gamma 


Ray Spectroscopy, edited by K. Siegbahn (Interscience Publishers, 
Inc., New York, 1955), Chap. 9, Appendix. 
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The average cross section per fission N@, for the 


fission # spectrum, is then given by 


gx 


na(z)= f o(E;)p(E;,Z)dE;. 
Ej =3.53 


(19) 


The number JN of antineutrinos above a certain 
energy is 
v=f p(E;,Z)dE;. (20) 
E 


<i 


APPENDIX III. EVALUATION OF CROSS SECTION 
FOR FISSION FRAGMENT NEUTRINO 
Cl (v,B-)A” 


In view of the experiment of Raymond Davis 
searching for this reaction at the Savannah River Plant 
it seems worthwhile to evaluate the expected cross 
section. The cross section for a neutrino (or antineu- 
trino) of energy & is given by the expression’® 


(s+1)/ kh \* R(z+1,E—Eo) 1 
r(B)=4sa——(—) x 


mc 4rZ' eC 
E—E, ‘| 
x ( — ) i 
E,+1/ | 


where Ey=0.608mc’, 
a= 1/137, and Z= 18. 


—2r(s+1)a(E— Eo | i 
-ex| || , (21) 


[(k-E,)?-1}) J) 


7=4.24X10*® sec (mean life), 


16 R. Davis (private communication ). This expression with A = 1 
was derived by Edward Kelley. 
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TABLE II. Table of A. 





Four-component 
theory, >#» 


Four-component 


Two-component 
theory, y=» 


Source theory 





neutrinos 
(8* decay) 
antineutrinos 


(B~ decay) 





TAHLE III. Summary of results for reaction Cl*? (»,8~)A3’. 


N 
v/fiss 
Ne X10, cm?/fiss (above 1.61 mc?) @ X10, cm?/y 
Z=32 a 0 3: 
Z=00 1.54 } 3: 
; 3. 


Average 1.44 55 


R(z+1, E—£o) is the function defined by Feenberg 
and Trigg.'® 

The value of A is determined by the source and 
neutrino theory employed as given in Table IT. 

The cross section for the only nonzero case, i.e. for 
the four-component Majorana theory, involving fission 
product antineutrinos is obtained by integrating the 
cross section given by Eq. (21) over the antineutrino 
spectrum. Table ITI gives these results. 

Thus far the Davis experiment gives a result which 
is not clearly inconsistent with background. It is under- 
stood that further work is in progress to increase the 
sensitivity of the method.'? 


16. Feenberg and G. L. Trigg, Revs. Modern Phys. 22, 399 
(1950). 
17 R. Davis (private communication). 
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Spectroscopic-coincidence techniques have been employed to re-examine the electron capture rate, 
branching ratio, and positron rate of Zn®*. Decay by positron emission occurs to the extent of (1.70+0.10)%. 
Electron capture to the excited state was found to be associated with (51.3+3.0)% of the disintegrations, 
significantly higher than the (44-46)% reported in previous investigations. 


I. INTRODUCTION 


© decays is known to decay by (a) orbital electron 
capture to a 1.114-Mev excited state, (b) electron 
capture to the ground state, and (c) positron emission 
to the ground state of Cu®. As summarized by Perkins,! 
there exists considerable variance in the reported ratios, 
ex/8+ and y/B+. On the other hand, reasonable agree- 
ment seems to have been reached concerning the 
branching ratio of capture events, and Perkins accepted 
the value of 45% to the excited state and made no 
confirming measurements. 

In the course of our source and instrument calibration 
work, we encountered a significant deviation in the 
ratio of photons/disintegration suggesting a higher 
percentage of captures to the excited state than the 
currently accepted value of 45.5%.? These findings are 
reported here with sufficient detail of the techniques 
to permit evaluation. 

Spectroscopic-coincidence counting methods were 
used to determine with sufficient accuracy the electron 
capture rate, the electron capture branching ratio, 
and the absolute positron rate to permit a direct 
assignment to each decay branch. 


II. THEORY AND PROCEDURE 


A. Capture Branching Ratio and Capture Rate 
The decay scheme of Zn® is shown in Fig. 1; a, 6, and 
c represent the fraction of the disintegrations in each 
branch. 
The coincidence expressions with which we operated 
are the following: 
X= R(a+b) Pwex/e, (1) 


G=RaP,, (2) 

C= RaP,Pwex/e, (3) 
XG/C=R(a+5), (4) 
C/XP,=a/(a+b), (5) 


where R=disintegration rate, X=K x-ray counting 
rate (singles) G=gamma counting rate (singles), 
C=x-y coincidence counting rate, P=counting prob- 


1 J. F. Perkins and S. K. Haynes, Phys. Rev. 92, 687 (1953). 

2 Nuclear Level Schemes, A=40—A=92, compiled by Way, 
King, McGinnis, and van Lieshout, Atomic Energy Commission 
Report TID-5300 (U. S. Government Printing Office, Washington, 
D. C., 1955). 


ability (observed counts/event), w= fluorescent yield, 
ex= K-capture rate, and e=total capture rate. These 
expressions involve, in addition to the generally ac- 
cepted considerations, i.e., isotropy, the assumption 
that the ratio ex/e is the same in both branches. 
Note also that the value of Eq. (5) is significantly 
dependent upon accurate knowledge of P,. The equa- 
tions also illustrate the advantage of the coincidence 
method in that no assumptions need be made regarding 
the fluorescent yield or the capture ratio ex/e, since 
these terms do not appear in both Eqs. (4) and (5). 
The absolute electron capture rate was calculated 
from Eq. (4) and the branching ratio from Eq. (5). 


B. Positron Determination 


Because of the corrections involved in making a 
direct absolute measurement of the positrons them- 
selves, we elected to observe the annihilation radiation 
from an enclosed source. Such an approach is compli- 
cated by the fact that the 511-kev annihilation peak 
rests on the Compton continuum of the 1.114-Mev 
x-ray. By counting coincidences of the annihilation 
quanta with two fixed, opposing detectors, the un- 
certainty of estimating the contribution of the Compton 
processes is avoided. A known Na” source was used to 
calibrate the arrangement. 


Ill. EXPERIMENTAL METHODS 
A. Activity Preparation 


The source material was prepared by deuteron 
bombardment of a natural copper target.’ The Zn®™ 
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Fic. 1. Decay scheme. 











* Courtesy of A. J. Allen, University of Pittsburgh Cyclotron. 
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activity was separated and purified from copper, as 
well as Fe and Co activities, by anion-exchange tech- 
niques.‘ The final product was not carrier-free, owing 
to traces of zinc in the target and the reagents used in 
the separation. The specific activity was approximately 
14 wC/ug and the polystyrene film-mount used in the 
counting was virtually massless. 


B. Measuring Equipment 


The gamma detector consisted of a 3 in.X3 in. 
Nal(TI) crystal viewed by a DuMont-6363 phototube. 
The source was accurately positioned on a 4-in. Lucite 
support 36 mm above the face of the detector for all 
measurements. 

The x-ray detector was a 1 in.X7s in. Nal(TI) 
crystal equipped with a 140-mg/cm? beryllium window 
and viewed by a DuMont-6292 phototube. Accurate 
positioning was not essential to the coincidence measure- 
ments but, in general, the detector was kept 1-2 cm 
above the source. The sensitivity of this instrument is 
very high for x-rays but drops rapidly above 100 kev, 
thereby reducing the overload on the amplifier. 
Positrons of Zn® are completely filtered by the beryl- 
lium window. 

Both detectors were supplied with stabilized high 
voltage assuring a negligible drift during measurements. 
The linear amplifiers and single-channel pulse-height 
analyzers were modified to be as nearly “matched” as 
possible and to yield output pulses most suitable for 
slow coincidence work. 

The coincidence circuit was operated with a 1-usec 
resolving time. Time-matching was achieved by varying 
the channel input discriminators while viewing the 
output pulses with an oscilloscope. The counts were 
recorded on a scaler with input discrimination against 
all pulses below 33% of the full amplitude output of 
the coincidence analyzer. Accidentals in the coincidence 
rate were limited to 2-3% and estimated from measure- 
ment of separate sources. The cosmic-ray and source 
7-7 coincidence background taken with a 20-mil copper 
filter ahead of the x-ray detector was zero. 

To achieve acceptable statistical error, all measure- 
ments involved a collection in excess of 10‘ counts, 
except background rates too low to be of significance. 


C. Calibration of the Gamma Detector 


B-y coincidences were counted for a Sc** sample. 
The efficiency or counting probability (P,) at 1.12 Mev 
was thus obtained by dividing the coincidence rate by 
the beta singles rate. However, a correction is necessary 
due to the coincidence-summing, by the detector, of 
the 1.12- and 0.89-Mev emissions of Sc**. At a distance 


*K. A. Kraus and G. E. Moore, J. Am. Chem. Soc. 57, 1460 
(1953). 
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of 12 cm from the face of the y detector, a ratio was 
obtained between Zn® and Sc** sources at 1.12 Mev. 
This ratio was again determined at the 36-mm position 
and found to be 5% greater. If one assumes that the 
coincidence-summing effect for Sc*® is negligible at 
12 cm, it follows that the probability of detecting the 
single emission of Zn® was 5% greater than that for 
the coincident pair of Sc**. 

The value P,=(1.75+0.05) X 10-*(counts/min)/y 
as obtained above was employed in our calculations 
and was found to be consistent with a calibration curve 
prepared from other standard sources. 


IV. RESULTS 


With reference to the decay scheme (Fig. 1), the 
measured quantities in this work are 


c= (1.70+0.10)%, 
at+b= 98.3%, 
a/(a+b)=0.522+0.032. 


From these data, the following decay branch assign- 
ments are possible: 


a= (51.343.0)%, 
b= (47.043.0)%, 
c= (1.7040.10)%. 


V. DISCUSSION 


The positron rate determined in this work is in 
remarkable agreement with that of Perkins and Hanyes! 
who measured K-Auger electrons and positrons with a 
magnetic lens spectrometer. Their value (c=1.74 
+0.2%) was estimated on the basis that the fluorescent 
yield is 0.44 and the ratio of outer-orbit capture/K- 
capture is 0.112+0.01. 

Conversely, our electron capture branching ratio, 
a/(a+6), is at appreciable variance with all earlier 
studies except that of Sehr® whose value, 0.485+0.02, 
is within statistical range. 

It is to be noted that the decay branch assignments 
yield the ratio y/8+=30+3 which compares favorably 
with the values 3343 of Bashilov® and 31+5 of 
Maeder.’ Less gratifying is the ground-state ratio 
ex/B8*, calculated from our results to be 25+2 which is 
a trifle low with respect to the theoretical value of 
Zweifel® of 29.5. Sufficient agreement exists, however, 
to indicate that the proposed decay-scheme refinements 
are in order. 


5 R. Sehr, Z. Physik 137, 523 (1954). 

6 Bashilov, Anton’era, Broder, and Dzhelepov, Izvest. Akad. 
Nauk Ser. Fiz. S.S.S.R. 17, 468 (1953) [Chem. Abstr. 48, 2488h 
(1954) ]. 

7 Maeder, Muller, Wintersteiger, Helv. Phys. Acta. 27, 3 (1954). 

8 P. F. Zweifel, Phys. Rev. 107, 329 (1957). 
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Absence of Isomerism in Gallium-65* 


Davip L. Morrisont AND NorBerT T. PORILE 
Chemistry Department, Brookhaven National Laboratory, Upton, New York 


(Received September 12, 1958) 


The formation of Ga® has been investigated in the decay of Ge® and in the following reactions over a 
wide range of bombarding energies: Cu®(a,2m), Zn (a,p2n), Zn™(d,n), and Zn™(p,7). In no case was a 


previously reported 8-minute isomer detected. 


WO activities, with half-lives of 15 and 8 minutes, 
have been ascribed to Ga®, The 15-minute state 
is well known and its decay properties have been 
investigated recently.’ The 8-minute activity was 
found by Crasemann‘ as a product of the bombardment 
of copper with alpha particles, and of zinc with deu- 
terons. The activity was assigned to a gallium nuclide 
on the basis of chemical identification and the mass 
assignment was made on the basis of excitation function 
measurements. The yield of the 8-minute state was 
reported to be larger than that of the 15-minute state 
of Ga® in the (a@,2) reaction on Cu®™., Daniel,! however, 
did not detect an 8-minute gallium activity when 15- 
minute Ga® was produced in the bombardment of zinc 
with 7-Mev deuterons. 

Gallium-65 lies outside the regions where isomerism 
is probable. Crasemann thus postulated that the 
occurrence of an isomer might be ascribed to core 
isomerism.’ In view of the rarity of this phenomenon, 
and of the conflicting evidence for the existence of an 
8-minute isomer, it was decided to reinvestigate the 
formation of Ga®. 

The reactions by which Ga® was produced are listed 
in Table I. The formation of Ga® in the decay of Ge® 
has been reported on previously.® The irradiations were 
performed with the alpha, deuteron, and proton beams 
of the Brookhaven 60-inch cyclotron. The targets con- 
sisted of high-purity copper and zinc foils. In the case 
of the Zn*(@,p2n) reaction, the targets consisted of 
zinc, enriched to 93% in Zn®,’ plated on gold. The 
production of 21-minute Ga” was thereby reduced by 
a factor of 50. The target foils were irradiated for 
periods ranging from 20 seconds to 4 minutes. After 
bombardment, the foils were dissolved in acid in the 


presence of carrier and gallium was separated by 
extraction into isopropyl ether from 7 HC] solution. 
In the case of the Zn*(a,p2n) reaction, the samples 


* Research performed under the auspices of the U. S. Atomic 
Energy Commission. 

¢ Summer student from Carnegie Institute of Technology. 

1H. Daniel, Z. Naturforsch. Al2, 363 (1957). 

2 Th. Mayer-Kuckuc, Z. Naturforsch. Al2, 365 (1957). 

3 J. F. Friichtenicht and L. A. Beach, Bull. Am. Phys. Soc. Ser. 
IT, 3, 62 (1958). 

4B. Crasemann, Phys. Rev. 93, 1034 (1954). 

5 M. Goldhaber, Phys. Rev. 89, 1146 (1953). 

®N. T. Porile, Phys. Rev. 112, 1954 (1958). 

7Obtained from Isotope Research and Production Division, 
Carbide and Carbon Chemicals Company, Oak Ridge, Tennessee. 


were in addition fumed with HCl in order to volatilize 
germainium from the solution. The samples were 
counted in deep-well scintillation counters and beta 
proportional counters. In some cases the gamma-ray 
spectrum was followed with a 3X3 inch Nal counter 
connected to a 100-channel pulse-height analyzer. The 
initial time of counting was about 12 minutes after 
bombardment. In general the samples showed the 
presence of 15-minute Ga®, 68-minute Ga®, 9.4-hour 
Ga*®®, and 78-hour Ga®’. In some cases 2.5-minute Ga™ 
was also present. The 8-minute activity ascribed to 
Ga® was not detected in any experiment. 

The results are summarized in Table I. The beam 
monitoring techniques used to obtain cross sections are 
described elsewhere.? In the case of the Cu™(a,2n) 
reaction and the Zn™(a,p2n) reaction, complete ex- 
citation functions were determined, and are shown in 
Fig. 1. In general it is possible to place an upper limit 
of 0.10 on the yield of an 8-minute activity relative to 





Cu® (a,2n) 


Fic. 1. Excitation func- 
tions for the Cu®(a,2n)Ga*® 
and Zn“(a,p2n)Ga® reac- 
tions. 


zn®“(a,p2n) 








J ! 
25 35 


Eq (MEV) 





8S. Amiel and N. T. Porile, Rev. Sci. Instr. 29, 1112 (1958). 
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TABLE I. Formation of gallium-65. 


Bom- 
barding o(8-min Ga*) 
energy 15-min Ga® (———— 
Mev @ (mb) 


Reaction @(15-min Ga®) 


Cu®(a,2n) 
Zn“(a,p2n) 

Zn“ (d,n) +Zn**(d,3n) 
Zn“(d,n) 

Zn“(p,y) 

Zn“(p,y) 

Ge*® decay 





40.3-22.2 See Fig.1 
39.2-27.1 See Fig. 1 
20.4 40 


<0.10 

<0.10 

<0.15 

<0.10 

<0.25 

<0.10 
Branching to 8-min Ga® 


9.9 


that of 15-minute Ga®, assuming that the former decays 
mainly by positron emission, as reported by Crasemann. 
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In those cases where the yield of 2.5-minute Ga® is 
substantial, the upper limit is somewhat higher. In 
view of the fact that the reported 8-minute activity‘ 
was previously found to have a higher yield than 15- 
minute Ga®, it is felt that the upper limits determined 
in the present work disprove the existence of an 8- 
minute isomer of Ga®. 
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Proton-Proton Scattering at 19.8 Mev* 


Jack W. Burkic,t J. REGINALD RICHARDSON, AND GLEN E. ScHrankt 
Department of Physics, University of California, Los Angles, California 
(Received August 13, 1958) 


An experimental measurement of the angular distribution of the scattering of 19.8-Mev protons by 
protons is described. The scattering material was hydrogen gas and detection was by scintillation counters. 
The cross section as a function of center-of-mass scattering angle reveals a minimum at 26° where do/dw 
=22.6+0.3 mb/steradian. The measurements range from 14° where do/dw=59.7+2.0 mb/steradian to 
90° where do/dw=24.6+0.3 mb/steradian and include measurements at 15 angles. The phase-shift analysis 


of the data is as yet incomplete. 


HE experimental work summarized in this paper 

consisted of a preliminary experiment, and a final 
experiment performed with quite different apparatus, 
slit widths, etc. The results of both experiments are 
included in this paper although the description is 
confined to the final version. A preliminary report on 
the latter has been given previously.! 

Previous work on proton-proton scattering near 20 
Mev has been reported by Yntema and White.’ Their 
results were obtained at 18 Mev with good accuracy, 
but they were able to extend their measurements only 
down to scattering angles of 30° in the center-of-mass 
system. The present experiment was designed to permit 
measurements at sufficiently low scattering angles so 
that the complete interference minimum in the scatter- 
ing cross section could be observed. It was believed 
that this region of the scattering cross section vs angle 
curve would be particularly useful in discriminating 
against various alternative sets of phase shifts. This 
experiment was also complementary to that of Yntema 
and White in the sense that a gaseous hydrogen target 


* Work supported in part by the joint program of the Office of 
Naval Research and the U. S. Atomic Energy Commission. 

+t Now at Hughes Aircraft Company, Culver City, California. 

t Now at Princeton University, Princeton, New Jersey. 

1 Burkig, Schrank, and Richardson, Phys. Rev. 100, 1805(A) 
(1955). 

2 J. L. Yntema and M. G. White, Phys. Rev. 95, 1226 (1954). 


was used here instead of the solid target (and co- 
incidence counting) used by them. 


THE COLLIMATOR 


The deflected beam from the 41-in. UCLA FM 
cyclotron was brought into the scattering chamber 
through a collimator giving a beam divergence of 20 
min of arc. The main collimation holes were 0.220 in. 
in diameter and spaced 42 in. apart. Additional larger 
holes were used as antiscattering baffles. The criteria 
to be met by the antiscattering baffles were as follows: 


(1) The first collimating hole was to see no portion 
of the wall of the collimating tube except that between 
it and the first antiscattering baffle. This governed the 
position of two antiscattering baffles between the col- 
limating holes and minimized effects of scattering from 
the walls of the collimator tube. 

(2) The final antiscattering hole was located after 
the final collimating hole. Its location and size were 
governed by the following requirements: (a) It must 
be large enough to clear the main beam after the normal 
divergence (20’ from parallel) and multiple scattering 
in the gas are accounted for. (b) It must be small 
enough so that the first slit of the analyzer in the 
detection system sees no edges of the final collimating 
hole at the minimum angle at which measurements are 
to be made. This is an important requirement in 
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preventing unwanted particles from reaching the 
detector. Initially the final antiscattering baffle was 
designed on the basis that no straight-line path was to 
exist from the rim of the baffle through the analyzer. 
This resulted in the first analyzer slit “seeing” the 
edges of the final collimating hole and large numbers 
of particles of reduced energy were observed. When 
the previously mentioned criterion was adopted instead, 
this difficulty was overcome. 


All collimating and antiscattering apertures were 
made of brass of sufficient thickness to stop the beam 
and were backed with graphite to minimize the produc- 
tion of secondary neutrons by protons impinging on 
those surfaces. 


SCATTERING CHAMBER AND 
ACCESSORY EQUIPMENT 


The scattering chamber was a heavy aluminum 
casting 30 in. in diameter and 4 in. deep. Holes existed 
in the sides of the chamber for beam entrance and exit, 
pumping, filling, and pressure measurement. The cham- 
ber was evacuated to an ultimate vacuum of about 
5X10-* mm of mercury. A thin Mylar window at the 
collimator entrance and a 2-mil Dural window at the 
exit permitted the proton beam to pass through the 
chamber while preventing escape of the target gas. A 
port for mounting a monitor counter was provided in 
the lid of the chamber. A Faraday cup of 1}-in. diam 
was attached to the chamber at the exit and evacuated 
separately. A magnetic field of several hundred gauss 
was provided at the entrance to the cup to prevent the 
entrance or escape of secondary electrons. 

The gas-filling system consisted of copper tubing and 
needle valves connected to a gas bottle through a silica 
gel drying tube and a DeOxo catalytic hydrogen purifier. 
An accurate aneroid barometer and a differential 
manometer were used in conjunction to measure the 
gas pressure. The chamber was also provided with a 
mercury manometer with a layer of diffusion pump oil 
over the exposed mercury surface. The latter was used 
in making counting rate versus pressure measurements. 
Temperature measurements were made with a mercury- 
in-glass thermometer which entered the chamber 
through a vacuum seal. 

The analyzer structure was mounted on a movable 
arm which permitted the analyzer to be set to detect 
particles at any desired angle. The analyzer consisted 
of a pair of steel slits of equal width (about 0.10 inch) 
spaced to give an angular resolution of about 2°. 
(See Table I.) Shields were placed around the slits to 
prevent particles which did not go through both slits 
from entering the detector. The arm to which the 
analyzer was attached could be rotated from outside 
the chamber and its position determined from an 
accurately graduated circle attached to the shaft. 

The detector was a DuMont 6292 photomultiplier 
tube with a thallium-activated sodium iodide crystal of 


AT 19.8 Mev 


TABLE I. Slit geometry and other data. 





Width of front slit 

Width of rear slit 

Height of rear slit 

Center to rear slit 

Distance between slits 
Diameter of beam at center 
Initial pressure 

Initial temperature 





0.1018 inch 

0.1030 inch 

0.598 inch 

8.96 inches 

4.51 inches 

0.266 inch (divergence 12 mils/inch) 
1006 mb 

297.0°K 


“Unit charge” corresponds to 5.867 X 10" incident protons 
Purity of gas according to Consolidated Engineering mass 
spectroscopic analysis: He: 100.00%. 








sufficient thickness to stop the scattered protons. An 
additional detector, using a plastic scintillator, was 
mounted on the lid and was used as a beam monitor. 
It was calibrated and used for beam integration at the 
lowest scattering angles where the analyzer structure 
interfered with the entrance of the beam into the 
Faraday cup. 

The current collected by the Faraday cup was fed 
into an accurately calibrated integrator’ which in turn 
fed into a Brown self-balancing potentiometer. Near 
the top of the scale the potentiometer automatically 
closed a microswitch which discharged the collecting 
capacitor and returned the integrator output to zero. 
Such a charge was taken for reasons of convenience as 
the unit of charge used in this paper. 

The scattering chamber was aligned by the usual 
photographic centering methods with an accuracy 
estimated at +0.005 inch and this was confirmed by 
the experimental results. 


EXPERIMENTAL PROCEDURE 


The chamber was flushed with hydrogen gas, pumped 
out again, and the silica gel drying agent baked until 
the ultimate vacuum was the same as with no drying 
agent present. The chamber was then refilled until the 
chamber pressure slightly exceeded the atmospheric 
pressure. Periodic pressure and temperature checks 
were made throughout the run. 

The amplifier gains and photomultiplier voltages 
were adjusted to give a pulse of about 50 volts for the 
elastic scattering peak. At this setting the response of 
the amplifier is still reasonably linear. With the particu- 
lar differential discriminator ‘‘window”’ used, the over- 
all resolution was about 5.7%; subtracting off the 
effect of finite “window” width gives about 4.5% for 
the crystal alone. Of more importance to the over-all 
accuracy of the experiment is the fact that a very 
small number of counts were always obtained at 
energies well below the beam energy. It was thus not 
possible to set discriminator biases in such a way as to 
assign a completely clear-cut lower limit to the elastic 
peak. This leads to some uncertainty in the absolute 
values of the measured cross sections and this is 


3H. N. Royden and D. O. Caldwell, Rev. Sci. Instr. 27, 91 
(1956). 
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included in our final error estimates. Early troubles of 
this kind were traced to faulty collimator design, but 
when this had been corrected a small amount of the 
effect persisted. Such effects were observed at all angles 
up to 45° in the laboratory system and were absent 
with no gas in the chamber; they cannot therefore be 
attributed to protons entering the analyzer by scattering 
from other structures in the chamber. The amount of 
low-energy beam expected from collimator edge pene- 
tration is much smaller than what is observed here. 
There is some evidence of a small amount of low-energy 
component in the analyzed cyclotron beam, and the 
difficulties may therefore be associated with the cyclo- 
tron rather than the scattering chamber. This trouble 
was not completely overcome, and it forces the adoption 
of cutoff procedures which raise the upper limit of error. 

After the sensitivity of the system had been set to 
give pulses of approximately 50 volts amplitude, the 
bias of the discriminator was set so that, as far as 
possible, all counts from the scattering peak went into 
the “elastic” output. (The “elastic” counts are all 
counts above the “window” of the discriminator.) The 
channel was set some distance below the elastic peak 
and as near to the minimum of the “counting rate 
versus pulse height” curve as possible. This is taken as 
the cutoff on the low-energy side of the elastic peak. 
The channel count serves to measure the imperfection 
of this cutoff and also serves to call attention to shifts 
in the over-all gain of the system, especially those 
which would cause more counts from the elastic peak 
to fall into the “channel.” 

Counting at various angles then proceeded, with a 
record being made of the outputs of both scalers at 
intervals of 5 charge units, which occurred approxi- 
mately every 10 minutes. This permitted detection of 
malfunctions early and indicated whether troubles 
were making data unreliable. The monitor counter 
outputs were also recorded, and a graphical record of 
the integrator output was kept. The consistency of 
these two acted as a check on the integrating system and 
was also useful in calibrating the monitor as an indicator 
of total particle flux at low scattering angles where the 
analyzer structure prevented some of the beam from 
entering the Faraday cup. 

Measurements were made on both sides of the “‘zero” 
angle for all angles considered. The averaging process 
accomplished by this tends to cancel out the first order 
effects of lack of symmetry of adjustment. The earliest 
such measurements were made in order to set the index 
on the angle-measuring disk to such a point that equal 
counting rates were measured for equal angular setting 


TABLE II. Correction vs c.m. angle. 
1.9% | lg % 20° 
0% 12° y/ 30° 
0.95% 13° 54% 45° 
—0.3% 15° y/ 
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on either side of the zero. At small scattering angles the 
symmetry of counting rates is very sensitive, and the 
experimental results indicate that symmetry was 
achieved to within two minutes of arc. 

In this way data were accumulated to the extent of 
approximately 10000 counts at symmetrical pairs of 
angles at 7, 8, 9, 10, 11, 12, 13, 15, 20, 30, and 45 degrees 
in the laboratory system of coordinates. 

The beam energy was measured by a stacked alumi- 
num foil method. A one-fourth mil Mylar film was 
placed in the center of the scattering chamber and the 
analyzer set at some convenient angle. With no addi- 
tional stopping foils in front of the Faraday cup, the 
counting rate at the analyzer was calibrated against 
the integrating circuit. Stopping foils were then placed 
in front of the Faraday cup, and the charge collected 
by the cup was compared to the total charge as in- 
dicated by the counter. From this the percent trans- 
mission is readily found; the energy is obtained from 
the mean range by using the modified range-energy 
curves for aluminum.‘ 


TABLE III. Differential cross section in the center-of-mass system 
for p-p scattering at 19.8 Mev (lab) (with standard error). 


da/dw 
(mb/sterad) 


23.7+0.25 
23.7+0.3 
24.8+0.6 
24.0+0.3 
24.7+0.4 
24.4+0.6 
24.6+0.3 


Center-of-mass 
angle 


Center-of-mass 
angle 


14° 59.7+2.0 36° 
16° 38.1+0.6 40° 
18° 29.8+0.5 50° 
20° 26.1+0.4 60° 
22° 24.3+0.4 70° 
24° 23.4+0.3 80° 
26° 22.6+0.3 90° 
30° 23.60.25 


da/dw 
(mb/sterad) 





ERROR CONSIDERATIONS 


At each angle, counting was interrupted at 5 charge 
unit intervals and the counts were recorded. This 
permitted the calculation of standard deviations and 
standard errors for a number of samples at each angle. 
These calculations indicated that the observed fluctua- 
tions lay well within two standard deviations. Runs of 
counting rate versus pressure were made. Within the 
statistical errors, no departure from linearity was noted, 
indicating that no significant beam loss resulted from 
gas scattering. This is also in accordance with the 
multiple-scattering calculations. The pressure-temper- 
ature data for various times during the run were 
consistent to 0.3% and showed no trend. This indicates 
that there was no change in gas composition or loss of 
target gas during the course of the run. Other evidence 
supports this. 

As mentioned earlier, a number of counts always fell 
into the region well below the elastic peak, thereby 
making impossible the assignment of a completely 
definite lower limit to the counting. The “channel” 
counts were always made to fall in this region, with an 


~ 4D. O. Caldwell, Phys. Rev. 100, 291 (1955). 
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attempt to keep the setting at about the same region of 
the curve for all data. Because of equipment drift and 
the shift of the peak with angle, and because a lack of 
equipment prevented continuous monitoring of the 
whole curve, this ideal was not always met, and there 
was some variation in the percentages of the total 
count which fell into the channel for different pieces of 
data. It is necessary to make some kind of correction 
to take account of this fact. Approximately 0.6% of 
the counts in the peak fall within any window of 10% 
pulse height opening in the lowest part of the curve, 
and the curve rises steeply enough so that if the 
channel is set just below the peak, a shift of 2% in the 
gain or bias could put 2% of the counts into the channel. 

In general, the adjustment was such that about 1% 
of the counts fell in the channel, although on several 
occasions 2 or 3% were found there. Occasionally the 
number would fall to 3%. The correction procedure 
finally adopted was as follows: 


(1) It was decided that 1% in the channel would be 
adopted as a standard, and that these counts would 
not be included as part of the scattering peak. 

(2) If more than 1% appeared in the channel the 
difference would be added to the total count. This 
should be a fairly good correction, because the rise is 
abrupt and the error occasioned by not trying to 
account for the shift in a more refined manner amounts 
to a few tenths of a percent. For example, a shift which 
would put 5% of the counts into the channel would, 
upon making the mentioned correction, give a result 
approximately 3% low. The channel counts were much 
less than 5%, and the corrections hence correspondingly 
better. 

(3) If less than 1% were present in the channel, the 
difference was subtracted from the total. This is not 
as good a correction as the first, but will always give 


errors of less than 3%. 


The net effect of these corrections was to change the 
yield at various angles as shown in Table II. 

The counts below the elastic peak are attributed to 
low-energy particles from the cyclotron. A careful 
measurement by Dr. H. Howe of this laboratory 
indicates that 3% of the particles are of energy below 
the main peak, although no reliable energy distribution 
was obtained. The effects of this small low-energy 
component are included in the final error estimates. 
They are based on an examination of the counting rate 
versus bias curve, the observed shifts in gain during the 
experiment, and the average number of counts appear- 
ing in the channel. 

Geometrical corrections can be made to the counting 
yield to compensate for finite angular resolution of the 
analyzer slit system. These corrections are appreciable 
only for the smallest angle (14°) where they reduce the 
yield by 4.8%. The relation used was that developed 
by Critchfield.® 


5 C. L. Critchfield (private communication). 
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Fic. 1. The differential elastic scattering cross section of protons 
by protons in the center-of-mass system, where the incident proton 
energy is 19.8 Mev in the laboratory system. Note the displaced 
ordinate axis. 


For several of the smaller angles data were taken at 
various periods throughout the run. This should give 
an indication of the over-all stability of the system. 
If results compare within expected statistical fluctua- 
tions, one may have some confidence that angles can 
be reset accurately, that drift is not appreciable, and 
that contamination does not change with time. The 
results obtained indicated that these conditions held 
in this experiment. 


RESULTS 

The combined experimental results are given in 
Table III, which shows the differential cross section 
with standard error for various center-of-mass scattering 
angles. These results are also plotted in Fig. 1. It is 
seen that the cross-section minimum is indeed well 
displayed. M. H. MacGregor of UCRL, Livermore is 
making a phase-shift analysis using these data and 
including interactions in the \So, *Po, *P1, *P2, and ‘De 
states. 
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The differential cross section for the scattering of 19.8-Mev protons by protons has been measured for 
angles between 18° and 35° in the center-of-mass system, detection being by photographic emulsion placed 
in a scattering camera. Cross sections were measured simultaneously at all angles and azimuths. A run 
with analyzing slits closed served to evaluate the small slit-edge correction. The accuracy of the cross- 
section measurements is approximately 2.5% at all angles except 18°, where the accuracy is about 3%. 





INTRODUCTION 


HE study of the two-nucleon system is of funda- 
mental interest because of its connection with 
the problems of nuclear forces and nuclear structure. 
The experiment discussed here measures the differential 
cross section for proton-proton scattering in an angular 
range where the interference between Coulomb and 
nuclear scattering is expected to be large for the proton 
energy involved, 20 Mev in the laboratory system. The 
geometry used enables one to count protons scattered 
at a given angle at all azimuths, so that a reasonably 
large yield can be obtained with a small angular opening. 
The correction for variation of cross section over the 
angular width of the detector is thereby reduced; this 
consideration is important at small angles, where the 
variation of cross section with angle can be large. 

This paper will be concerned mainly with the presen- 
tation of the experimental results. For a detailed 
description of the apparatus, and a more complete 
error discussion, reference should be made to the thesis 
submitted by one of the authors.’ 


APPARATUS 


The present experiment used nuclear emulsions as 
detectors, hydrogen gas at a pressure of one atmosphere 
as target, and the 20-Mev external proton beam from 
the U.C.L.A. synchrocyclotron as proton source. The 
beam passed from the cyclotron vacuum through a }-mil 
Mylar foil into a permanently mounted 32-in. cast- 
aluminum scattering chamber (hereafter called the 
“large” chamber) filled with hydrogen. This entrance 
foil was located at the inner end of the collimating tube 
of the large chamber, and was followed immediately by 
a 0.1-in. collimating hole. The second collimating hole 
was located at the exit of the large chamber; an anti- 
scattering baffle followed this hole by about two inches. 
Attached to the rear of the large chamber was the 
“scattering camera,” which provided the defining slits 


° mee ery in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. Based on a 
thesis submitted by H. N. Royden in partial fulfillment of the 
requirements for the Ph.D. degree at the University of California, 
Los Angeles. 

t Now at Atomics International, Canoga Park, California. 

‘1H. N. Royden, thesis, University of California, Los Angeles, 
January, 1957 (unpublished). 


for the scattered beam. The incident beam passed 
through a 1-mil Mylar exit foil at the rear of the 
camera and thence through a 1-in. air gap and a similar 
entrance foil into a Faraday cup, which was connected 
by a cable to a current integrator in the cyclotron 
control room. The scattered protons passed through the 
thin rear wall of the camera into the photographic 
emulsion, which was held in a film-holder at the back 
of the camera. Figure 1 indicates schematically the 
arrangement of equipment. 

A scintillation counter was used to monitor contami- 
nants in the hydrogen gas. This counter, mounted in 
the large chamber, was set at an angle where the 
protons scattered from air nuclei, were well separated 
in energy from those scattered from hydrogen nuclei, 
and only the former were counted. The hydrogen 
pressure was measured by determining the excess of the 
chamber pressure above atmospheric pressure with a 
differential manometer, and determining atmospheric 
pressure with a precision aneroid barometer. A precision 
thermometer extending into the large chamber was used 
to measure the hydrogen temperature. 

The brass “scattering camera” used to define the 
scattered beam was similar in slit geometry to that 
described by Faris? and is shown in Fig. 2. Protons 
scattered on the beam axis pass through an annular 
defining opening to the rear of the chamber, where they 
penetrate an 11-mil copper window and another 11-mil 
copper film-cover, finally reaching the 30-mil Kodak 
NTB nuclear emulsion, mounted on ordinary film base. 
Reference circles coaxial with the incident beam were 
put on the film by covering it with an engraved optical 
mask and exposing it to a flash of light, just prior to the 
experimental run. The average angle of scattering was 
thus determined by the average radius of the annular 
swath on the film within which protons were counted, 
the average radius of the annular defining slit, and the 
distance between the slit and the film. 

The proton tracks were counted with an oil-immersion 
microscope. The swath width was defined by an eye- 
piece reticle, the swath radius by one of the afore- 
mentioned reference circles. A background run was 
made with identical geometry, except that the annular 
area defining the scattered beam was reduced to nearly 


?F. E. Faris and B. T. Wright, Phys. Rev. 79, 577 (1950). 


294 





SMALL-ANGLE 


SCINTILLATION 


Fic. 1. Schematic 


F FIRST COLLIMATING 
view of the appa- HOLE 


p-p SCATTERING AT 


(CONTAMINANT MONITOR 


25° 


20 Mev 295 


(ONIZAT ION 
FOR MONITORING BEAM 


-MIL MYLAR FOILS 


GUARD ELECTRODE 
SECOND COLLIMATING 
FARADAY CUP 








ratus, showing the 
large and small scat- => 
tering chambers, the \/4MIL MYLAR 
scattering camera, FOIL 
and the Faraday cup. 


ao 


32" SCAT TERING 
Pad CHAMBER 


TO VACUUM PUMPS AND 
GAS FILLING SYSTEM 


zero. Correction could thus be made for protons which 
had penetrated the slit edges, or had scattered directly 
from several metal surfaces. 

The Faraday cup apparatus was constructed with all 
of the usual precautions to ensure proper collection of 
proton current: magnetic fields of several hundred 
gauss at the entrance foil and at the rear of the insulated 
collecting cup; rounded, polished surfaces of the cup 
itself; a vacuum better than 10-° mm of mercury; high 
leakage resistance. The current from the cup was 
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integrated with a 0.01-uf Fast polystyrene condenser 
and a UCRL Model II electrometer located in the 
cyclotron control room. This current integrator was 
calibrated to 0.3% using a current-time method which 
is described in detail elsewhere.’ 

The proton energy was measured by determining the 
mean range of the beam in aluminum, using apparatus 
originally constructed to measure relative energy losses 
in thin foils.‘ 
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oH. N. Royden and D. O. Caldwell, Rev. Sci. Instr. 27, 91 (1956). 
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TABLE I. Evaluation of sources of error in o(@). 





Contribution to 
uncertainty in 
Sources of uncertainty in quantity @ (6) 


j 25% ( t ypical) 
0.4% 

0.46% 

0.01% 


0.01% 
0.02% 


0.05% 


Quantity 


Y Counting statistics 
Observer variation 


Uncertainties in measured lengths 


Uncertainty in hydrogen temperature 

Uncertainty in hydrogen-atmosphere 
pressure differential 

Uncertainty in atmospheric pressure 


Secondary electrons 

Ionization current 

Leakage current 

Low-energy beam component 
Calibration of current integrator 


TABLE II. Experimental data. Mean proton energy =19.84 
+0.03 Mev; energy spread=+0.13 Mev; maximum possible 
fluctuation in mean energy = +0.01 Mev. 


Relative standard 
deviation 
Statistical Over-all 
error error 

(%) (%) 


C.m. cross 
section 
(mb/sterad) 


C.m. angle 
(degrees) 


18.0 
22.2 
24.4 
26.1 
29.8 
32.1 
35.1 


Lab angle 
(degrees) 


9.0 
11.1 
12.2 
13.1 
14.9 
16.0 
17.6 
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RESULTS AND DISCUSSION 


The formula used to calculate the differential cross 
section from the results of this experiment is the 
following : 


a(0)=V /4arnNg, (1) 


where Y is the measured yield of protons scattered at 
average angle @ into the element of solid angle AQ, n is 
the total number of incident protons, V is the number 
of target protons per unit volume, and g is a geometrical 
factor resulting from integration over solid angle. The 
factor g is a slowly varying function of 6. 

Table I lists the assignments of relative errors in 
o(@) due to uncertainties in each of the quantities 
appearing in Eq. (1). 


Roe eS eT 


WRIGHT 


Quadratic combination of the errors listed yields a 
typical net uncertainty of 2.7% in o(@). The mean 
energy of the proton beam in the scattering volume was 
determined to be 19.84+0.03 Mev, with an energy 
spread of +0.13 Mev. The maximum possible range 
of fluctuations in cyclotron parameters was investigated 
and found to be +0.01 Mev. 

The results of the experiment are tabulated in Table 
II. They are in agreement with those of the concurrent 
experiment of Burkig, Schrank, and Richardson,’ which 
used a scintillation counter as detector, over the range 
of angles in which the two experiments overlap. The 
combined results are shown in Fig. 3. 
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Fic. 3. A plot of the results obtained in this experiment, together 
with those presented in the preceding paper. 
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An account is given of a survey of the cosmic-ray nucleonic component along the 145° east longitude 
between geographic latitudes 34°N (Tokyo) and 52°S. The instrument used was a Simpson-type neutron 
monitor installed in a Lincoln bomber and measurements were made at a pressure altitude of 20 000 ft 
(475 g cm™*). A check on the equipment performance was provided by covering the entire route twice. 
A Forbush-type intensity decrease was encountered during the southbound section between latitudes 5°S 
and 36°S. The cosmic-ray equator was located at 7.1°N geographic (2.4°S geomagnetic) and the south 
cosmic-ray knee, defined as the latitude south of which there is no further increase of intensity with latitude, 
occurred at 43.5°S geographic (52.3°S geomagnetic). The survey north of Melbourne (38°S geographic) 
was completed between July 18 and August 6, 1957. Flights south from Melbourne were made on August 


19 and 21, 1957. 


INTRODUCTION 


HEN the positively charged primary cosmic-ray 
particles approach the.earth, they interact with 
the earth’s magnetic field in regions for which direct 
observations are not yet available. The distribution of 
cosmic-ray intensity over the earth’s surface to be ex- 
pected from a dipole approximation to the earth’s mag- 
netic field has been evaluated in detail.’ It has now been 
established that the equivalent dipole derived from sur- 
face magnetic measurements fails to account accurately 
for many of the observed features of the cosmic radia- 
tion.” As a result, considerable effort has recently been 
directed towards using observations on the cosmic radia- 
tion to obtain information about the earth’s outer mag- 
netic field. 

The most outstanding feature of the theory is the 
prediction of depressed cosmic-ray intensity in equa- 
torial regions with a minimum following the geomagnetic 
equator. Simpson e/ al.’ collected observations of cosmic- 
ray equatorial minima and found that they define a 
“cosmic-ray equator” which departs considerably from 
the geomagnetic equator. As a better fit to the few 
available observations these authors suggested the equa- 
tor of a dipole rotated 40-45° to the west of the geo- 
magnetic dipole without change in inclination. A quali- 
tative explanation is based on the interaction of the 
rotating inclined geomagnetic field with a highly con- 
ducting interplanetary medium. Alternatively, Rothwell 
and Quenby‘ have suggested that a more accurate extra- 
polation of the earth’s surface field including effects of 
local anomalies, instead of a dipole approximation, can 
account for the observed features. In support, they find 
that the magnetic dip equator fits satisfactorily the 

1A review of the theory for centered dipole is given by R. A. 
Alpher, J. Geophys. Research 55, 437 (1950). Corrections for 
eccentricity are considered by F. S. Jory, Phys. Rev. 102, 1167 
er Fenton, Katzman, and Rose, Phys. Rev. 102, 1648 
(1956). 

3C. J. Waddington, Nuovo cimento 3, 930 (1956). 


4P. Rothwell and J. Quenby, Proceedings of the Varenna Con- 
ference, June, 1957 [Supp]. Nuovo cimento 8, 249 (1958) ]. 


earlier observations of the cosmic-ray equator as well 
as their own recent determination on longitude 14°W 
using a neutron monitor on a ship sailing between 
London and South Africa. A more complete plot of the 
cosmic-ray equator has been obtained recently by Katz, 
Meyer, and Simpson from a series of 12 equatorial 
crossings in an aircraft equipped with a neutron moni- 
tor. From a preliminary account of the survey® it ap- 
pears that neither the dip equator nor the rotated-dipole 
equator follows accurately the cosmic-ray equator along 
its whole length. 

The extent to which the geomagnetic field is distorted 
by interaction with a conducting interplanetary medium 
therefore remains, for the present, unknown. Whatever 
the origin of the discrepancy between predicted and 
observed distributions of cosmic rays, there is need for 
an improved system of coordinates, different from geo- 
magnetic coordinates, to describe the earth’s magnetic 
field as it affects cosmic rays. To help meet the need for 
additional observations, an airborne survey of the nu- 
cleonic component approximately along the geographic 
longitude 145°E has recently been completed. The sur- 
vey commenced at Melbourne (38°S geographic) on 
July 18, 1957, and the northbound flights to Tokyo were 
completed on July 24. Return flights along the same 
route were made between July 30 and August 6, 1957. 
Two flights south from Melbourne were made on August 
19 and 21, 1957. The entire route, mapped in Fig. 1, was 
covered twice, and the extent of the survey, 34°N to 
52°S geographic latitude, enabled the cosmic-ray equa- 
tor and the south latitude knee to be located. This paper 
describes the equipment used and summarizes the re- 
sults of the survey. The following symbols will be used 
throughout: A=geomagnetic latitude, A= geographic 
latitude, = geographic longitude. 


DESCRIPTION OF APPARATUS 


A two-counter neutron monitor based on J. A. Simp- 
son’s specifications for a standard I.G.Y. instrument 


5 Katz, Meyer, and Simpson, Proceedings of the Varenna Con 
ference, June, 1957 (Suppl. Nuovo cimento 8, 277 (1958) ]. 
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Fic. 1. Map showing the route taken and the location of the 
fixed monitoring stations at Lae and Hobart. The flights were 
broken at Melbourne, Townsville, Momote, Gaum, and Tokyo. 
Times of the flights are given in Fig. 2. 


was chosen for the survey. This gave a high-latitude 
counting rate of more than 4000 counts min™ at 20 000 
ft (475 g cm~). The aircraft used was a Lincoln bomber 
and the monitor was mounted above the bomb bay. 
Owing to the limited space available in the aircraft, less 
than the specified amount of surrounding wax was used. 
All fuel tanks were below the level of the monitor and 
displaced horizontally more than 10 ft. Examination of 
the records reveals no effect which could be attributed 
to the varying fuel level. 

Each neutron counter was provided with separate 
circuits consisting of conventional pulse amplifier, dis- 
criminator, and scaler. To maintain high reliability, 
spare electronic units were available for instant substi- 
tution by the operator in the aircraft. Voltage for the 
counters was supplied by a pair of 2-kv batteries. The 
high stability required in counter voltage made it neces- 
sary to keep the batteries at constant temperature. Hot 
air from the aircraft air-conditioning system was ducted 
through the battery enclosure and the operator was able 


STOREY 


to keep the temperature within the required limits by 
manual control of the air flow. 

A preliminary test of circuits under partial vacuum 
showed that the high-voltage counter circuits behaved 
perfectly at pressures above the equivalent of 37 000 ft 
altitude. Since the altitude chosen for the survey was 
20000 ft, no pressurization of the equipment was 
provided. 

Scaled counts were accumulated on registers and 
photographed every two minutes together with a sensi- 
tive altimeter which had been specially calibrated for 
the altitude of the survey. The scaled counts were also 
registered as pips on a chart recorder. The registers and 
altimeter were visible to the operator and visual readings 
supplemented the recorded data on all flights. 

Very high reliability in circuitry was maintained 
throughout the survey. No circuits failed and the ratio 
of counts in the monitor halves remained constant ex- 
cept for statistical variations. Difficulties were experi- 
enced in the automatic recording but visual observations 
filled all the gaps except for a brief period during the 
northbound flight from Melbourne when data between 
latitudes A=38°S and A=36°S were lost. Two other 
gaps in the southbound flights between A=5°N and 4°S 
were due to the aircraft flying too far below the stan- 
dard altitude for satisfactory correction of data. 


ATMOSPHERIC CORRECTIONS 


Observed counting rates were first corrected to the 
pressure level corresponding to an altitude of 20 000 ft 
in the ICAN standard atmosphere (475 g cm™). Cor- 
rection was based on an exponential absorption in the 
atmosphere and allowance was made for the variation 
of attenuation length with geomagnetic latitude. Figures 
for the attenuation length have been given by Simpson 
and Fagot® for three latitudes and values at other lati- 
tudes were obtained by interpolation. In actual fact, 
however, the corrections were small and tended to cancel 
during a flight so that the latitude variation of attenua- 
tion length was of little consequence. 


CORRECTIONS FOR LONGITUDE VARIATIONS 


Nearly constant geographic longitude was maintained 
throughout the survey, the actual limits being 140°E 
and 148°E. In geomagnetic coordinates, however, the 
longitude limits were greater, ranging from 230°E at 
the southern limit to 208°E in the north. A well-known 
longitude effect in the cosmic radiation arises from the 
eccentricity of the earth’s equivalent magnetic dipole 
and correction of the data to a constant geomagnetic 
longitude would simplify the interpretation of the ob- 
served latitude curve. Theoretical curves of change in 
cutoff rigidity due to dipole eccentricity have been pub- 
lished by Jory.” The curves, however, show that in the 
region where the survey was made, corrections to a 

6 J. A. Simpson and W. C. Fagot, Phys. Rev. 90, 1068 (1953). 

7F.S. Jory, Phys. Rev. 102, 1167 (1956). 
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Fic. 2. Neutron counting rate, corrected for pressure variations only, plotted against geographic and geomagnetic 
latitude. Dates and approximate times (in Universal Time) of the flights are indicated. 


standard geomagnetic longitude are very small indeed 
and were omitted in the final analysis. Effects due to 
sectorial quadrupole moment have not yet been analyzed 
in a form suitable for the correction data. 


CORRECTIONS FOR WORLD-WIDE VARIATIONS 
IN THE COSMIC-RAY INTENSITY 


To assist in the correction of the aircraft data for 
the world-wide intensity variations, neutron monitor 
data from fixed stations at Hobart (A= 43°S, = 147°E, 
\=52°S) and Lae (A=7°S, = 147°E, \=16°S) were 
available. These two stations lie on the route of the 
aircraft flights. A scatter diagram of Lae intensity 
against Hobart intensity for the months July and 
August, 1957, showed that variations at the two stations 
were fairly closely correlated according to the relation 


6R1/Ri=kru(6Ru/Rv), 


where R is the mean intensity for the two months. 6R is 
the variation from the mean and subscripts L and H 
refer to Lae and Hobart, respectively. k is a parameter 
appropriate to the stations and has the value kp 7=0.35 
for Lae and Hobart. 


In view of the correlation between Lae and Hobart 
variations, it seems reasonable to correct the aircraft 
data with the factor 


(1+k6Ru/Ru }", 


where k is presumably altitude- as well as latitude- 
dependent. Owing to the higher counting rate of the 
Hobart monitor (36 000 counts hr~ compared with 8000 
counts hr~ at Lae), Hobart data were preferred for 
correcting aircraft results. The problem then is to de- 
termine & for the appropriate altitude and range of 
latitudes covered in the survey. 

By good fortune, southbound flights between lati- 
tudes A=5°S and A=36°S (A= 14°S and A=45°S) were 
made during the Forbush decrease commencing August 
4, 1957. The depressed intensity observed between these 
latitudes is shown in Fig. 2 in which intensity, corrected 
only for pressure variations, is plotted against geomag- 
netic and geographic latitude. If it can be assumed that 
the mechanism responsible for the Forbush decrease 
also operates to produce the day-to-day variations 
throughout the world, then a latitude study of the de- 
crease should provide a satisfactory correction procedure 
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Fic. 3. Latitude plot of neutron counting rate, corrected for pressure variations and 
world-wide intensity variations by using Hobart monitor data and k=1.0. 


for the aircraft data. An analysis of the latitude de- 
pendence of the decrease is the subject of the next 
paper.® It is found that the percentage decrease is in- 
dependent of latitude and is the same as the percentage 
decrease at Hobart, i.e., k=1.0 in the correlation of 
aircraft to Hobart monitor data. 

Intensities corrected with Hobart monitor data and 
k=1.0 are plotted against latitude in Fig. 3. It will be 
noted that the Forbush decrease has entirely disap- 
peared. To locate the cosmic-ray equator it was decided 
to use intensities, corrected as in Fig. 3, for northbound 
flights only. Reasons why this correction procedure is 
considered to be satisfactory for day-to-day variations 
are given in the next paper. 


LOCATION OF THE COSMIC-RAY EQUATOR 
AND THE SOUTH LATITUDE KNEE 


The plot of intensity against latitude after correcting 
by the method of the previous section is shown in Fig. 3. 
A small but significant asymmetry is apparent outside 
the limits A= 10°S to A= 24°N. The cosmic-ray equator 
was located from the minimum point of a parabola fitted 


8 J. R. Storey, Phys. Rev. 113, 302 (1959), following paper. 


by the method of least squares to the latitude plot. 
Clearly only the symmetrical portion of the plot is suit- 
able and for this reason only data collected within the 
limits A= 10°S and A=24°N were used in the analysis. 

The cosmic-ray equator was crossed on the 145°E 
longitude and was located at A=7.1+0.5°N (95% con- 
fidence limits). Table I enables comparison to be made 
between the cosmic-ray equator and other equators also 
for the longitude 145°E. 

Location of the south latitude knee depends on the 
definition adopted. The most widely accepted definition 
is the minimum latitude for which dR/d\=0; this will 
be called Definition A. Unfortunately this point is 
difficult to read with precision from an intensity vs lati- 
tude plot. A definition which permits more accurate 


Table I. Location of equators, relevant to the geomagnetic 
theory, on the longitude = 145°E. 


Cosmic-ray equator 
Geomagnetic equator 
Magnetic dip equator* 
Equator of dipole rotated 45° 
to west of magnetic dipole 


7.1°N (geographic latitude) 
9.6°N 


6.7°N 
2.1°N 











® British Admiralty magnetic charts, 1955. 
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determination is the intersection of the two straight 
portions of the latitude plot; this will be called Defini- 
tion B. Table II gives the positions of these knees in 
various coordinates. 


DISCUSSION OF RESULTS 


Of particular interest at the present time is the map- 
ping of the cosmic-ray equator round the earth. It is 
therefore important to consider to what extent the de- 
termination of its position on the longitude 145°E from 
the present results depends on the method adopted for 
eliminating world-wide variations in the cosmic-ray in- 
tensity. Discussion of the merits of the procedure 
adopted is left to the next paper. However, it can be 
noted at this stage that if the position of the cosmic-ray 
equator is redetermined, again using the data of north- 
bound flights, but with no correction for day-to-day 
intensity variations, the result remains practically un- 
changed. It is considered therefore that the answer 
obtained is reliable. 

Corrections for world-wide variations of cosmic-ray 
intensity are of little importance also in determining 
the position of the south latitude knee since the knee 
was crossed twice in a single flight during which only a 
small change in intensity was recorded by the Hobart 
monitor. However, the ratio of high-latitude intensity 
to equatorial intensity is very sensitive to the method of 
correction adopted and no figure will be given until the 
nature of the correction is better understood. 

The map of the cosmic-ray equator given by Katz, 
Meyer, and Simpson’ from their 12 equatorial crossings 
makes interesting comparison with the present result. 
On the longitudes = 128°E and = 156°E they find the 
cosmic-ray equator at A=4.3°N and A=4.0°N, respec- 
tively. Assuming that the cosmic ray equator isa smooth 
curve, this implies a discrepancy with the present de- 
termination of about 23° of latitude. It is important to 
determine whether the discrepancy is due to experi- 
mental errors or to the different times at which the 
surveys were made. Less than a year separated the sur- 
veys and both were made during the active phase of the 
solar cycle. If conducting gas clouds in the neighbor- 
hood of the earth influence the distribution of cosmic 
rays, then it is feasible that the difference could be 
due to different configurations of cloud at the times of 
measurement. 

A small asymmetry in the intensity vs latitude plot 
is to be expected from the eccentricity of the earth’s 
dipole field. Jory’ predicts for the longitude of the pres- 
ent observations that intensities should be depressed 
in the northern hemisphere relative to the southern, 
which is contrary to what is observed in Figs. 2 and 3. 
Further, the minimum intensity predicted for the eccen- 
tric dipole is 0.6° north of the geomagnetic equator. 
Consideration of the eccentricity of the earth’s equi- 
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Table ITI. Location of the south latitude knee, in different 
coordinate systems, as determined by the two definitions. 








Definition 
A 


Definition 
B 





Geographic longitude on which 148°E 145°E 
the knee was crossed 

Geographic latitude 

Geomagnetic latitude 

Angle of dip* 

Latitude referred to dipole rotated 45° 
to west of geomagnetic dipole 


43.5°S 
52.3°S 
(y #4 

43.9°S 


38.9°S 
48.0°S 
69.5° 








® British Admiralty magnetic charts, 1955. 


valent dipole widens the discrepancy between observa- 
tions and the simple dipole theory. 


CONCLUSIONS 


It is found that on the longitude @=145°E, the 
cosmic-ray equator at A=7.1°N occurs near the mag- 
netic dip equator at A=6.7°N and evidence is therefore 
provided in favor of the hypothesis of Rothwell and 
Quenby that the difference between the earth’s real field 
and the dipole approximation to it can account for the 
observations. However, the discrepancy of about 23° 
between the present result and the cosmic ray equator 
as mapped by Katz, Meyer, and Simpson® from 12 
equatorial crossings remains unexplained and further 
observations are to be desired. 

At high latitudes a system of coordinates which re- 
sults in symmetry of observations between the two 
hemispheres is greatly to be desired. Workers in the 
northern hemisphere report positions of the latitude 
knee around A=53°—56°N when determined with a 
neutron monitor at aircraft altitudes’ and the present 
results indicate that symmetry of knee observations is 
adequately preserved if conventional geomagnetic co- 
ordinates are used. Complications arise from the re- 
ported shift of the latitude knee,’ amounting to about 
3° during the solar cycle, and a program of simultaneous 
flights in the two hemispheres seems necessary to pro- 
vide accurate confirmation of a proposed coordinate 
system. 

Evidence supporting the conclusion that conventional 
geomagnetic coordinates represent the earth’s magnetic 
field adequately in high southern latitudes round Aus- 
tralia is available from the work of Hopper, Laby, and 
Lim" who measured directly, in the neighborhood of 
Melbourne (A=38°S, @=145°E, \=47°S), the cutoff 
rigidities of heavy primary nuclei using water-loaded 
emulsions. Observed cutoff rigidities were found to be 
in agreement with predictions using conventional geo- 
magnetic coordinates. 


9 J. A. Simpson, Phys. Rev. 94, 426 (1954). 
10 P, Meyer and J. A. Simpson, Phys. Rev. 99, 1517 (1955). 
1 Hopper, Laby, and Lim (private communications). 
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During the aerial survey of the cosmic-ray nucleonic component along the longitude 145°E described 
in the previous paper, two southbound flights between geographic latitudes 5°S and 36°S were made under 
depressed cosmic-ray intensity following the Forbush-type decrease commencing August 4, 1957. Compari- 
son of the intensity vs latitude plot with that obtained during the northbound flights over the same route 
when quiet cosmic-ray conditions prevailed enabled the latitude dependence of the decrease to be deter- 
mined. It is found that for the event investigated, the percentage decrease was independent of latitude over 
the range 5°S to 36°S geographic (14°S to 45°S geomagnetic) at the altitude of observation (475 g cm™). 
However, comparison of data from two fixed stations, Lae (16°S geomagnetic) and Hobart (52°S geomag- 
netic), showed that this latitude independence did not extend to sea level. 


INTRODUCTION 


KNOWLEDGE of the latitude dependence of 
cosmic-ray intensity variations can be interpreted 

in terms of changes in the primary cosmic-ray spectrum 
over the range of energies for which geomagnetic effects 
are observed. A Forbush-type decrease, commencing 
August 4, 1957, occurred during the aerial survey of the 
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Fic. 1. Latitude plot of neutron counting rate, corrected for 
pressure variations only, over the range of latitudes (A=14°S to 
}=45°S) covered during the Forbush decrease commencing Au- 
gust 4, 1957. 


nucleonic component described in the previous paper! 
and southbound flights between A= 14°S and \=45°S 
were made while the intensity was below normal. In this 
paper a study of the latitude dependence of the decrease 
is made by comparing the intensity during the south- 
bound flights with the intensity recorded on northbound 
flights in the same range made during quiet cosmic-ray 
conditions. Apart from its intrinsic interest, this analysis 
is useful for correcting aircraft data for day-to-day vari- 
ations in cosmic-ray intensity, assuming of course that 
the spectrum change during the decrease observed is typi- 
cal of spectrum changes during day-to-day variations. 

Previous latitude surveys during Forbush decreases 
are reported by Simpson.? These covered geomagnetic 
latitudes \=40°N to A\=65°N and comparison with the 
present results is made. 

All symbols in what follows are defined as in the 
previous paper.! 


OBSERVED LATITUDE DEPENDENCE OF 
THE FORBUSH DECREASE 


Intensity, corrected only for the small pressure varia- 
tions, is plotted in Fig. 1 against latitude, for the range 
of latitudes covered during the decrease. To investigate 
the latitude dependence, the percent decrease in count- 
ing rate of southbound below northbound flights is 
plotted against latitude in Fig. 2. For comparison, the 
decreases for the times of the flights at Hobart and Lae 
are included. Figure 2 reveals no significant latitude 
dependence at all and the decreases are everywhere 
similar to those at Hobart. As a check, the flight data 
were corrected with Hobart neutron monitor data with 
k=1.0 in the correction factor 


[1+k6Ry/Ru |} 1 


The corrected latitude curves in Fig. 3 show that the 
Forbush decrease is entirely removed. 


1 J. R. Storey, Phys. Rev. 113, 297 (1959), preceding paper. 
2 J. A. Simpson, Phys. Rev. 94, 426 (1954). 
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Fic. 2. Difference in intensity 
between northbound and south- 
bound flights, as a percentage of 
the northbound intensity, for lati- 
tudes covered during the Forbush 
decrease, commencing August 4, 
1957. \= geomagnetic latitude, A= 
geographic latitude. Correspond- 
ing decreases for neutron monitors 
at Hobart and Lae during the two 
flights are indicated by the shaded 
bands. Standard error limits are 
given in each case. 
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Figure 2 also shows that this latitude independence 
does not extend to sea level, for the decreases are smaller 
at Lae than at Hobart. This is a most surprising result 
and suggests that the particular Forbush decrease may 
have had some unusual features. The pressure-corrected 
monitor data for Hobart and Lae for the duration of the 
decrease, as shown in Fig. 4, reveal no difference in the 
times of onset and confirm the value kz y=0.35 derived 
from all Lae, Hobart intensity variations during July 
and August, 1957. However, inspection of data from 
other stations throughout the world show that at some 
places, notably Mount Norikura and Banff, there oc- 
curred a brief partial recovery of intensity coincident 
with flight 7 (A=14°S to 28°S). There is a suggestion 
of a similar effect in the Hobart records plotted in Fig. 4. 
No explanation is offered as to how this partial recovery 
could account for the observed latitude independence 
of the decrease at 475 g cm~ 

There remains an approximate method for determin- 
ing k for high latitudes. From Fig. 2 of the preceding 
paper it will be seen that the intensity recorded by the 
aircraft monitor decreased during the period the aircraft 
was south of the south latitude knee. During the same 
period the intensity recorded by the Hobart monitor 
also decreased but by a smaller amount. Correlation of 
Hobart data with flights data yielded k=2.6+0.9 
(standard error). The poor statistical accuracy is due 
to the smallness of the decrease and the brief period 
during which aircraft observations were made. However, 
it would appear that & is not independent of latitude up 
to the high latitudes. It is hoped that further flights 
along the same route and extending to higher latitudes 
will clarify the situation. 

For the location of the cosmic-ray equator it was de- 
cided to use data collected on the northbound flights 
only and to correct these with Hobart monitor results 
with k=1.0. This procedure was considered justifiable 
on the following grounds: 


a. The northbound flights were made in quiet cosmic- 
ray conditions and the corrections are very small. 

b. Even if the Forbush decrease encountered is not 
typical, the conclusions regarding corrections at low 
latitudes can hardly be greatly in error. 

c. Hobart data were used in preference to Lae data 
because of the higher statistical accuracy. 
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Fic. 3. Neutron counting rate, corrected for pressure and world 
wide intensity variations by using Hobart monitor data and 
k=1.0, plotted against latitude in the range \=14°S to A= 45°S. 
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Fic. 4. Pressure-corrected monitor data for Hobart and Lae, as a percentage difference from the mean of July and August, 1957. 
Data for Lae are plotted on a scale expanded by the factor (0.35)~!, showing that this particular decrease was typical of intensity 
variations during the period July and August, 1957. Times of flights made during the decrease are indicated. 


DISCUSSION OF RESULTS 


A series of aircraft flights reported by Simpson? pro- 
vided results which can be compared with those of the 
present paper. The instrument used was a single en- 
riched BF; counter surrounded by a Cd sheath and 
flights were made at times of different total cosmic-ray 
intensity as observed by fixed stations. The altitude 
chosen was 30000 ft (312 g cm) and the range ex- 
tended from \= 40°N to \=65°N. Simpson investigated 
the latitude dependence of intensity variations and 
found 6R/R to be virtually constant between the limits 
\=45°N and \=60°N. Ignoring the difference in hemi- 
spheres, this appears to extend to high latitudes the 
latitude independence of intensity variations between 
\= 14°S and \=45°S for the Forbush decrease observed 
in the present results. This extension is probably not 
valid, however, since the values of 6R/R given by 
Simpson for an altitude of 30000 ft are greater by a 
factor of 2.5 than the corresponding values for a fixed 
station at Climax (A=48°N). This compares more 
favorably with the value k=2.6 for the present high- 
latitude variations referred to the Hobart monitor than 
the value k=1.0 for the Forbush decrease observed 
between A=5°S and A=36°S (A=14°S and \=45°S). 
Factors complicating this comparison are the different 
altitudes at which the aircraft measurements were 
made and the different altitudes and geomagnetic lati- 
tudes of the control stations. It seems unlikely that 
these results combine to demonstrate latitude invariance 
of the Forbush decrease from \= 14° to A= 60°. Probably 


spectrum changes do not follow the same pattern for 
each decrease. 


CONCLUSION 

Surveys of the cosmic-ray intensity with an airborne 
monitor provide a convenient method for investigating 
the spectrum changes associated with cosmic-ray in- 
tensity variations. Data at present available are in- 
sufficient for a clear pattern to emerge and the need for 
many more survey flights from the cosmic-ray equator 
to high latitudes is stressed. In particular it is important 
to determine the type of spectrum change associated 
with each of the cosmic-ray variations, e.g., the Forbush 
decrease, diurnal variations, 27-day variations, etc. 
Differences in the mechanisms responsible for each 
might be revealed in this way. 
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The photoproduction of pion pairs has been observed by detecting, in a magnetic spectrometer, the 
negative pions which emerged at 60° and at 120° from a hydrogen target in the bremsstrahlung beam of an 
electron synchrotron. The yields of negative pions “per equivalent quantum” were measured for several 
values of the pion energy and the bremsstrahlung cutoff energy. From the variations of the yields with 
bremsstrahlung cutoff energy, the cross section for the emission of negative pions was obtained. The cross 
section shows no large dependence on the pion angle from 90° to 150° in the c.m. system. The integral of 
the cross section over the negative pion energy is consistent with a constant value of about 410-* 
cm?/sterad for photon energies between 600 and 1100 Mev. The observed dependence of the cross section 
on pion energy has been compared to some phenomenological models. 


1. INTRODUCTION 


HE production of pions from the interaction of 
high-energy quanta with protons has been studied 
extensively for quantum energies up to 400 Mev. At 
energies above 400 Mev the photoproduction of pion 
pairs and higher multiplets becomes energetically 
possible. The photoproduction of pion pairs was first 
observed in the 500-Mev bremsstrahlung beam of the 
Caltech synchrotron by observing the negative pions 
emitted from a hydrogen target. The conservation of 
charge requires that at least one other positive light 
particle is also emitted. The negative pions are presumed 
to arise from the reaction y+p—-m +++), or a 
reaction with three or more pions. The Caltech measure- 
ments!~* gave evidence for the existence of the process, 
and showed that the negative pion was most often 
emitted with a small fraction of the available energy. 
More extensive measurements were carried out at 
Stanford with bremsstrahlung beams up to 600 Mev. 
Friedman and Crowe‘ measured the yields of negative 
pions at laboratory angles of 60° and 75° for several 
pion energies and bremsstrahlung cutoff energies. 
Their main conclusions were: (a) that the yield of 
76-Mev negative pions increased only slowly with 
energy above the threshold, reaching a value of about 
0.6X 10-* cm*/Mev-sterad (per equivalent quantum) 
at 600 Mev; and (b) that, at the highest energy, 
(600 Mev), the energy spectrum of the negative pions 
was peaked at low energy. Both results are in quantita- 
tive agreement with the calculations of Cutkosky and 
Zachariasen® (based on the Chew-Low theory) who 
concluded that the process should occur predominantly 


* This work was supported in part by the U. S. Atomic Energy 
Commission and is based on a thesis submitted by M. B. in partial 
fulfillment of the requirements for the Ph.D. degree. 

¢ Present address: Ecole Polytechnic, Paris, France. 

1V, Z. Peterson and I. G. Henry, Phys. Rev. 96, 850 (1954). 

2 Sands, Bloch, Teasdale, and Walker, Phys. Rev. 99, 652 
(1955). 

3V. Z. Peterson, Bull. Am. Phys. Soc. Ser. II, 1, 172 (1956). 

4R. M. Friedman and K. M. Crowe, Phys. Rev. 105, 1369 
(1957). 

5R. E. Cutkosky and F. Zachariasen, Phys. Rev. 103, 1108 
(1958). 


with the emission of the positive pion in a P state and 
the negative pion in an S state. Friedman and Crowe 
also observed an increase in the yield of positive pions 
for bremsstrahlung cutoff energies above the pair 
threshold, which increase they attributed to pions from 
(xt+,r-) and (*,r°) pairs. 

Preliminary results have been published of a recent 
experiment at Cornell® where the photoproduction of 
pion multiplets has been observed in a hydrogen-filled 
diffusion cloud-chamber. Another group at Cornell? 
has also reported some preliminary results of an experi- 
ment similar to that to be described here. The results 
of these two experiments are compared with ours below. 
The early results of some of our work have been 
published.* 

Information about states which contain a nucleon 
and two pions has also been obtained from inelastic 
nucleon-nucleon and pion-nucleon collisions. The re- 
sults are said to indicate’"” the formation and decay 
of metastable pion-nucleon system which corresponds 
to the T= 3, J=3 resonance in pion scattering. 

The intent of the experiment to be described here 
was to obtain the cross section for the photoproduction 
of pion pairs for quantum energies up to 1100 Mev 
from measurements of the negative pions produced in 
hydrogen. Since the process has three particles in the 
final state, the knowledge of the energy and the direction 
of the negative pion is not sufficient to determine the 
energy of that photon in the bremsstrahlung beam 
responsible for the reaction. All energies from the 
threshold to the bremsstrahlung cutoff contribute to 
the number of pions observed. It was, however, planned 
to obtain the pion yields with sufficient accuracy at a 

6 Sellen, Cocconi, Cocconi, and Hart, Phys. Rev. 110, 779 
(T Weodward, Wilson, and Luckey, Bull. Am. Phys. Soc. Ser. II, 
2, 195 (1957). 

8 M. Bloch and M. Sands, Phys. Rev. 108, 1101 (1957). 

9L. C. L. Yuan and S. J. Lindenbaum, Phys. Rev. 103, 404 
(1956). 

10S. J. Lindenbaum and R. M. Sternheimer, Phys. Rev. 105, 
1874 (1957). 

1R. M. Sternheimer and S. J. Lindenbaum, Phys. Rev. 109, 


1723 (1958). 
12 Crew, Hill, and Lavatelli, Phys. Rev. 106, 1051 (1957). 
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Fic. 1. Diagram of the experimental arrangement. The diagram is 
a cross section through a horizontal plane of symmetry. 


few bremsstrahlung cutoff energies so that differences 
in the pion yields for successive cutoff energies could be 
used to obtain the cross section for photons of a par- 
ticular energy. 


2. THE EXPERIMENT 


A diagram of the experimental arrangement is given 
in Fig. 1. Negative pions produced in the hydrogen 
target by the x-ray beam were analyzed for momentum 
by the magnetic spectrometer, traversed a set of 
counters, and were counted electronically. 


The Target and X-Ray Beam 


The target consisted of a cylindrical vessel (with 
hemispherical ends) 43 cm long and 5 cm in diameter 
with a 0.075-cm-thick steel wall, surrounded by a 4-cm 
layer of Styrofoam insulation. The vessel was cooled, 
by thermal contact to a liquid nitrogen reservoir, to a 
mean temperature of about 100°K as measured by 
thermocouples in contact with the walls at two points. 
Hydrogen gas held in the target at a pressure of 150 
atmospheres (measured with a calibrated Bourdon 
gauge) was assumed to be in thermal equilibrium with 
the target wall. The hydrogen density, determined 
from the measurements of pressure and density using 
the data of Johnston ef al.," was about 0.03 g/cm’. 
The error in the determination of the gas density was 
about 3%, but the relative error in the density measure- 
ment for different runs is estimated to be about 1%. 

The x-ray beam was collimated at the synchrotron 
so that its diameter at the target (about 4 cm) was 
slightly less than the inner diameter of the target wall. 
A lead “scraper” immediately in front of the target 
prevented radiation scattered at the primary collimator 
from striking the target wall, but did not intercept any 
of the primary beam. After the target, the x-ray beam 
traversed the collimators and target of another experi- 
ment and entered a monitoring ionization chamber. 

8H. L. Johnston e al., U. S. Atomic Energy Commission 
Report MDDC-850 (unpublished). 
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The charge collected from the chamber was recorded 
by an integrating electrometer, and at each synchrotron 
energy is proportional to the energy flux in the beam. 
Due in part to the collimation after our experiment and 
in part to characteristics of the chamber, the propor- 
tionality constant varied somewhat with the synchro- 
tron energy. The relation between the flux through the 
hydrogen target and the integrator readings was 
determined as a function of synchrotron energy by 
measurements with an ionization chamber placed 
directly behind the target, which chamber was in turn 
calibrated against a ‘““quantameter” constructed accord- 
ing to the design of Wilson. During this experiment 
the synchrotron was generally operating with an x-ray 
flux through the collimators of about 10" Mev per 
pulse at one pulse per second. 

The synchrotron was operated so that the electrons 
struck the internal radiator at a more or less constant 
rate during a 20-millisecond interval over which the 
magnetic field in the synchrotron was held constant to 
about 0.1%. The energy of the electrons which struck 
the target in this interval was determined from a 
continual measurement of the magnetic field at the 
“plateau” of the field. The energy measurement had an 
uncertainty of a few percent due to the unknown details 
of the orbit shape, but was reproducible to 0.1%, and 
had about this accuracy for relative measurements at 
nearby energies. The energy measurements for each 
run were used to obtain an average energy for each set 
of experimental data. 


The Magnet 


Particles emitted from the hydrogen in a small 
angular interval were analyzed by a uniform-field 
magnetic spectrometer. The particles accepted by the 
magnet were restricted by a lead aperture 25 cm wide, 
about 6.5 cm high, and about 10 cm thick (in the 
direction along the trajectories) placed within the 10-cm 
gap between the magnet poles in such a way as to 
eliminate particles scattered from the pole surfaces. 
This aperture, located at about 120 cm from the target 
determined the solid angle of acceptance, 0.020 sterad, 
of the spectrometer. An aperture of tungsten and lead 
placed near the target restricted the origin of the 
particles detected to a region between the ends of the 
target (thus excluding the particles produced in the 
steel ends). The dispersion of the spectrometer was 
such that particles accepted by the counters had 
momenta in an interval whose width was 16% of the 
central momentum. The central momentum was adjust- 
able to a maximum of 255 Mev/c at a field of 1.4 
webers/m? (corresponding to a pion energy of 150 Mev). 
The spectrometer was shielded from stray radiation by 
10 cm or more of lead on all sides in the plane of the 
x-ray beam. 

The diagram of Fig. 1 shows the arrangement of the 


4 R. R. Wilson, Nuclear Instr. 1, 101 (1957). 
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magnet and counters for the measurements at 60°. For 
the measurements at 120° the same geometry, reflected 
about a line perpendicular to the x-ray beam at the 
target, was used. 


The Counters 


The counter system consisted of three scintillation 
counters and a Cerenkov counter. Each scintillation 
counter consisted of a thin rectangle of scintillation 
plastic joined by Lucite light pipes, at the two smaller 
edges, to two photomultiplier tubes whose outputs 
were connected in parallel. The first two counters were 
15 cm wide and determined the momentum acceptance 
interval. The third counter was 18 cm wide and inter- 
cepted all particles which traversed the first two. The 
heights of the counters (23 cm, 23 cm, and 25 cm, 
respectively) were such as to include all particles from 
the target which traversed the magnet. The thickness 
of the counters was 0.69, 1.27, and 1.27 cm, respectively, 
and was sufficient to give a well-defined ‘‘peak” in the 
pulse spectrum from minimum ionizing particles. The 
spread of pulse amplitudes for minimum particles was 
about 30 to 40%. 

Lead absorbers about 0.6 cm thick were placed 
directly after the first and after the second scintillation 
counters. These had little influence on the pions 
traversing the counters, but served to remove a large 
background of spurious coincidences due, apparently, 
to soft electromagnetic radiation which penetrated the 
shielding. 

The particles accepted by the spectrometer consisted 
of electrons, pions and protons (the latter only on 
positive-particle runs). Protons of the maximum 
selected momentum did not have a range sufficient to 
penetrate to the third scintillation counter. Since the 
resolution of the scintillation counters did not, in 
general, permit the separation of pions and electrons 
on the basis of their energy loss, a Cerenkov counter 
was designed which had a large difference in its sensi- 
tivity to the two particles. 

The Cerenkov counter was a rectangular block of 
Lucite 20 cm by 28 cm by 5 cm. It was viewed by two 
photomultipliers in contact with the centers of the 
smaller edges. The large faces were covered with black 
paper not in close contact with the surface so that the 
Cerenkov light, emitted by particles moving nearly 
perpendicular to the large face, could reach the photo- 
multipliers only by several internal reflections. Thus, 
although the threshold for Cerenkov emission is at 
8=0.67, the threshold for internal reflection is, for 
particles moving normal to the surface, at 8=0.9. 
Since pions of the maximum energy detected (150 Mev) 
have a 8=0.88, whereas electrons of the same momen- 
tum have B~1, it was expected that the two would 
give widely different responses. This expectation is 
confirmed by the measurements described below. 

The pulses from the counters were amplified and 
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shaped to a duration of 0.3 usec and fed to a coincidence 
circuit which was biased to operate on pulses well 
below the pulse distributions from the scintillation 
counters, and for the Cerenkov counter at a bias which 
gave nearly maximum efficiency for electrons. The 
coincidence circuit registered events which gave pulses 
in all three scintillation counters within the resolving 
time of 0.25 usec, and also those events nol accompanied 
by a pulse from the Cerenkov counter within the anti- 
coincidence resolution of 0.5 usec. The anticoincidence 
signal was also used to trigger an 8-channel pulse-height 
analyzer with which it was possible to check periodically 
the pulse distributions from the scintillation counters. 
The coincidence circuit also registered events in which 
the first two counters were in coincidence with pulses 
which occurred 1 usec later in the third counter. The 
rate of these events was used to compute corrections 
for accidental coincidences. 


The Measurements 


The counting rates for 3-fold coincidences with and 
without a coincident pulse in the Cerenkov counter 
were measured at 60° and at 120°, with the spectrometer 
set for pions of energy 50, 100, and 150 Mev, and for 
synchrotron energies of about 600, 700, 900, and 1100 
Mev. Background runs were made for each setting with 
the target containing one atmosphere of hydrogen at 
room temperature, corresponding to a gas density 1/400 
that present in the “‘full-target”’ runs. The background 
rates, which were 10% or less, were subtracted from 
the full-target counting rates. A correction for accidental 
coincidences, which amounted to about 2%, was made 
to the 3-fold rates. The accidental rate for 4-fold 
coincidences was negligible. 

Due to the large size of the counters, the counting 
rate of cosmic rays was significant. The number of 
cosmic rays counted was minimized by gating the 
counting circuits so that they were sensitive only during 
the spill-out time of the x-ray beam. The cosmic-ray 
rate was then small, but not negligible. To correct for it, 
the cosmic-ray rate was measured, and the total sensi- 
tive time of each run was obtained by counting, also 
in the gated counters, pulses from a fixed-frequency 
oscillator. From these quantities the cosmic-ray con- 
tribution to each set of data could be computed. It 
amounted, typically, to about 5%. J 

From the corrected 3-fold and 4-fold coincidences, 
and a knowledge of the efficiency of the Cerenkov 
counter for pions and for electrons, the number of 
pions which traversed the counters can be obtained. 
Let Ns; be the number of 3-fold coincidences noi 
accompanied by a Cerenkov pulse, and Ny be the 
number of 4-fold coincidences in a particular run. (We 
choose to work with these two quantities because they 
are statistically independent so that their errors can be 
combined in the usual way.) If & and &, are the 
efficiencies of the Cerenkov counter for electrons and 
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Fic. 2. The efficiency &» of the Cerenkov counter for pions as a 
function of the pion kinetic energy. 


pions, respectively, then the number of pions counted is 


&, 1-6, 
n,=— [.~( Jn] (1) 
6.—6, &. 


One would, obviously, like &, to be small and &, to be 
near one. 

The efficiencies & and &, were determined by some 
auxilliary measurements. The efficiency for electrons 
was obtained by setting the magnet to accept particles 
at 35° with a momentum of 100 Mev/c, and by replacing 
the hydrogen target with a thin lead target to obtain a 
large flux of electrons through the spectrometer. Pions 
of the selected momentum would not penetrate into 
the third counter and were, therefore, not counted. 
The electron efficiency obtained in this way was 0.70 
+0.02. Runs at higher momenta gave the same value 
supporting the belief that the electron efficiency should 
be independent of electron energy and that the ratio of 
pions to electrons from the lead was small. The sources 
of inefficiency were investigated and found to be in 
part (about 4) due to electrons lost by scattering or 
interaction in the thin lead absorbers between the 
counters, and for the rest, due to the failure of rela- 
tivistic particles to give a pulse above the counting bias 
of the Cerenkov counter. (Since the average number of 
photoelectrons produced in the Cerenkov light was 
only about 10 or so the spread in pulse heights was 
large.) The electron efficiency is sufficiently large in 
comparison with the pion efficiency as to give a fairly 
clear separation between the two types of particles. 

The efficiency of the Cerenkov counter for pions was 
determined by counting the relatively pure flux of 
positive pions from the hydrogen target with the 
magnet at 60° and with the momentum set for pions 
from the photoproduction resonance. A correction for 
the small electron contamination was made by sub- 
tracting from the positive-pion run the counts observed 
in an equal run with the magnetic field reversed. With 
the field set for negative particles the pion rate is much 
lower, but the electron rate is presumed to be the same. 
The difference corresponds, therefore, to a pure beam 
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of pions. The efficiency obtained for several pion 
energies is shown in Fig. 2. The efficiency of the 
Cerenkov counter for pions was checked at periodic 
intervals during the experiment and no significant 
change was observed. 

The 3-fold coincidences observed in all the measure- 
ments were found to be predominantly due to pions, 
the electron rates varying from 0.1 to 0.3 of the pion 
rates. The source of these electrons was not investigated. 
The errors in the pion rates are, therefore, due primarily 
to the statistical error in the observed 3-fold co- 
incidences, the assigned errors of 0.02 in & and 0.01 in 
&, adding only a little to the total assigned errors. 

A small correction was made to the number of pions 
counted for negative pions produced singly on im- 
purities in the hydrogen. An analysis of the hydrogen 
used in the target showed a relative molar concentration 
of oxygen and nitrogen of 6X10~ and 4X10~, re- 
spectively. From the data of Littauer and Walker'® on 
the negative to positive ratio from carbon and oxygen, 
and the known single-pion rate from hydrogen, an 
estimate was made of the negative pions produced in 
the impurities. The correction amounted to about 3% 
of the pion rates at highest synchrotron energy. 

We considered the possibility that negative pions 
produced in the steel end of the target could be scattered 
by the hydrogen into the counting aperture, and that 
photons from neutral pions produced in the hydrogen 
could produce negative pions in the target walls. An 
estimate of these second-order effects shows them to be 
completely negligible. 


3. RESULTS 
Pion Yields 


The pion rates R_, defined as the number of negative 
pions produced in hydrogen and registered by the 
counters, per unit energy of the x-ray beam, were 
obtained from the corrected number of pions and the 
energy flux as measured by the monitoring ionization 
chamber. We define o(7,0,k) as the cross section for the 
production in hydrogen, by a photon of energy , of a 
negative pion of energy 7 at the angle @, per unit 
energy interval (in 7) and per unit solid angle. This 
cross section is related to R_ by 


Eo 
R_=n cagar f a(T,0,k).N (E,k)dk, (2) 


0 


where C is the number of hydrogen atoms per unit area 
in the effective length of the target; AQ is the solid 
angle of acceptance of the magnet; AT is the energy 
spread of the pions which intercept the counters; 
N(£,,k)dk represents the number of photons of energy 
between k and k+dk which traverse the target per 


16 The analysis was done with a mass spectrometer by the 
Consolidated Electrodynamics Corporation. 
16R, M. Littauer and D. Walker, Phys. Rev. 86, 838 (1952) 
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unit energy of the beam, for a bremsstrahlung cutoff 
energy Eo; and 7_ is correction factor for those pions 
which are not counted due to decay in flight or through 
absorption in the counter system. 

For reactions in which it is not possible to infer the 
relevant photon energy from the kinetics of the ob- 
served particle, it is usual to express the observations 
in terms of a “yield per equivalent quantum” which 
has the dimensions of a cross section and is defined as 


Eo 
o*(T0,Ea)= Ea f o(T,0,k)N (Eo,k)dk. (3) 


0 


The yield per equivalent quantum is then given in 
terms of the pion rate by 


o*(T,0,k) = EoR_/(n_CAQAT). (4) 


The instrumental coefficient [y_CAQAT] can be 
computed from the known instrumental parameters. 
The decay-correction, 7_, involves, however, a labdrious 
computation to determine the number of decay muons 
which enter the counters. To avoid this computation 
and other corrections (such as slit pentration) the 
experimental parameters were determined in terms of 
the known cross section for the single production of 
positive pions by reversing the magnetic field and 
counting positive pions with the synchrotron operating 
at 490 Mev. This measurement was made for 125-Mev 
pions at 60°, which corresponds to the resonance in 
single production. No pions from pair processes are 
counted under these conditions. The observed positive- 
pion counting rate R, is related to the known cross 
section by 


R, = 2 [nC "AQAT |N (Eo, ko) o4 (0,Ro) (OR», OT), (5) 


where o+(6,ko) is the differential cross section for 
positive-pion production in hydrogen at the photon 
energy ko defined by the angle and energy of the pion, 
and 0ko/OT is the rate of change of ko with 7, holding 
6 constant. All quantities outside the brackets are 
known: NV (£o,ko) from the photon spectrum (see below) 
and 0 (6,ko) = (21.3+2.0) x 10-* cm?/sterad for 6= 60° 
and kop=300 Mev from the data of Walker et al.!7 The 
bracketed quantity is, therefore, determined from the 
measurement of R,. 

From the quantity within the brackets in Eq. (5) 
we have determined the corresponding quantity which 
appears in Eq. (4) in the following way: C and AQ are 
taken to be independent of the energy and charge of 
the pion and the energy dependence of AT is assumed 
to be given by the constant relative momentum 
acceptance (Ap/p) of the magnet. The decay correction 
n consists of two parts!*: a factor for those pions which 
decay in flight before reaching the counters; and a 


17 Walker, Teasdale, Peterson, and Vette, Phys. Rev. 99, 201 
(1955). 

18 The details of the decay correction have been described in 
reference 17. 
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Fic. 3. The negative-pion yields at 60°. The ordinate is the 
yield from hydrogen of negative pions of kinetic energy T for a 
bremsstrahlung cutoff energy Eo. The yield is expressed as a 
cross section per equivalent quantum, and per unit energy and 
solid angle of the pion. 


term which takes into account those decay muons 
which traverse the counters. The decay factor, which 
corresponds to a pion loss of about 20%, has a simple 
energy dependence. The muon term depends in a 
complicated way on the whole spectrum of pions which 
enter the aperture of the apparatus, and acts to reduce 
the decay correction to about 10%. The energy depend- 
ence of this term has been estimated. We believe that 
uncertainties in the decay correction will contribute 
not more than 2% to the errors of the computed pion 
yields. 

The over-all uncertainty in the magnitude of the 
coefficient [»_CAQAT ] is about 10% and is due mainly 
to the error in the positive-pion cross section used in 
the calibration. This systematic error applies to all the 
results given below, where, however, only the statistical 
errors of this experiment are given. 

The yields per equivalent quantum obtained in this 
experiment are given in Figs. 3 and 4 as a function of 
the bremsstrahlung cutoff energy Eo for the several 
laboratory energies and angles of the negative pion. 
The errors shown are standard deviations due mainly 
to the statistical error in the counting of the negative 
pions, but with a small contribution from the un- 
certainty in the efficiency of the Cerenkov counter. 
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Fic. 4. The negative-pion yields at 120°. The ordinate is 
the same as in Fig. 3. 


The broken line parts of the curves are smooth extra- 
polations to the kinematic thresholds for the two-pion 
process, which are indicated by the arrows along the 
axis of abscissas. 

The yields of Figs. 3 and 4 can be compared with 
some earlier experimental results. The yield of about 
50 10-* cm*/Mev steradian (for o*) reported by 
Friedman and Crowe‘ for 76-Mev negative pions at 60° 
and a 600-Mev bremsstrahlung beam agrees with an 
interpolation of our results at 610 Mev. The preliminary 
results of Woodward et al.* for measurements of 40-Mev 
pions at 35° for values of Zo up to 850 Mev show about 
twice the yields we observe for 50 Mev pions at 60°; 
a result which is consistent with the angular trends 
that we observe. 


Cross Sections 


The cross section o(7,0,k) for the production of 
negative pions by photons of energy & can be obtained 
from the yields given above and a knowledge of the 
energy spectrum of photons in the x-ray beam. Follow- 
ing the usual practice, we set 


N (Eo,k) = (1/REo)B(Eo,k), (6) 


where B(Eo,k) is then ~1 and can usually be taken as 
a function of k/Eo only. Walker and co-workers," 
using a pair-spectrometer, have measured the spectrum 


19 Donoho, Emery, and Walker (private communication). 
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of photons from the tantalum radiator of the Caltech 
synchrotron. They find that the spectrum agrees with 
the theoretical “‘thin-target”’ spectrum” for the lower 
photon energies (k<0.7Eo), but that at the higher 
energies the function B(o,k) shows neither the gradual 
rise with increasing k nor the smooth drop for k near 
Eo which is given by the theory. 

In Fig. 5 we show B(Eo,k) computed for a thin 
tantalum radiator with Eo>=750 Mev (solid curve). 
The measured spectrum is in accord with this curve 
for low values of k, but is consistent with the constant 
value of 0.90 shown by the broken line for large k. We 
adopt this experimental curve for the interpretation 
of our results, and take it‘to be the same function of 
k/Eo for all Eo from 500 to 1100 Mev. The spectrum 
we have adopted can be expressed algebraically by 


B(Eo,k) = (27/20) (1—k/Eot+ $k?/Ew*®); 0<k<3 Eo 
=9/10; 2Ey»<k< Ey (7) 


In terms of B(Eo,k), Eq. (3) becomes 


Eo 
a(t pb)= f o(7,0,k) B( Eo,k)dk/k. (8) 


0 


The increase in the yield o*(7,0,£o) with increasing 
synchrotron energy Eo is due primarily—but not 
exclusively—to the cross section for the photons at the 
high-energy end of the spectrum. The small contribution 
of the lower-energy photons is easily taken into account 
by solving Eq. (8) for o(T,0,k) by standard methods. 
The solution can be expressed as a series which is 
rapidly convergent for the particular functions en- 
countered here. For our purpose we need retain only 
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Fic. 5. The bremsstrahlung spectrum function. (Eo/k)B(Eo,k) 
gives the number of photons on unit energy interval at & for a 
unit energy of flux in the x-ray beam produced by electrons of 
energy Eo. The solid curve is the theoretical “thin target” spec- 
trum (given by quantum electrodynamics). The dashed curve is 
a fit to the measured spectrum for (k/Eo)>3. 


*” H. A. Bethe and W. Heitler, Proc. Roy. Soc. (London) A146, 
83 (1934). 





PHOTOPRODUCTION 


the first two terms. We have, then, 
o (k = Ey) 
= re 


~ Bil dE 


[— 0° B( (Eo, Eo’ ) 
Bo 


OF dE» 


o*( esate | (9) 


where By is given by 


Bo=limB(Eo,k) =0.9, 


k-+Eo 


(10) 


and where we have suppressed temporarily the explicit 
dependences on 7 and @ which appear identically in 
both o and o*. 

The first term of Eq. (9) has been evaluated from 
the data for each adjacent pair of values of Eo by taking 


do*(Eo) o*(E:)—o*(Ex) 
ana ary 





; (11) 


and taking for the relevant photon energy 


k=}(E2—E)) (12) 


The average cross sections from the threshold to the 
first energy at which measurements were taken were 
also obtained by setting /, equal to the kinematic 
threshold and taking o*(£,)=0 

The integral in Eq. (9) is a small correction to the 
first term. It has been evaluated by a numerical 
integration taking B(£,k) as given 54 Eq. (7) and 
using the curves of Figs. 3 and 4 for o*. The integral 
was negligible in most cases and amounted to about 
10% in the largest case. Since the integral was com- 
parable to, or less than, the statistical error in the 


TaBLe I. The differential cross section o(7,9,k) for the 
production in hydrogen of negative pions of kinetic energy 
T at the angle @ in the laboratory (per unit energy and solid 
angle) by photons of energy &. The cross sections are averages 
over an interval Ak centered at k, and are given in units of 
10-*cm?/Mev-sterad. 








6 =60° 


Ak 
(Mev) @(T,6,k) 
2.2+0.3 
3.8+1.0 
1.7+0.5 
1.9+0.7 


k 
_(Mev) 


50 500 220 
670 ~=—:110 

820 = 190 

1000 170 


(Mev) 
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TABLE II. The differential cross section o(T"; 0’ yk) i in the c.m. 
system for the photoproduction of negative pions in hydrogen. 
The c.m. pion energy and angle are 7” and 6’, and k is the labora- 
tory photon energy. 








k i o’ (T’,0’,k) 
(Mev) (Mev) (10-%%cm?/Mev- sterad) 
500 35 1.9+0.3 
540 79 86° 0.7+0.4 
580 118 0.3+0.4 


1.50.3 





610 103 144° 


3.4+0.8 
4.4+0.5 
2.2+0.4 


0.5+0.3 


670 38 
670 80 90° 
670 118 88° 
660 170 142° 
40 104° 
820 81 95° 
118 92° 


1.5+0.4 
1.9+0.3 
1.9+0.2 


3.10.7 
2.0+0.2 
1.7+0.3 
0.9+0.1 
0.5+0.3 


147° 
144° 


830 110 
750 138 
830 187 144° 
810 220 143° 

256 144° 


1.8+-0.6 
1.8+0.4 
2.340.4 


2.14:1.2 
2.924-1.2 
2.0+0.6 
0.9+0.5 
0.8+0.5 


1000 42 110° 
1000 83 100° 
1000 119 97° 


1020 121 150° 


1010 162 148° 
1010 203 147° 
1010 240 146° 
1010 274 146° 


dominant term, no error has been assigned to the 
integral. 

The cross sections obtained by the above procedure 
are given in Table I. In the table the interval Ak over 
which the average cross section has been obtained is 
just the difference (E.—,) of the two cutoff energies 
used for determining o. The errors given for the cross 
sections are due exclusively to counting statistics, all 
other random errors being negligible compared with 
these. Of course the systematic uncertainty of about 
10% in the absolute value of the yields applies also to 
the cross sections. 


c.m. Cross Sections 


It is convenient to refer the cross sections to the 
center-of-momentum (c.m.) system of the incoming 
quantum and the proton. If o’(7’,6’,k) is the cross 
section for the production of a negative pion with 
kinetic energy 7’ and angle 6’ in the c.m. system (per 
unit energy and solid angle of the negative pion), then 


o' (T' 0’ .k) = (p'/p)o(T,k), (13) 


where p and p’ are the momenta of the pion in the 
laboratory and c.m. systems, respectively. For each 
entry of Table I we have computed the corresponding 
energies and angles in the c.m. system and the c.m. 
cross section. The results are given in Table II where 
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Fic. 6. The c.m. cross section for 670-Mev photons as a function 
of the pion kinetic energy (c.m.). The c.m. angle of the negative 
pion is given for each point. 


we have grouped together the data which correspond 
to approximately the same photon energy. 

The cross sections of Tables I and II fall into two 
groups, one for c.m. angles near 95° and the other for 
angles near 145°. The data for the smaller angle cor- 
respond to lower c.m. energies than those for the larger 
angle. The data for the two angles taken together cover 
the full range of possible energies for the negative pions 
from the pair production process. In Fig. 6 we have 
plotted all the data for photon energies near 670 Mev. 
The angle of emission of the pion in the c.m. system is 
given above each plotted point. The energetic upper 
limit for pions from pairs produced by 670-Mev photons 
is shown by the arrow. Figures 7 and 8 are corresponding 
plots for photon energies of 830 and 1010 Mev. The 
curves in the figures will be discussed below. 

In the plots for 830 and 1010 Mev the data for angles 
near 95° join smoothly with those for angles near 145°. 
We conclude that there is no large angular dependence 
of the cross section between these two angles, and that 
we can tentatively assume that the combined data give 
the energy spectrum of the negative pions from the 
pair process at these angles. 
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Fic. 7. The c.m. cross section for 830-Mev photons as a function 
of the pion kinetic energy (c.m.). The c.m. angle of the negative 
pion is given for each point. 
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Integrated Cross Sections 


A cross section per unit solid angle o’(6’,k) can be 
obtained by integrating the cross sections of Figs. 6, 7, 
and 8 over energy. To obtain the integrals we have 
taken the area under a smooth curve which passes 
through the data and falls to zero at zero energy and 
at the maximum allowed energy. These cross sections 
are given in Table III. If we assume further that the 
negative pions are emitted with complete angular 
isotropy in the c.m. system, we can obtain a total cross 
section by taking o:(k)=420'(6’,k). These total cross 
sections are also given in Table IIT. The cross sections 
of Table III are probably uncertain to about 25%. 
Within this uncertainty it appears that the cross section 
is independent of photon energy from about 600 to 1100 
Mev. The cross section obtained here agrees with the 
value of about 60 microbarns obtained recently by 
Sellen e¢ al.6 using a hydrogen diffusion chamber. 
These authors find very little triple meson production; 
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Fic. 8. The c.m. cross section for 1010-Mev photons as a 
function of the pion kinetic energy (c.m.). The c.m. angle of the 
negative pion is given for each point. 


we can, therefore, assume that our results are a measure- 
ment of the pair process. Our data do not, however, 
show the decrease of the cross section with increasing 
photon energy above 600 Mev which is reported by 
Sellen et al. In view of the several assumptions we have 
used to obtain the total cross sections, this disagreement 
cannot be considered significant. 

The cross section for the single production of neutral 
pions for photon energies from 600 to 1000 Mev has 
been found* to be about 35 microbarns. The cross 
section for the single production of positive pions in 
this energy range is about twice this value.” It appears 
that, at these energies, the probabilities of single and 
double meson emission are roughly equal. 


2 J. I. Vette and W. D. Wales, Bull. Am. Phys. Soc. Ser. IT, 
6, 320 (1957); R. M. Worlock and A. V. Tollestrup, Bull. Am. 
Phys. Soc. Ser. II, 6, 320 (1957). 

2F, P. Dixon and R. L. Walker, Phys. Rev. Letters 1, 142 
(1958). 
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4. INTERPRETATION ATTEMPTS 


There is, as yet, no theoretical description of the 
photoproduction of pion pairs at high energies. The 
Chew-Low theory has been applied by Cutkosky and 
Zachariasen® to calculate the photoproduction of pion 
pairs near the threshold. These authors have computed 
the negative pion spectrum, integrated over the pion 
angle (neglecting all nucleon recoil effects), for several 
photon energies. The lowest photon energy, 670 Mev, 
for which we have the pion energy spectrum, cor- 
responds to a center-of-momentum photon energy of 
430 Mev. In the static-nucleon theory the maximum 
pion energy from a 430-Mev photon is 150 Mev, 
whereas the maximum with a recoiling nucleon is 200 
Mev. We compromise by comparing the data to the 
theoretical curve for 455-Mev photons which allows a 
maximum pion energy of 175 Mev. The curve labeled 
C-Z in Fig. 6 is that given by Cutkosky and Zachariasen 
for k=455 Mev with the cross section divided by 4x 
to obtain the average cross section per unit solid angle.* 
The agreement, both with respect to the magnitude of 
the cross section and with respect to the dependence 


TABLE III. The cross section o’(6’,k) for the production in 
hydrogen of negative pions at c.m. angles from 95° to 145° 
(per unit solid angle) by photons of energy &. The total cross 
section for the emission of negative pions, assuming angular 
isotropy. 


k(Mev) 


o'(0’,k) (10-“cm?2/sterad ) 
o:(k) (10°"cm?) 








on pion energy is certainly satisfactory in view of the 
meager data and the liberties taken with the theory. 
Lacking any theory applicable at the higher energies, 
we have compared the data to several heuristic models. 
A simple model is obtained from the assumption that 
the matrix element for the interaction is independent 
of the pion energy and angle. The pion energy spectrum 
is then given by the dependence on pion energy of the 
density of final states. For the pair process the density 
of states is proportional to 
(E—w,—w_)w_p_*p,*dp dQ dQ, 
———_____—_— —__—_—, (14) 
(E—w,)p?+E_(p_- py) 


where E is the total energy available, w, and w_ are the 
pion total energies and p_ and p, their momenta, all 
quantities being taken in the c.m. system. Since we 
observe only the negative pion, the expression (14) 
must be integrated over the energies and angles of the 
yositive pion. The integrations™ have been carried out 
I Pp ; gr 
for photon energies of 650, 800, and 1000 Mev and the 
results are given in Fig. 9. A comparison with the 

* The dominant term in the expression given by Cutkosky and 
Zachariasen corresponds to the negative pion in an S state. 

% We are indebted to S. N. Berman for performing these 
computations. 
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Fic. 9. The negative-pion spectra in the c.m. system given by 


the three-body density of final states for pair production on 
protons by photons of energy &. 


experimental data of Figs. 6, 7, and 8 shows that the 
forms of the spectra are unsatisfactory for all energies. 


Isobar Model 


There has been some success in interpreting high- 
energy pion experiments in terms of an “isobar model”’ 
which attempts to take into account the strong inter- 
action between the pion and nucleon in the T=}, 

= state by considering this state to be sufficiently 
narrow that it plays the role of a “‘particle”’ in the basic 
interaction. Such a model was first applied by Yuan 
and Lindenbaum’ in interpreting the results of pion 
production in nucleon-nucleon collisions. In later 
work!" the model was applied to the problem of 
inelastic pion-nucleon scattering. We have investigated 
the properties of the isobar model applied to the 
photoproduction of pion pairs. 

Following the earlier workers we assume that in the 
initial interaction of the photon with the proton two 
“particles” are produced, a “recoil”? pion and an 
“isobar” of excitation energy w* (in its coordinate 
frame). We take that the cross section for the production 
of an isobar with an excitation energy between w* and 
w*+dw* is 

do (E,w*) = A (E) F (w*)dw* p(E,w*), (15) 
where £ is the energy available in the interaction; A (£) 
is a factor, taken to be dependent only on £, which 
covers our ignorance about the primary interaction; 
F (w*)dw* represents an a priori weight for the relative 
probability of forming an isobar of excitation energy 
w*; and p(/,w*) is the density of final states available 
to the recoil pion and the isobar of mass M+w*, when 
the two particles share the available energy EZ. Once 
the dependence on energy of F(w*) has been assumed, 
the energy spectrum of the pions can be obtained by 
straightforward methods. In the present state of 
ignorance we can take that the isobar is unpolarized 
and disintegrates isotropically in its rest frame.”® 


25 The computation of the pion spectra predicted by the isobar 
model is described in detail by Sternheimer and Lindenbaum in 
reference 11. 
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The previous workers have taken F(w*) to be equal 
to the observed pion-nucleon scattering cross section 
in the 3,3 state at an energy corresponding to the 
excitation w*. Following a suggestion of Christy”® we 
have taken for F(w*) an expression closely related, but 
not equal to the cross section. If we write the scattering 
cross section in the Breit-Wigner form 


Sar ir? 


- : (16) 
g (w*—wo)?+4I” 


O33(4,p) = 


where g is the pion momentum in the c.m. system of 
the scattering and h=c=y=1, it seems most reasonable 
to take 


F(w*)= (q*/T)oss(m,p). (17) 


The Chew-Low expression for the cross section can be 
put into the form of Eq. (16) if we take 


ST = $frwog?/w*, 


with w* related to g by w*= (1+ *)'+¢°/2M. We have 
used (16), (17) and (18) to determine F(w*), taking 
wo= 2.1 and /?=0.08. 

In the photoproduction of pion pairs the isobar 
model is complicated by the fact that either the negative 
or positive pion can be bound in the isobar. The reaction 
can, therefore, proceed through either of two inter- 
mediate states: 


(a) Yt poNa4*+9 ptt, 
(b) Vt PN +2 ptar tn’, 


where \,,* and No* represent two possibilities for the 
isobar. Reactions (a) and (b) give, of course, completely 
different forms for the pion spectra. Since the isotopic 
spin change with the absorption of the photon can be 
either 0 or 1 (or more), the final state isotopic spin can 
be either 4 or 3, or a linear combination of the two. In 
either pure isotopic spin state the reaction should 
occur predominantly via the ‘“doubly-charged isobar,” 
as in (a) above. For suitable mixtures of the two 
isotopic spin states, however, the reaction may occur 
entirely through the doubly-charged isobar or through 
the “neutral isobar” as in (b) above. Rather than 
making an assumption about the isotopic spin of the 
final state, we have computed separately the negative- 
pion spectra expected from reactions proceeding through 
either of the two isobars. 

The negative-pion spectra predicted by the isobar 
model are shown by the curves of Figs. 6, 7, and 8 
where the vertical scale of the curves has been adjusted 
arbitrarily to give the best fit to the data. For the two 
highest energies (830 and 1010 Mev), the spectra from 
the reaction via the neutral isobar (the negative pion 
bound to the proton) are in fairly good agreement with 
the experimental results, whereas the spectra from the 
doubly-charged isobar are in definite disagreement with 


(18) 


*°R. F. Christy (private communication) 
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the data. If one attaches any significance to the model, 
one would conclude that the reaction must occur 
through a mixture of isotopic spin states. 

At 670 Mev the spectrum from the doubly-charged 
isobar seems to be in closer agreement with the meager 
experimental data, although the fit is no better than 
the Cutkosky-Zachariasen theory which, incidentally, 
also predicts that the strong interaction in the outgoing 
state is predominantly between the proton and the 
positive pion. 

One may also remark that the experimental spectra 
are less sharply peaked than would be given by either 
isobar model and that the apparent agreement with 
the neutral isobar model at the higher energies is 
simply due to the general “‘smearing” which occurs in 
this model. Any conclusions in favor of the isobar 
model will have to wait measurements of pion-pion or 
pion-proton correlations which will afford a more 
stringent test of the model. 


5. POSITIVE PION RESULTS 


During the course of the experiment, runs were often 
made in which positive pions were counted, primarily 
for checking the operation of the apparatus. These 
data also give some information about pion pair pro- 
duction. The data for 60° were analyzed in a manner 
similar to that employed for the negative pions, except 
that the pion rate was obtained only from the 3-fold 
coincidence rate, making the now very small electron 
and background corrections from the corresponding 
negative-pion data. 

The yields per equivalent quantum for positive pions 
obtained at 60° are shown in Fig. 10. Most of the yield 
comes, of course, from single-pion production at lower 
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Fic. 10. The positive-pion yields at 60°. The ordinate is the 
same as for Fig. 3. The dashed curves give the expected dependence 
on Eo*for pions produced singly. The point marked C was not 
measured, but was computed from the known cross section for 
single pion photoproduction. 
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photon energies: ky=312 Mev for T=50 Mev, and 
ko= 310 Mev for T= 125 Mev. Also, part of the increase 
of the yield with increasing Zo can be attributed to the 
increase in the single production due to the increase of 
the number of low-energy photons in the spectrum 
(see Fig. 5). 

A computation of the cross section could be made 
from the yields as was done for negative pions. It 
would, however, be of dubious value considering the 
large errors which would result from the subtraction of 
two large quantities. Instead, we have computed the 
expected increase of the yield for single-pion production 
only. The computed single-pion yields, assumed to be 
equal to the observed yields at 500 Mev, are shown by 
the dashed curves in Fig. 10. The difference between 


OF 


PIGN PAIRS EN H 315 
these curves and the experimental curves are to be 
attributed to pions from the pair process. From a 
comparison with Fig. 3 we conclude that there are 
about twice as many positive pions from pairs as there 
are negative pions. Such a result would be consistent 
with the assumption that the cross sections for (#*,x~) 
pairs and for (x+,r°) pairs were comparable. 
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A w-meson scattering experiment in which the mesons are required to traverse a thick block of iron and 
stop and decay in a thin layer of carbon, is reported. Any uncertainty in the identity of the scattered particle 
has thus been eliminated, and further, the momentum of the particles is well defined. The observed angular 
distribution of the scattered » mesons in the momentum range (1_0.2*®!5) Bev/c has been found to be in good 
agreement with the distribution predicted from the Coulomb scattering theory for extended nuclei obtained 
by Cooper and Rainwater. There is thus no indication from the present experiment for any anomalous 
scattering of » mesons near 1 Bev/c momentum. 

The angular distribution of scattering of those particles which traversed the iron absorber but did not 
necessarily stop and decay in the carbon layer was not in good agreement with the Cooper and Rainwater 
theory, there being more than the expected number of particles scattered through large angles. It is shown, 
however, that the predicted scattering distribution, at large angles (assuming no anomalous contribution) 
arises almost entirely from the scattering of particles in the 1-2 Bev/c region, and therefore is very sensitive 
to the assumed intensity in this region. It is concluded that the results from this part of the experiment 
cannot be accepted as evidence favoring the existence of anomalous scattering. 

The experimental results of other authors on the scattering of energetic « mesons are summarized and 
discussed. It is concluded that the evidence for anomalous interactions is not strong. 


I. INTRODUCTION expected from electromagnetic interactions alone. 
Barrett ef al.* have observed parallel pairs of « mesons 
deep underground, and have concluded that these 
parallel pairs would not be expected if there were other 
than purely electromagnetic interactions. Fitch and 
Rainwater* have investigated the level structure of 
u-mesonic atoms and their results are consistent with 
the assumption that the u meson interacts only electro- 
magnetically with nuclei. Masek and Panofsky, and 
Masek, Lazarus, and Panofsky® have observed the 


§ Barrett, Bollinger, Cocconi, Eisenberg, and Greisen, Revs. 
Modern Phys. 24, 133 (1952). 

4V. L. Fitch and J. Rainwater, Phys. Rev. 92, 789 (1953). 

5G. E. Masek and W. K. H. Panofsky, Phys. Rev. 101, 1094 
Hao Masek, Lazarus, and Panofsky, Phys. Rev. 103, 374 
1956), 


HE wu meson, in its interaction with matter, is 
believed to behave as a heavy (207 m,) electron. 

That is, the » meson evidently interacts mainly through 
its electromagnetic field, but in addition may interact 
with the emission and absorption of neutrinos.' There 
are a number of experiments which support this view. 
Walker’ has observed the knock-on electrons produced 
by u mesons of energy larger than 1.5 Bev. The electrons 
had an energy distribution consistent with that to be 


Meson Physics (McGraw-Hill 
1952), Chap. 6; B. Rossi, 
Englewood Clifis, 


! For example, R. E. Marshak, 
Book Company, Inc., New York, 
— Energy Particles —_ Hall, Inc., 

New Fig? 1952), Chap. 

W. D. Walker, neg ll 90, 234 (1953). 
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TABLE I. Methods used in the experimental study of u-meson scattering. 








Method Momentum determination 


Triggering method Possible particles accepted 





I Not measured but inferred from spectrum 
II Estimated from observed scattering 
Ill Magnetic curvature 
IV Range determined with thick absorber and 
delayed coincidence 


m@ mesons, 7 mesons, protons 
m» mesons, r mesons, protons 
m» mesons, r mesons, protons 
sw mesons only 


Prompt coincidence 
Prompt coincidence 
Prompt coincidence 
Delayed coincidence 








TaBLE IT. Theories of Coulomb scattering of charged particles by finite thickness of scattering materials. 


Author 


Charged distribution 





Characteristics of distribution 





Point nucleus 
Scattering cutoff for g¢>yo=A/R 
Smoothed uniform nuclear model, 

R=1.2A!X10™" cm 


Moliére* 
Olbert® 
Cooper and Rainwater* 


* See reference 17. 

» See reference 18. 

¢ See reference 16. 
production of yw-meson pairs by gamma rays. This 
process presumably involves an interaction of the 
photon with the electromagnetic properties of 4 mesons, 
and a subsequent scattering of the » mesons in the 
Coulomb field of the nucleus. The experimental results 
were in agreement with predictions based upon this 
mechanism of production, and so support a purely 
electromagnetic character of the uw meson. Finally, after 
the present experiment was completed, we were in- 
formed of the Columbia experiments of Garwin ef al.® 
in which the w-meson g factor was found to be 2.0064 
+0.0048. This result, which is to be expected if the 
# meson is just a heavy electron or Dirac particle,’ 
further supports the view that «4 mesons do not interact 
anomalously. 

On the other hand, there have been a large number of 
experiments*" in which the scattering of energetic 
u# mesons has been measured and found to be anoma- 
lously large. Several experimental methods have been 
used, and they are summarized in Table I. The angular 
distributions which in all cases have arisen from a 
combination of single and multiple scattering have 
been compared with various scattering theories. The 
scattering theories'*'® are summarized in Table II. 


6 Garwin, Lederman, and Weinrich, Phys. Rev. 105, 1415 
(1957); Coffin, Garwin, Lederman, Penman, and Sachs, Phys. 
Rev. 106, 1108 (1957). 

7H. Suura and E. H. Wichman, Phys. Rev. 105, 1930 (1957). 

8’M. L. T. Kannangara and G. S. Shrikantia, Phil. Mag. 44, 
1049 (1953). ’ 

( ®G. D. Rochester and A. W. Wolfendale, Phil. Mag. 45, 980 
1954). 

1 B. Leontic and A. W. Wolfendale, Phil. Mag. 44, 1101 (1954). 

George, Redding, and Trent, Proc. Phys. Soc. (London) 
A66, 533 (1953). 

2 W. L. Whittemore and R. P. Shutt, Phys. Rev. 88, 1312 
(1952). 

4B. McDiarmid, Phil. Mag. 45, 933 (1954); 46, 177 (1955). 

4 J. L. Lloyd and A. W. Wolfendale, Proc. Phys. Soc. (London) 
A68, 1045 (1955). 

16 Lloyd, Réssle, and Wolfendale, Proc. Phys. Soc. (London) 
A70, 421 (1957). 

16. N. Cooper and J. Rainwater, Phys. Rev. 97, 492 (1955). 

17G. Moliére, Z. Naturforsch. 2a, 133 (1947); 3a, 78 (1948). 

18S. Olbert, Phys. Rev. 87, 319 (1952); Annis, Bridge, and 
Olbert, Phys. Rev. 89, 1216 (1953). 


Large-angle scattering overestimated 
Large-angle scattering underestimated 
Presumably correct 





The scattering theory of Cooper and Rainwater takes 
into account the nuclear size in a manner consistent 
with electron scattering results. 

In Table III is shown a summary of past experi- 
mental scattering experiments. Only the experiment of 
Amaldi ef al."® has reported no anomalous scattering. 
It is just possible, of course, that some dynamic 
property of the ~ meson is operative only at high 
energies, and so would have effects unfelt in low-energy 
experiments (the mesonic atom experiments, for 
example) but would have effects felt in the higher 
energy scattering experiments. On the other hand, it 
seemed to us that there were unresolved experimental 
difficulties inherent in the scattering measurements. 
First there is the question of “beam” purity. Only a 
very small intensity of + mesons or protons mixed in 
with a much larger intensity of « mesons could result 
in a badly distorted picture of the u-meson scattering. 
Also, the Coulomb scattering of «4 mesons depends 
sensitively upon their momenta, so that unless the 
meson momenta are well-defined, the observed scat- 
tering cannot be critically compared with prediction. 
For these reasons, the present study of u-meson 
scattering was undertaken. The apparatus, as described 
in the following section, selected for scattering measure- 
ment only those particles which traversed a large thick- 
ness of iron and stopped and decayed in a thin layer of 
carbon. This method not only insures that scattering 
measurements are made only on yw mesons, but also 
serves to define within narrow limits (1_9,2+°- Bev/c) 
the momenta of the mesons. 


II. EXPERIMENTAL ARRANGEMENT 


The experimental arrangement is illustrated in Fig. 
1. The upper absorber consists of iron ingots having a 
density of 7.0 g/cm* and a total thickness of one meter. 
Particles, incident from the atmosphere, which give 
nuclear activity decrease considerably in number under 
the iron absorber but incident u mesons do not. The 


1 EF, Amaldi and G. Fidecaro, Nuovo cimento 7, 535 (1950). 
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Fic. 1. Arrangement of apparatus 


cloud chamber has an effective volume of 47 35X50 
cm® and contains seven one-cm-thick lead plates. The 
photographs were taken stereoscopically with two 
cameras. The axis of one camera formed an angle of 
12 degrees with the axis of the chamber; the axis of 
the other camera was along the axis of the chamber. 
The 75 cm of iron below the chamber served to define 
the residual range of the ~ mesons (momenta of 1 
Bev/c). After traversing the iron, the mesons stopped 
and decayed in either of the two 8-cm-thick carbon 
slabs. Two carbon slabs, rather than just one, were 
used to increase the detection efficiency. 

A block diagram of the circuits used in the triggering 
arrangement is shown in Fig. 2. The 3-cm-diameter 
counters in tray A were connected in parallel and thence 
to a common preamplifier and blocking oscillator. The 
counters in tray B were connected to individual pre- 
amplifiers and blocking oscillators, while the counters 
in tray C were separated into five groups, there being 
one preamplifier and blocking oscillator for each group. 
The counters in tray D were connected in parallel and 
thence to a common preamplifier and blocking oscil- 
lator. A coincidence between tray A and any one of the 
counters in tray B (0.6-usec resolving time) served to 
open the gates in the delay discriminator provided there 
was no (prompt) pulse from tray D. A delayed coinci- 
dence was recorded and the cloud chamber was trig- 
gered if there was a pulse from trays B, C, or D in the 
time intervals 1.3 to 3.8, 3.8 to 6.1, or 6.1 to 8.6 usec 
following the AB coincidence. The large number of 
separate blocking oscillator circuits was required 
because we wished to record decay electrons in a tray 
through which the meson had passed before stopping. 

Each counter in tray B, as well as the counters in 
trays C and D, were hodoscoped for the prompt pulse. 
Whenever a delayed coincidence occurred, neon bulbs 
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were photographed together with the triggered cloud 
chamber. In this way the track in the cloud chamber 
could be checked for alignment with the counters 
which register the event. 

The cloud chamber was enclosed in a thermally 
insulated box in which the temperature was kept 
constant to +0.1°C. Distortion and track displacement 
were minimized through the use of a rubber expansion 
diaphragm to which was cemented (Cemedine No. 1500 
rubber-wood glue) a piece ot ‘““Hard Board.” 

It is perhaps conceivable that the apparatus could be 
triggered by other than uw mesons. We have considered 
the following possibilities, all of which have been shown 
to have quite negligible consequences.” 

(I) A w meson, having been produced in a pene- 
trating shower in the upper absorber, traverses the 
chamber and the lower absorber and comes to rest and 
decays through the -u-e process in the carbon. 

(II) A x meson, produced as in (I) above, decays 
from within the lower absorber, the » meson traveling 
on to decay in the carbon. 
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Fic. 2. Block diagram of the circuit for the triggering system. 














(III) A proton incident from the atomosphere 
traverses the upper iron absorber to produce a 7 meson 
which goes on to decay in the carbon. 

(IV) A proton incident from the atmosphere tra- 
verses the upper iron absorber and cloud chamber as in 
(III) above, and produces a w meson which decays 
within the lower absorber, the u meson traveling on to 
decay in the carbon. 


III. ANALYSIS OF DATA 


(a) Determination of the Momentum Region 
of Particles in Delayed Coincidence 


We estimated the band of meson momenta to which 
the apparatus was sensitive, taking into account (1) the 
momentum loss and straggling in the materials through 
which particles traverse, (2) the spread in the angles 
at which particles go through the apparatus, and (3) 
the uncertainty in the places at which particles stop. 
We obtained the value (1-0.2*+°*) Bev/c as the mo- 


* T. Kitamura (to be published). 
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mentum region of particles selected by the delayed 
coincidence triggering. This value is consistent with the 
value estimated from the rms value of the scattering 
angles in the lead plates in the chamber. [See Appendix 
(b).] Also this value is supported by our data on the 
lateral distribution of the particles under the iron 
absorber. See Fig. 11. 


(b) Data Selection 


Over a period of about four months, about 900 
photographs were taken with the delayed triggering 
requirement, and about 500 with the prompt (coin- 
cidence between trays A, B, and D) requirement. Only 
those events in which the tray B hodoscope records 
showed the discharge of one counter, or the discharge 
of two counters separated by one counter, or the 
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Fic. 3. Frequency plot of the rms angles of 350 tracks selected 
at random. The two histograms represent different groupings of 
the same data. The smooth curve represents Eq. (5) in 
McDiarmid’s first paper with p8= ©, n=5, and ¢=0.55 degree. 


discharge of three adjacent counters were selected for 
scattering analysis. The basis of this selection is dis- 
cussed in Appendix (d). About 100 events were rejected 
because four or more counters in tray B were discharged. 
These events were evidently, for the most part, caused 
by side showers incident upon the apparatus. Less than 
half of the 100 rejected tracks gave evidence of a 
coincidence track within the cloud chamber. It should 
be emphasized that tray B is separated from the cloud 
chamber by 75 cm of iron and can hardly have intro- 
duced any appreciable basis for bias against large-angle 
scattering. Of the original 1400 photographs, a total of 
1282 were left for analysis, there being 811 of the 
delayed-coincidence variety and 471 of the prompt- 
coincidence variety. 

There were 7 lead plates in the cloud chamber. Only 
scattering in the central 5 plates was included in the 
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final analysis because distortions in the cloud chamber 
made measurements in the top and bottom plates 
unreliable. Interestingly, the scattering distribution in 
the top and bottom plates was accidentally consistent 
with the Moliére (point nucleus) distribution, while, 
as will be discussed presently, the scattering in the 
central 5 plates was consistent with the Cooper and 
Rainwater (extended nucleus) distribution. 


(c) Measurement of Scattering Angles 


The images of the tracks were magnified and pro- 
jected onto a stretched paper screen. The projected 
scattering angles of the tracks were measured to 0.1 
degree. The scattering angles measured by this method 
were in agreement to within +0.3 degree with those 
obtained by measuring the angles directly on the film 
with a comparator. An uncertainty of this magnitude 
is quite negligible in the present experiment, and so we 
adopted the former method because it was faster. 


(d) Measurement of Noise-Level Scattering 


The root-mean-square (rms) scattering angle for 
high-energy particles which suffer no real scattering in 
the plates is called “‘noise-level” scattering. This noise- 
level scattering arises from various sources. 

A track is made up of “blobs” and since these blobs 
are sometimes produced by low-energy gamma rays, 
they do not always lie along the path of the particle. 
Distortion such as those mentioned in connection with 
the top and bottom lead plates may result in apparent 
angular deviations, and of course there are uncertainties 
in the angle measurements themselves. To evaluate 
this noise-level scattering, we have measured the rms 
angles at five plates for tracks obtained with the 
prompt-coincidence triggering. If one of the five 
measured angles for any track was greater than 3.5 
times the rms value for the remaining four angles, the 
track was excluded. According to McDiarmid," the 
most probable value of (@), of particles with p= is 
given by 

((8) x?) most probable= [ (n— 1) n jo’, 


where m is the number of plates traversed, @ is the pro- 
jected angle, and a is rms deviation of the noise-level 
scattering. The experimentally determined position of 
the peak in the rms noise-scattering angle distribution 
(see Fig. 3) serves to determine a. The value of o was 
0.55 degree. 


IV. RESULTS 


The measured integral scattering distribution for 
4012 lead plate traversals with delayed-coincidence 
triggering is shown in Fig. 4, and in Fig. 5 is shown the 
corresponding distribution for 2262 traversals with 
prompt-coincidence triggering. Only one correction has 
been applied to these data. The geometry of an experi- 
ment is such that there is the possibility that some 
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Fic. 4. Measured and calculated integral scattering distribution 
for particles registered by delayed coincidences. The data repre- 
sent 4012 traversals of a 1-cm lead plate. 


particles originally within the solid angle of the arrange- 
ment are scattered out by large-angle scattering in the 
lead plates, while some particles originally outside the 
solid angle are scattered in. These two effects tend to 
compensate each other, but there were residual cor- 
rections of 0, 6, and 11% for scattering angles of 5, 6, 
and 7 degrees, respectively. These corrections are small, 
and do not significantly affect our result. Nevertheless, 
they have been applied to the data. 

The predicted distributions shown in Fig. 4 have 
been obtained as follows. Let f{(p0) be the (Moliére, or 
Cooper and Rainwater) differential scattering distri- 
bution. Our experimental data cannot be compared with 
{(p@) directly because the noise-level scattering tends 
to distort the distribution somewhat and further the 
particles do not have a unique value of momentum as 
described above. Rather, our data must be compared 
with a corrected distribution, g(p@), where g(p6o) is 
given by 


g( p0o)d( £90) 


d( po) - [ ( p60)?— (p60)? | 
= [ fome|— —'. d(p#) 
(2r)ta J_, 20° 


where a is the rms angle of noise-level scattering. We 
have plotted an integral rather than a differential 
distribution, and the curves shown on Fig. 4 are G(@), 


where 
G(0o) = f d6 
60 


1.15 Bev/c 


(pO) S(p)dp. 


0.8 Bev/e 
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Our data are clearly consistent with the Cooper and 
Rainwater distribution, and are clearly not consistent 
with the Moliére distribution. The Moliére distribution 
has been shown for comparison not because there is any 
theoretical reason to believe it is appropriate, but 
because as mentioned before, several past experiments 
have phenomenologically been in apparent agreement 
with it. Near 1 Bev/c, then, our data indicate that u 
mesons are scattered in a manner that can be explained 
on a purely electromagnetic basis, and that if there is 
any anomalous scattering, its cross section is very small 
indeed. 

We shall discuss next the prompt-coincidence data. 
The predicted scattering distribution depends upon the 
momentum spectrum assumed for the triggering 
particles, especially on the intensity of those with 
small momenta. The spectrum, under the upper iron 
absorber (1 meter thick), S{p), as shown in Fig. 6, was 
obtained from Olbert’s production spectrum at geo- 
magnetic latitude 24° N,”! the energy loss in the ab- 
sorber having been taken into account. The upper 
spectrum in the high-momentum region of Fig. 6 is 
that obtained by Wilson and Owen.” The difference 
between these is not large enough to change our 
conclusions. The lower limit of the momentum, fo, was 
estimated to be 1 Bev/c as described in the previous 
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Fic. 5. Measured and calculated integral scattering distribution 
for particles registered by prompt coincidences. The data represent 
2262 traversals of a 1-cm lead plate. The dotted curve is the 
uncorrected scattering distribution for the noise-level scattering. 


21S, Olbert, Phys. Rev. 96, 1400 (1954). 
2 J. G. Wilson and B. G. Owen, Proc. Phys. Soc. (London) 
A68, 409 (1955). 
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section. Then for the integral distributions we have 
F(0)= { dof g(p6s(prap 
60 1 Bev/c 


and this has been plotted in Fig. 5. From this figure 
one sees that our prompt-coincidence data, like those 
of other experimenters, are consistent with the Moliére 
distribution rather than with the Cooper and Rainwater 
distribution. 

It would appear at first sight that our results as 
shown in Fig. 5 support the existence of anomalous 
scattering for 1 mesons with momenta larger than 1 
Bev/c. However, as seen in Fig. 7 which shows 
g(p00)S(p)dp as a function of the angle 4, the most 
effective momentum region for producing scattering 
angles greater than 4 degrees is 1-1.5 Bev/c. If we take 
into account possible nonuniformities in the densities 
of the iron absorber, the fluctuations of the momentum 
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Fic. 6. The momentum spectrum of » mesons under the one- 
meter-thick iron absorber. The upper spectrum in the high- 
momentum region is that obtained by Wilson and Owen. 


loss, and the difference in the incident angles of particles, 
the value of the threshold momentum might be ex- 
tended to 0.8 Bev/c. If the value of 0.8 Bev/c is ac- 
cepted as the lower limit of the spectrum, the prompt- 
coincidence data become consistent with the Cooper 
and Rainwater distribution rather than with the 
Moliére distribution as shown in Fig. 8. 

It is also possible that particles other than » mesons 
contribute to the prompt coincidences but not to the 
delayed coincidences.” 


V. DISCUSSION AND CONCLUSIONS 


As described in Part I, the experimental results on 
the production of 1 mesons by high-energy gamma rays 
seems to exclude the possibility of anomalously large 
u-meson scattering at low energies. The present experi- 
ment shows that there is no anomalous scattering in the 
1.0-Bev/c region, but we can say nothing definite about 
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Fic. 7. The function g(p6o)S(p)dp for the present experiment. 
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Fic. 8. Measured and calculated integral scattering distribution 
with the lower momentum cutoff taken to be 0.8 Bev/c for particles 
registered by prompt coincidence. 
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Fic. 9. The function g(p6)S(p)dp for McDiarmid’s experiment. 


the scattering of 1 mesons of 2 Bev/c and over. There 
follows a discussion of experiments which do bear on the 
scattering of these higher energy u mesons. 

In the experiment of McDiarmid,” a multiplate 
cloud chamber was used at a depth of 26 meters 
water-equivalent underground. The meson momenta 
(p8) were estimated through multiple-scattering meas- 
urements in six 2-cm-thick lead plates. The 8 spectrum 
was divided into three groups: group I (150 Mev/c 
<pB<1000 Mev/c), group II (300 Mev/c< pB<2200 
Mev/c), and group III (600 Mev/c<pB<5 Bev/c). 
Scattering, interpreted as anomalous, was found in 
group III. Following the method used in analyzing our 
own data, we have computed the function {(p6)S(p) 
for this group. For f(p@) the Cooper and Rainwater 
theory was used, and for S(p) we have used the spec- 
trum given by McDiarmid (Fig. 6 in his first paper). 
From Fig. 9 it is clear that the scattering at large angles 
(>S5 degrees) is, under the assumption that all scatter- 
ing is electromagnetic, completely determined by the 
mesons in the 0.6-1.5 Bev/c region. As discussed in 
Appendix (b), there is a large uncertainty in determin- 
ing momenta with multiple-scattering measurements, 
and so we feel there is a large uncertainty in the inten- 
sity of the low-momentum mesons. Thus we feel that 
McDiarmid’s evidence is not conclusive. 

Scattering measurements, in the 2-15 Bev/c region, 
have been made by Leontic and Wolfendale® using a 
magnetic cloud chamber at sea level and by Lloyd, 
Réssle, and Wolfendale in the 5-150 Bev/c region 
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using the Manchester cosmic-ray spectrograph. The 
main problem associated with these experiments (both 
of which gave evidence supporting the existence of some 
anomalous scattering) lies in the accuracy of the 
momentum determinations. It is usual in such experi- 
ments to measure the root-mean-square curvature, Ac, 
of high-momenta tracks when there is no magnetic field 
present. Corresponding to this rms curvature there is a 
“maximum detectable momentum.” According to the 
data given in Wilson’s book,” however, occasional 
tracks may have unexpected large apparent curvatures ; 
a distortion which produces a curvature of 1.2 m~ or 
less can occur in one of 40 tracks in a cloud chamber 
which has a measured value of 0.16 m= for Ac. In a 
measurement™ of the u-meson momentum spectrum 
in a chamber for which Ac=0.2 m~', we found that one 
track in 50 had a curvature of 1.5 m™ or less. In an 
experiment in which very rare events are measured, it 
is clear that distortions of this sort can be misleading, 
and for this reason we feel that magnetic cloud chamber 
measurements of u-meson scattering must be regarded 
with caution. 

There is further the question of a small admixture of 
protons in the u-meson “beam.” There is some evidence 
that the elasticity of high-energy proton collisions may 
have a value near 0.7,” so that the absorption mean 
free path of protons in the atmosphere would be larger 
than the 200-300 g/cm? previously assumed. This has 
the effect of increasing the estimate of the proton 
intensity. Presumably the ten positively charged 
particles which suffered large-angle deflections in Lloyd 
and Wolfendale’s experiment were protons. 

It has recently been suggested by Fowler*® that 
large-angle yw-meson scattering may possibly be in- 
terpreted by a mechanism which is essentially the 
elastic counterpart of star production by wu mesons. 
The reason for the apparent success of this theory is 
essentially the fact that he assumed a large inelastic 
cross section, 4 mb per lead nucleus, for the incident 
u mesons having energies greater than 1 Bev to transfer 
an energy larger than 150 Mev to a nucleus. However, 
George et al.?7 have shown that the observed cross 
section for the production of 1p stars and showers by 
mu mesons at various depths underground is on the 


% J. G. Wilson, Principles of Cloud Chamber Technique (Cam- 
bridge University Press, London, 1951), Chap. 6. 

( * Fukui, Kitamura, and Murata, J. Phys. Soc. Japan 10, 735 
1955). 

26 Dobrotin, Zacepin, Nikolsky, and Hristiansen, Suppl. Nuovo 
cimento 3, 635 (1956); Proceedings of the Oxford Conference on 
Extensive Air Showers, April, 1956 (unpublished). 

26 G. N. Fowler, Nuclear Phys. 3, 121 (1957). Note: A preprint 
by Dr. B. McDiarmid, describing his study of u-meson stars and 
hard showers performed by using a multiplate cloud chamber 
containing two large plastic scintillators, has recently come to 
our attention; the author suggests that the cross section for pro- 
duction of all interactions by » mesons involving energy transfers 
of 50 Mev is (5.6+1.1)X10~* cm?/nucleon. This finding supports 
our criticisms of Fowler’s interpretation of the anomalous scat- 
tering of ~« mesons. 

27 —. P. George and J. Evans, Proc. Phys. Soc. (London) A68, 
835 (1955). 
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average (4.6+0.5)10- cm?/nucleon and the cross 
section for 0p-star production is only about } of the 
above value. Therefore, the value of 4 mb for the 
inelastic cross section seems too large. Moreover, 
although Fowler argued that the cross section for 
producing stars and showers rises fairly rapidly above 
10 Bev and may become larger than 4 mb, a study of 
underground hard showers in our laboratory”** has 
shown that secondary high-energy mesons produced 
by u mesons serve to increase the apparent cross section 
for u-meson showers and the genuine inelastic cross 
section for » mesons is smaller than from the observed 
value. This results in a decrease of the anomaly dis- 
cussed by Fowler, and his interpretation, we feel, is 
somewhat questionable. 

It is thus hard to draw a very definite conclusion 
about the existence of the anomalous scattering for u 
mesons with energies greater than 2 Bev from the 
experiments and theories to date as discussed above. 
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APPENDIX 


As discussed in Sec. IIT, our apparatus when triggered 
by delayed coincidences selected only u» mesons with 
momenta 1 Bev/c or equivalently selected-only u 
mesons which, when passing through the cloud chamber, 
had a residual range of 525 g/cm. We shall discuss here 
the mean life of the triggering particles, their momenta 
as estimated from measurements of their rms scattering 
angles, and their lateral displacement and angular 
distribution as caused by their multiple Coulomb 
scattering in traversing the 525 g/cm? of iron absorber. 


(a) Mean Life of Triggering Particles 


The decay time of the particles triggering the 
apparatus was obtained by using a three-channel delay 
" %8'T. Kitamura and M. Oda, Progr. Theoret. Phys. (Japan) 16, 
2522 (1956). 

2 Higashi, Oshio, Shibata, Watanabe, and Watase (to be 
published). 
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Fic. 10. Momentum distribution of particles registered by 
delayed coincidence. The momentum estimation was carried out 
by the measurement of the rms angle of multiple scattering of 
particles. 


discriminator with gate I (1.3 to 3.8 usec), gate II 
(3.8 to 6.1 usec), and gate III (6.1 to 8.6 usec). The 
mean life of the triggering particles was found to be 
(2.1+0.3) usec. This is in agreement with values of the 
mean life of u mesons in carbon given by other workers. 


(b) Estimate of Momenta by Means of the 
rms Scattering Angle Measurement 


The momentum of a particle passing through a 
multiplate cloud chamber can be estimated from the 
rms value of the scattering angles in the plates, ac- 
cording to an expression obtained by Olbert.'* We have 
applied Olbert’s method to the tracks observed with 
the delayed-coincidence triggering in the present 
experiment. The spectrum of momenta observed by 
the method is shown in Fig. 10, and is clearly consistent 
with what is to be expected. 


(c) Multiple Coulomb Scattering of Particles 
Traversing an Absorber 


When a particle passes through a thick absorber, it 
emerges from the absorber having suffered multiple 
Coulomb scattering; it travels at a deviated angle and 
undergoes a lateral displacement from its original 
direction. The angular and the lateral distributions 
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Fic. 11. The lateral distribution of particles registered by 
delayed coincidences. The smooth curve shows the predicted 
distribution of particles of 1 Bev/c. 
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have been given by Eyges,®® taking into account an 
energy loss of a particle in an absorber. In the present 
experiment, we know the original directions of the 
u-meson tracks from their cloud chamber photographs. 
The discrepancy between the extended direction and 
the position of the B-tray counter which was struck by 
the particle (known from the hodoscope record) pro- 
vided us with the lateral displacement of the u-meson 
track. The residual range of the particle after traversal 
of the iron absorber has an uncertainty between 0 cm 
and 16 cm of carbon. For simplicity, we assumed the 
value 120 Mev/c for the momentum of u mesons 
emerging from the iron absorber, this corresponding to 
a residual range of 8 cm of carbon. The lateral displace- 
ment was then computed from the expressions given by 
Eyges. (The lateral displacement resulting from the 
angular deflection of a particle after traversal of the 
absorber was ignored because the distance between the 


“™ L, Eyges, Phys. Rev. 74, 1534 (1948). 








KITAMURA, AND WATASE 


bottom of the absorber and tray B is very small.) A 
comparison between the theoretical curve and the fre- 
quency plot of the lateral displacement of 811 delayed- 
coincidence tracks is indicated in Fig. 11. This result 
is in excellent agreement with the fact that the mo- 
mentum of the individual particles was 1 Bev/c. For 
comparison, the lateral displacement distribution of 
prompt-coincidence particles with momentum larger 
than 1 Bev/c is shown in Fig. 12. 


(d) Distribution of the Number of Struck 
Counters in B Tray 


The distribution of the number of struck counters 
(i.e., those which register discharges) in B-tray in the 
photographs adopted for the present analysis is given 
in Table IV. Multiple discharges in tray B arise, for the 


TABLE IV. Distribution of number of counters struck in tray B. 








Delayed coincidence 


Numbers of counters Percentage for 





struck in tray B Frequency total frequency 
B=1 730 
B=2a* 57 7.0+0.9 
B=2s> 14 1.7+0.5 
B=3a° 10 1.2+0.4 





* Events in which any two adjacent counters in tray B were struck. 

> Events in which two counters in tray B separated by one counter were 
struck. 

¢ Events in which any three adjacent counters in tray B were struck. 


most part, from large-angle deflections (when the meson 
is about to stop in the carbon) and from the knock-on 
electrons which accompany high-energy » mesons. 

The probability of discharging two counters with 
delayed-coincidence triggering was computed to be 
7.0% upon using the distribution of Eyges as described 
above. The probability of discharging three counters 
was found to be 0.5%. These percentages are in fair 
agreement with the experimental values given in Table 
IV. 
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Elastic Proton-Proton Collisions at 6.2 Bev in Nuclear Emulsions* 


R. M. Karsacu,f J. J. Lorp, anp C. H. Tsao 
University of Washington, Seattle, Washington 
(Received September 8, 1958) 


Ilford G-5 emulsions were exposed to the 6.2-Bev proton beam of the Berkeley Bevatron. Of the inter- 
actions located, 31 could be classified as elastic collisions of beam protons with free, hydrogen nuclei. After 
correction for scanning efficiency and background events, an elastic scattering cross section of 8.8+2.0 mb 
was obtained. The center-of-mass system angular distribution of elastically scattered protons is sharply 
peaked in the forward and backward direction and is in fair agreement with the prediction of a uniform 
optical model with a radius of 0.94 10~" cm, a phase shift of 0.00 radian, and an opacity of 0.81. The 
results are compared with those of previous experiments. 


I. INTRODUCTION 


HE purpose of this paper is to present evidence 
relating to the nature of elastic proton-proton 
scattering at a bombarding energy of 6.2 Bev in nuclear 
emulsions, thereby affording a basis for speculation on 
the structure of the proton at this energy. The methods 
employed in this experiment were designed to permit 
examination of both elastic and inelastic processes at 
this energy. Data relating to collisions in which mesons 
are produced will be given in the following paper. 

A complete quantum mechanical description of the 
elastic scattering process at such a high bombarding 
energy will contain a large number of undetermined 
parameters, since a phase shift must be assigned to each 
angular momentum state which participates in the 
interaction. In order to account for the observed meson 
production, such phase shifts must be considered as 
complex quantities, the real and imaginary parts corre- 
sponding to refraction and absorption, respectively, of 
the incident partial waves. 

Experimental scattering data generally yields the 
elastic and inelastic cross sections together with an 
angular distribution of the scattered particles. If these 
data were given with sufficient precision, it would be 
possible to determine the various complex phase shifts 
with little ambiguity. However, such assignments 
become quite arbitrary in view of the errors generally 
associated with the experimental data. One alternative 
is to assume that a simple relation exists between the 
various phase shifts. While oversimplifying the situ- 
ation, this assumption greatly reduces the number of 
parameters to be determined by experiment and allows 
an evaluation of the gross structure of the proton. 

The results of the experiment to be described will be 
compared with the predictions of such a simplified 
optical model of the proton calculated according to the 
method of Fernbach, Serber, and Taylor.' Comparisons 
will also be made with the results of previous experi- 
ments. 


* Assisted by the National Science Foundation and the joint 
program of the Office of Naval Research and the U. S. Atomic 
Energy Commission. 

t Present address: University of Arizona, Tucson, Arizo’ 

1 Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949). 


II. EXPERIMENTAL PROCEDURE 
A. Exposure 


A small stack of stripped, Ilford G-5, 600-micron 
emulsions was placed in a light-tight container on the 
end of a movable probe inside the vacuum tank of the 
Berkeley Bevatron. The geometry was such that when 
the probe was plunged into the beam, protons would 
enter through the edge, parallel to the plane of the 
emulsions. The stack was thus exposed to a pulse of 
approximately 10’, 6.2-Bev protons. After the emulsions 
were developed, using standard techniques, it was found 
that this exposure resulted in an average of 4.7 10° 
beam protons/cm? in the region scanned. 


B. Track Analysis 


The plates were scanned using standard Bausch and 
Lomb, Leitz, Tiyoda, and Galileo binocular microscopes 
equipped with oil objectives and wide-field oculars 
with total magnifications of approximately 700X. All 
microscopes were equipped with a cross hair in one 
ocular which, when used in connection with an attached 
angular scale, allowed one to measure the projected 
angle between two tracks to within 0.5°. Dip angles 
were ascertained by measuring the change in depth of 
a track together with the corresponding projected track 
length. This change in depth was measured by taking 
advantage of the limited depth of field at large magnifi- 
cations and a calibrated scale attached to the focusing 
adjustment of the microscope. 

The space angles of the secondary protons were 


determined from the measured dip and projected angles 


by direct calculation, while the coplanarity of the three 
proton tracks was tested by plotting them on a 40-cm 
diameter stereographic projection calibrated in 1° 
intervals. 


C. Preliminary Scanning 


After attempting several scanning procedures, it was 
decided that the greatest number of proton-proton 
collisions was obtained by the method of secondary 
track scanning. Following this technique, one scans 
methodically through the emulsion, following all light 
tracks upstream to their origin. One may find by this 
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method an event of interest, a large nuclear star, or a 
point where the particle enters the emulsion. After 
recording this information as well as other data listed 
below, one returns to the point where the light secondary 
was originally intercepted and repeats the process. 

Although this method yields a large number of 
proton-proton collisions, the inherent bias for locating 
various types of events must be ascertained so that 
their true, relative cross sections may be computed. To 
make this computation, the projected angle, ¢, between 
the track followed and the incident proton, was recorded 
for every interaction located. 

In order to increase statistics relating to the differ- 
ential cross section of elastically scattered protons, area 
scanning was also employed. Although the scattered 
proton was rather difficult to detect in this fashion, the 
recoil proton, emerging at a large angle and with low 
energy, was easily seen. Since inelastic collisions were 
found only by secondary scanning, elastic events 
discovered by area scanning were not used to determine 
relative or absolute cross sections. 


Ill. ANALYSIS OF 2p STARS 
A. Selection Criteria 


After the initial scan, 2p stars were relocated and 
examined with the following criteria in mind: 


(a) The track of the incident proton must lie in the 
plane of the two secondaries. 
(b) The angles of scattering, 0; and 4, are related by 
the expression 
tan@, tan@s= 1— (v/c)’, (1) 


where v is the velocity of the center-of-mass system 
with respect to the laboratory system. 

(c) There must be no recoil blob, an indication of a 
collision with a bound proton. 

Since quasi-elastic collisions as well as neutral meson 
production will destroy the uniqueness of criteria (a) 
and (b), a two-dimensional plot was made containing 
a point corresponding to each event, the two coordinates 
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Fic. 1. A plot of the angle of coplanarity, Aa, vs the departure 
from angular correlation, Ad. 
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being measures of the degree to which these two criteria 
are not satisfied. This plot is shown in Fig. 1. One 
would expect a clustering of points about the origin 
with a spread due to errors in angle measurements, 
quasi-elastic events, neutral meson production, and 
background events. Specifically, the coordinates of 
Fig. 1 are 


Ad= tan (1—0?/c?) cot6.]—6;, A@>0, (2) 


and Aa, which is equal to the magnitude of the angle 
between the incident track and the plane of the two 
secondaries. In order to analyze the plot of Fig. 1, a 
histogram was drawn showing the variation of the 
density of points on this plot as a function of the 
radial distance, 6, measured in degrees. This distribution 
is shown in Fig. 2, and is referred to, henceforth, as the 
6 distribution. Since the maximum of the 6 distribution 
is rather broad, one must determine the range of 6 
values corresponding to free, elastic collisions. In order 
to do this, the distribution was decomposed by assuming 
that the contribution of quasi-elastic and background 
events varies slowly with 6. A straight-line extrapolation 
was then made to 6=0 from large 6. The area under this 
line represents the total number of quasi-elastic and 
background events in the range of 6 shown. 

Assuming that the portion of the 6 distribution due 
to measurement errors can be represented by a Gaussian 
curve, several of these curves were drawn with various 
standard deviations, o;, normalized so that the area 
from 6=0 to 6=o; is equal to the number of free 
elastic scatterings up to 6=0,3. A Gaussian was found 
which, when added to the quasi-elastic and background 
distribution, gives a good approximation to the experi- 
mental distribution of Fig. 2. The standard deviation 
of this curve is ¢5=1.5°. Thus, in order to be accepted 
as elastic, an event is required to have 6<1.5°. 


B. Scanning Efficiency 


One must also evaluate the effects of scanning 
efficiency on the relative number of the various elastic 
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TABLE I. Scanning efficiency as a function of projected scattering angle, ¢. 


6.2 Bev 327 





¢, deg 0-2 2-4 4-6 6-8 8-10 10-12 


12-14 


14-16 20-22 22-24 


16-18 18-20 24-26 26 





e¢) 0.01 008 0.96 1.00 1.00 1.00 


100 089 074 4061 043 0.20 


0.00 0.00 











scattering final states discovered in scanning the plates. 
This was done by plotting the distribution of the 
projected angle, ¢, for secondaries from large stars with 
dip angles, 8<10°, and grain densities, relative to the 
incident proton, g< 1.2. These restrictions are consistent 
with the criteria of the scanners in selecting light 
secondaries to follow back to their origin. 

If one plots the distribution of secondaries followed 
to large stars in the course of the preliminary scan on 
the same graph, the two curves may be adjusted so 
that they are tangent to one another in a region where 
the scanning efficiency is believed to be close to unity, 
as shown in Fig. 3. The ratio of the ordinate of the 
lower curve to that of the upper curve, at any projected 
angle, ¢, is the scanning efficiency at that angle. The 
total scanning efficiency, «, is defined as 


c= A'/A, (3) 


where A’ is the area under curve (b) of Fig. 3 and A is 
the area under curve (a). Table I summarizes the 
partial scanning efficiencies, e(@), determined from Fig. 
3. The center-of-mass system angular distribution of 
elastically scattered secondaries may be then computed 
from the corrected number of elastic secondaries falling 
in the several @ intervals indicated in this table. 
Secondary protons from events detected by area 
scanning were added to the angular distribution without 
any correction for scanning efficiency, because of the 
ease with which the recoil protons could be detected. 


C. Cross-Section Determination 


The method of scanning used in this experiment does 
not directly yield a value for the absolute cross section 
for elastic scattering. However, since the secondaries 
followed during the scanning lead, most frequently, to 
large nuclear stars, it is possible to relate the cross 
section for elastic scattering to that for interation with 
nuclei of elements other than hydrogen. First, the total 
scanning efficiency, expression (3), was calculated for 
both elastic events (€,=0.54) and inelastic events 
(€,=0.68). Secondly, since only tracks making angles 
less than 10° with the surface of the emulsion were 
utilized in scanning, the average multiplicity, 7, of 
shower particles (g<1.2Xmin) was determined for 
this angular interval. This gave 7,=1.00 for elastic 
events in the forward direction and #,=1.10 for 
inelastic ones. Next, the number of events, V, found 


by this method of scanning is given by 
N.~(en.)/L- and N,~(e%,)/L,, (4) 


for respectively elastic and inelastic events. The pro- 








portionality constants are the same for both of the 
expressions (4) and L, is the mean free path in emulsion 
for elastic events and L, is that for inelastic ones. The 
mean value of L, was computed? to be 36.4 cm, which 
can be used in (4) to find the mean path for elastic 
collisions. 

IV. RESULTS 


A. Cross Section 


132 two-prong events were located by secondary 
scanning, of which 20 had 6<1.5°. Correction for 
scanning efficiency, €-, yields a total of 37 events. 
From an analysis of the 6 distribution, 18.2% or 6.7 of 
these are quasi-elastic or background events, leaving a 
corrected total of 30.3 free, elastic events. The number 
of inelastic events found during the secondary scanning 
and corrected for scanning efficiency, €,, was 3063. 
Application of Eq. (4) then gives an elastic cross 
section of 8.8+2.0 mb, the error being statistical only. 


B. Angular Distribution 


In addition to the 20 events mentioned in the last 
section, 11 elastic collisions were located by area 
scanning, giving a total of 31 acceptable events. The 
laboratory scattering angles, 6, of the secondaries from 
these events were transformed to the center-of-mass 
system by means of the relation 


tan@= (1—»?/c?)! tan(@*/2), (5) 


where 6* is the scattering angle in the center-of-mass 
system and v is the velocity of the center-of-mass 
system with respect to the laboratory system. 
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Fic. 3. A plot of the number of light secondaries from large, 
nuclear stars per unit interval of projected angle, ¢, vs projected 
angle, ¢. 


? Cavanaugh, Haskin, and Schein, Phys. Rev. 100, 1263 (1955). 
3G. Williams, Master’s thesis, University of Washington, 1958 
(unpublished). 
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Fic. 4. A plot of the experimental, differential p-p elastic 
scattering cross section as a function of the cosine of the center- 
of-mass system scattering angle. The smooth curves are the results 
of two optical model calculations, mentioned in the text, and the 
circled points represent the data of Cork et al.‘ 


Table II shows the uncorrected number of events 
per 0.025 interval of cos#*. The number listed for each 
interval is an average of the number of tracks in 
intervals of cos#* which are symmetrically positioned 
about 6*=90°. After correction for scanning efficiency, 
the number of events in each interval is multiplied by 
a normalizing factor so that the area of the resulting 
histogram is equal to the observed elastic cross section. 
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of_interaction, R, for an elastic scattering cross section of 8.8 mb 
and an inelastic scattering cross section of 22.6 mb. 
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Table II also gives the corresponding differential cross 
sections and Fig. 4 shows the histogram. 


C. Optical Model 


In the absence of a complete theory, it has been 
customary to interpret the interactions of high-energy 
nucleons and mesons in terms of an optical model. The 
optical model changes the phase and amplitude of 
certain partial waves associated with the incident 
proton. This results in a diffraction scattering, while 
that part of the incident wave which is absorbed 
corresponds to inelastic scattering. If it is then assumed 
that incoherent elastic scattering is negligible, the elastic 
and inelastic scattering may be treated separately. 

The parameters associated with an optical model are 
the radial variation of the density and the real and 
imaginary parts of the index of refraction. In the 
interest of simplicity, complications due to the spin and 
identity of the interacting particles are neglected, as 
are spin-orbit forces. 

Since the data are meager, any number of such 
models could be formulated to fit the experimental 
results. However, it is of some interest to see whether 
the simple models formulated to explain elastic scat- 
tering at lower energies still give an adequate fit to the 
data at 6.2 Bev. 

Such a model is a homogeneous disk of radius R. 
According to Fernbach, Serber, and Taylor,! the elastic 
cross section, o,, is given by 


eid f |1—ae'*|*pdp, (6) 
0 

the inelastic cross section, o;, by 

nme f (1—a”)pdp, (7) 
0 

and the scattering amplitude by 

f(0)= Kf |1—ae'®| Jo(Kp sin8)pdp, (8) 
0 


where a is the amplitude and @ is the phase of the 
transmitted wave whose initial amplitude and phase 
are unity and zero, respectively, p is the distance from 
the center of the interaction volume to the incident 


TABLE ITI. Correction of angular distribution 
for scanning efficiency. 











Uncorrected Corrected cross 





number of section in milli- 
Range of cos6* secondaries barns per steradian 
1.000-0.975 i 40.4 
0.975-0.950 8.0 12.7 
0.950-0.925 2.0 1.3 
0.925-0.900 2.5 1.4 
0.900-0.875 1.0 0.6 
0 < cos6* < 0.875 0.0 0.0 
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particle in a plane perpendicular to its direction, and K 
is the propagation vector of the incident particle. The 
opacity, 0, is often introduced in place of a, this 
quantity being defined by the relation 


O=1-<a’. (9) 


For a homogeneous disk, we take =, a=a, for 
p<R, and 6=0, a=1 for p>R. Compatible values of 
Oe, Fi, Py, dy, and R are given by 


mR?/o;= {sin*b,+ (¢,/0;)+cos®,[ (o./0;)? 


—sin*@, ]!}/2 sin*,. (10) 


The center-of-mass angular distributions of elastically 
scattered protons resulting from two optical models are 
compared with the results of the present experiment. 
Compatible values of the various parameters associated 
with a uniform optical model and the elastic and 
inelastic cross sections were obtained from Eq. (7) and 
Eq. (10). For the experimental elastic cross section of 
8.8 mb and an inelastic cross section of 22.6 mb, Eq. 
(10) defines a relation between the phase shift, @,, and 
the radius of interaction, R, which is shown in Fig. 5. 
Two extreme cases are examined: #,=0.0, R=0.94 
X 10-" cm, a,;=0.4, and &;=0.4 radian, R= 1.10 10-" 
cm, a,=0.64. The angular distributions resulting from 
these two models are plotted in Fig. 4. 


V. DISCUSSION 


The observed cross section of 8.8+2.0 mb is in general 
agreement with that which one would predict from the 
results at lower energies shown in Table III and also 
agrees with the value of 8 mb obtained by Cork and 
Wenzel‘ at 6.15 Bev, within experimental error. The 
differential cross sections obtained by these workers 
are plotted on Fig. 4 along with the data of the present 


TABLE ITI. Elastic scattering cross-section measurements 
from 0.81 to 6.2 Bev. 








Energy, Bev Method Cross section, mb Reference 
0.81 Cloud chamber 2442 Morris ef al.* 
0.925 Emulsion 1743 Duke eé al.» 
1.00 Counter 19+3 Smith e¢ al.¢ 
1.50 Cloud chamber 20+2 Fowler et al.4 
2.24 Counter 17 Cork et al.¢ 
2.75 Cloud chamber 15+2 Block et al.‘ 
3.00 Emulsion 8.9+1.0 Cester et al.# 
4.4 Counter 10 Cork et al.¢ 
a7 Emulsion 1346 Giles 
6.15 Counter 8 Cork et al.¢ 
6.2 Emulsion 8.8+2.8 Present experiment 


® Morris, Fowler, and Garrison, Phys. Rev. 103, 1472 (1956). 

b Duke, Lock, March, Gibson, McEwen, Hughes, and Muirhead, Phil. 
Mag. 2, 204 (1957). 

¢ Smith, McReynolds, and Snow, Phys. Rev. 97, 1186 (1955). 

4 Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 
(1956). 

¢ See reference 4. 

{ Block, Harth, Cocconi, Hart, Fowler, Shutt, 
more, Phys. Rev. 103, 1484 (1956). 

© Cester, Hoang, and Kernan, Phys. Rev. 103, 1443 (1956). 

bP. C. Giles, University of California Radiation Laboratory Report 

UCRL-3223 (unpublished), p. 12. 


4 Cork, “Wenn, and Causey, Phys. Rev. 107, 859 (1957). 
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TaBLE IV. Uniform optical models calculated for proton-proton 
elastic scattering at various energies. 











Energy, Bev Opacity Radius (cm) Reference 
0.810 0. 7 0.93X 10-8 Fowler et al.* 
0.925 . 0.9 X10~8 Duke et al.» 
1.50 0. 96 0.93X 10-8 Fowler et al.* 
2.75 0.92 0.93 10-" Fowler et al.* 
3.0 1.00 1.0 X10"% Cester et al.° 
6.2 0.81 0.94 10-8 Present clare 








® Fowler, Shutt, ‘Thorndike, Whittemore, ‘Dakenil Hart, Block, I Harth, 
Fowler, Garrison, and Morris, Phys. Rev. 103, 1489 (1956). 

b Duke, Lock, March, Gibson, McEwen, Hughes, and Muirhead, Phil. 
Mag. 2, 204 (1957). 

¢ Cester, Hoang, and Kernan, Phys. Rev. 103, 1443 (1956). 


experiment. Principal disagreement occurs at small 
angles where counter experiments are difficult because 
of the proximity of one counter to the proton beam. 
On the other hand, the emulsion results are quite sensi- 
tive to scanning efficiency in this region. 

Knowledge of the elastic and inelastic cross section 
permits one to formulate a group of uniform optical 
models. For any model of this group, however, the 
radius and phase shift must be related according to 
Eq. (10). This expression also defines a range of , 
values which are compatible with the observed cross 
sections, the range for the present experiment being 


0<#,< 0.4 radian. 


When the differential cross sections resulting from 
models with acceptable phase shifts are compared with 
the results of the present experiment, it appears that 
closest agreement is obtained for ;=0. This value of 
®, also corresponds to the minimum value of R which 
is compatible with the experimental data. The model 
which gives closest agreement with the observed 
differential cross section has the parameters 


R=0.94X10-" cm, ,=0.00 radian, 
a,=0.44 


Table IV lists a number of uniform optical models 
formulated to fit elastic scattering data at lower energies. 
Considering experimental uncertainties, it would appear 
that a single optical model could be defined which would 
give agreement over the entire energy range of 0.81-6.2 
Bev. However, until more precise total and differential 
cross sections are obtained, the energy dependence of the 
parameters of these simple optical models will remain 
somewhat uncertain. 


(opacity = 0.81). 
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Inelastic Proton-Proton Collisions at 6.2 Bev* 
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Inelastic, 6.2-Bev proton-proton collisions in nuclear emulsions are examined using the internal beam 
of the Berkeley Bevatron. Multiple scattering, grain density, range, and angle measurements yield the 
momentum spectra and angular distributions of secondary pions and protons together with the cross 
sections for accessible final states. The results indicate a cross section of 7.34.6 mb for two prong events, 
12.1+2.4 mb for four prong events, 2.70.6 mb for six prong events, 0.30.3 mb for eight prong events, 
and 0.2+0.2 mb for ten prong events, giving a total inelastic cross section of 22.645.3 mb. The average 
charged pion multiplicity was found to be 1.90.3 and the value of K, the average degree of inelasticity, 
0.49+0.05. Comparison of observed partial inelastic cross sections with the predictions of the Fermi sta- 
tistical theory indicates that this theory underestimates the relative probability for states with high meson 
multiplicity. Considerable forward and backward peaking was observed in the center-of-mass system 
angular distributions for secondary protons and, to a lesser extent, for secondary charged pions. Center- 
of-mass system momentum distributions for secondary charged pions peak at lower momenta than predicted 
by the statistical theory, while those for protons peak somewhat higher than predicted. Effects are discussed 
which could account for these discrepancies. 


I. INTRODUCTION The results of the present experiment are then 
intended to be a test of the original statistical theory 
with its later modifications as well as to provide a value 
for the inelastic proton-proton cross section in an energy 
region intermediate to previous accelerator results and 
cosmic-ray measurements. 


HIS paper contains the results of an investigation 
of inelastic proton-proton collisions at a bom- 
barding energy of 6.2 Bev using nuclear emulsions. The 
ultimate aim of such an experiment is to furnish 
information on the nature of nucleon-nucleon collisions 
in an energy region only recently provided by particle 
accelerators. Since, in this experiment, the total kinetic 
energy of the two colliding protons in the center-of-mass A. General 
system is approximately fourteen times the pion rest 
energy, multiple meson production will contribute 
heavily to the observed interactions. 

The simplest approach to the problem of multiple 
meson production is the Fermi statistical theory of 
nucleon-nucleon collisions.' The basic assumption of the 
statistical theory is that at the instant of collision, the 
two colliding nucleons coalesce and deposit their total 
energy in the space occupied by their meson fields. It 
is further assumed that since the interactions of pions 


II. EXPERIMENTAL PROCEDURE 


A small stack of 600-micron, Ilford G-5 emulsions 
was exposed to one reduced-intensity pulse of the 
6.2-Bev internal proton beam of the Berkeley Bevatron. 
Details of the exposure, preliminary scanning, and 
angle measurements of secondary tracks are given in 
the preceding paper devoted to an analysis of the 
elastic interactions obtained with the same exposure. 

In order to select inelastic events for analysis the 
following criteria were established : 


and nucleons are strong, the system attains statistical (a) There must be an even number of secondary 
equilibrium during the time of the collision so that tracks, or prongs. 
accessible final states are formed with probabilities (b) An event must not have a recoil blob or low- 


governed by the laws of statistics. In an attempt to -energy electron, indicating collision with a heavy 

formulate a more realistic theory of the collision, Fermi nucleus. (One event having a low-energy electron was 

and others?~* subsequently included more precise formu- discarded). 

lations of the various conservation laws, modified the (c) Secondary protons must have a kinetic energy 

original concept of the interaction volume, and exam-_ ess than that of an elastically scattered proton emerging 

ined the effects of interactions among final-state *! the same scattering angle. 

particles. It is evident that these criteria are not adequate to 

er : . eliminate all edge-on collisions of beam protons with 
naa be oe een & Re Sivan Seleace Pann nuclei other than protons. However, it was concluded 


lation, the Office of Naval Research, and the U. S. Atomic : , 
Seumy Commission. that at a bombarding energy at 6.2 Bev, the Fermi 


t a at = a “4 2 re er (1950) momentum of such bound protons would not materially 
». F . . Theoret. Phys. Japan 9, 5 " "ing : 

2 > Fermi ox. Rev. 92, 452 (i953); 93, 1435 (1954). effect the momentum spectrum or angular distribution 
3 J. V. Lepore and M. Neuman, Phys. Rev. 98, 1484 (1955). of secondary pions and protons. On the other hand, 
‘J. S. Kovacs, Phys. Rev. 101, 397 (1956). it is necessary for a determination of cross section to 


5G. E. A. Fialho, Phys. Rev. 105, 328 (1957). , ; , ) 
7 v Lapues and RON. Stuart, Phys. Rev. 94, 1724 (1954). | know the fraction of inelastic events satisfying the 
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criteria listed above which are actually collisions with 
heavy nuclei. In order to do this, a plot was made of 
the number of events having an odd number of second- 
aries which satisfy criteria (b) and (c) as a function of 
the number of secondaries. With the assumption that 
collisions with protons and neutrons are equally prob- 
able in large nuclei, this plot allows one to estimate the 
number collisions involving bound protons which are 
included among the events which satisfy all the selection 
criteria. 

Grain density and multiple scattering or range 
measurements were made on all inelastic secondaries. 
With the aid of the known dependence of the rate of 
energy loss on momentum times velocity,’ such data 
allow one to determine the mass and momentum of the 
secondaries. The analysis was carried out by classifying 
events according to the number of secondary tracks 
rather than according to a scheme involving knowledge 
of neutral secondary particles. Experimental data then 
yields the momentum spectrum and angular distribution 
of secondary protons and charged pions together with 
the average charged-pion multiplicity for events with 
various even numbers of secondary tracks. Since many 
predictions of the statistical theory are given as a 
function of the total number of pions produced, a 
reformulation of these predictions is then necessary in 
order to permit a comparison with the data of the 
present experiment. 


B. Measurement of Mass and Momentum 


Determination of the mass and momentum of 
secondary tracks was accomplished by a combination 
of grain density and range or multiple-scattering meas- 
urements. In instances where a secondary comes to rest 
in the emulsion, measurement of range and examination 
of the track ending is sufficient to establish its identity 
and energy. 

Secondaries which did not stop in the emulsion were 
first subjected to a grain density measurement. To 
make such measurements independent of the properties 
of the emulsion, a relative grain density, g, was assigned 
to each secondary track. This quantity is defined as 
the ratio of the average number of grains per 100 
microns for the track in question to the average number 
of grains per 100 microns for a 6.2-Bev proton track 
passing through the emulsion at the same average depth. 

In addition to a measurement of g, multiple-scattering 
measurements were also made on fast secondary tracks. 
This was done according to the method of Fowler,*® the 
relation between the mean absolute second difference 
due to multiple scattering, D,,, the momentum, p, and 
the velocity, 7, being 


po=(K.ZL!)/(573D,,). (1) 


In Eq. (1), Kz is the scattering factor, Z is the atomic 





7R.M. Sternheimer, Phys. Rev. 88, 851 (1952); 91, 256 (1953). 
8 P. H. Fowler, Phil. Mag. 41, 169 (1950). 
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number of the moving particle, and L is the cell length 
in microns. When D,, is in microns, pv is in Mev. For 
this experiment, the value of K, is taken to be 25, a 
value consistant with available data for G-5 emulsions.® 

After discarding values of the experimentally deter- 
mined second differences, D., whose absolute values 
were greater than four times the mean, contributions 
to D, due to the following effects were considered: 
(a) curvature of the track due to differential shrinkage 
of the emulsions during processing, (b) spurious scat- 
tering, and (c) noise in the scattering stage and associ- 
ated measuring apparatus. 

The statistical nature of the scattering process will 
cause random fluctuations of an emulsion track about 
an imaginary straight line which the track would define 
in the absence of multiple scattering. This is equivalent 
to the statement that the algebraic sum of V measured 
values of D, should equal zero. However, it is found 
that differential shrinkage of the emulsion during 
development often introduces nearly a constant curva- 
ture in a track which initially varies about a straight 
line. This being true, the algebraic sum of the NV values 
of D, will be equal to some number, a. The contribution 
of such distortion to the value D, may then be reduced 
by subtracting a/N from each measured D, and 
recalculating the mean absolute second difference to 
obtain the corrected value D. 

Spurious scattering is a term applied to the random 
fluctuations of an emulsion track similar to those caused 
by multiple Coulomb scattering. However, the mean 
absolute second difference due to spurious scattering, 
D,,, has a different dependence on cell length than that 
associated with the later effect. Spurious scattering is 
presently believed to be caused by local distortions 
within the emulsions unrelated to those caused by 
differential shrinkage during development. The contri- 
bution to D due to spurious scattering in the plates for 
this investigation was carried out by Fischer.’ The 
results of Fischer and others!!!” indicates that D,, is 
given rather closely by the relation 


D,,=5.24X 101° 95 (2) 


where L and D,, are expressed in microns. 
The quantity D may then be decomposed as follows: 


D’=D,?+D,2+D,", (3) 


where D, is the contribution due to noise in the meas- 
uring apparatus. This was ascertained by performing 
multiple-scattering measurements on beam _ proton 
tracks using various cell lengths. Since pv is known in 
this case, D,, may be calculated by means of Eqs. (1), 

® Backus, Lord, and Schein, Phys. Rev. 88, 1431 (1952). 

© F. W. Fischer, Masters thesis, University of Washington, 
1954 (unpublished). 

1! Biswas, Peters, and Rama, Proc. Indian. Acad. Sci. A41, 156 
(1955). 

2 Brisbout, Dahanayake, Engler, Fowler, and Jones, Nuovo 
cimento 3, 1400 (1956). 
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(2), and (3). This quantity was found to vary only 
slightly with cell length and was thus considered to be 
constant throughout the measurements. 

The Sternheimer equation’ for g vs po was used to 
determine the mass of secondaries. This equation is 
plotted in Fig. 1 for pions and protons. K mesons are 
not shown because of the relatively low production 
cross section and the experimental difficulty in dis- 
tinguishing between protons and K mesons. Due to 
statistical error in the measured values of grain density 
and multiple scattering, the experimental point (g,pv) 
will not, in general, fall on the pion or proton curve. 
One must then determine the most probable mass of 
the particle and the corresponding value of pv. 

For given values of the standard deviation in the 
measured value of g, o,, and pv, op», the probability 
that the values for g and pv are displaced by amounts 
€, and €,,, respectively, is proportional to the quantity 


P=exp[ —}(€9?/0 4?) — 3 (€pr"/o pr’) J. (4) 


To find the most probable location of the experimental 
point on both the pion and proton curves, we must 
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maximize P, first with the assumption that the particle 
is a pion, and second, that it is a proton. When the 
points have been determined for which these proba- 
bilities are maximized, the ratio of the P values will 
be a measure of the certainty with which the particle 
in question is a pion (or proton). The associated values 
of pv for both pion and proton assumptions may then 
be read from the curves of Fig. 1. Standard deviations 
associated with the pr values may be determined by 
locating those points on the pion and proton curves 
for which P drops to 1/e of its maximum value. These 
calculations were carried out with an IBM-650 machine. 

With a knowledge of the scattering angle, identity, 
and momentum of a particular secondary, the scattering 
angle and momentum in the center-of-mass system, 
subsequently referred to as the c.m. system, may be 
determined with the aid of standard transformation 
equations. In cases where the identification is not 
obvious, the momentum and scattering angle in the 
c.m. system is examined under both pion and proton 
assumptions. The correct choice is often more obvious 
when such values are considered in the light of scatter- 


TaBLE I. Correction for scanning efficiency. 











Number Number of events 
Number of of events corrected for 
secondaries located scanning efficiency 
1 38 71.1 
2 (elastic) 20 37.0 
2 (inelastic) 112 86.2 
3 91 52.3 
4 153 65.3 
5 23 S 
6 m4 
7 2 
8 
q 
10 
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ing angles and momentum values for the remaining 
secondaries of a particular event, while in some cases 
this procedure leads to the rejection of an event because 
of an obvious momentum unbalance for either assump- 
tion. 


III. RESULTS 
A. Cross-Section Measurement 
Upon preliminary inspection of the identity and 
momentum of secondary tracks from a total of 315 
accepted inelastic events, two of the four-prong and 


TABLE IT. Correction of cross section for collisions 
with bound protons. 


Number of secondary prongs 2 4 6 8 10 
Total number of events 


from scanning 123.2.. 66.3. ..11,2,, £5 .. 66 
Number of peripheral 

collisions from Fig. 2 68.0 240 20 05 0.0 
Number of free proton- 

proton collisions 55.2 41.3 92 10 0.6 


Cross section, mb 16.1 12.1 27 0:3 0.2 





five of the six-prong events were determined to be 
interactions with heavy nuclei and discarded. Table I 
shows the number of events Jocated which satisfy 
acceptance criteria (b) and (c) of Sec. II-A having both 
even and odd numbers of secondary tracks, while Fig. 2 
shows the number of proton-neutron events from this 
table plotted as a function of the number of secondary 
tracks. The number of collisions with heavy nuclei 
included in the events satisfying all selection criteria is 
then to be estimated from this graph. The resulting 
correction of accepted events for edge-on collisions is 
shown in Table IT. 


TABLE III. Final cross-section results. 





Number of secondary prongs Cross section, mb 








2 (elastic) 8.8+2.0 
2 (inelastic) 7.3+4.6 
4 12.142.4 
6 2.7+0.6 
8 0.3+0.3 
10 0.2+0.2 


Cross sections for observed final states, compared to 
an elastic cross section of 8.8+2.0 mb," are listed in 
Table III. The observed ratio of the elastic to the 
inelastic cross section is 0.4-++0.1. 

Those events for which all the secondaries could be 
analyzed are listed in Table IV. When the results of 
this table are corrected for scanning efficiency and 
edge-on collisions, an average charged-pion multiplicity 
of 1.9+0.3 results. If the ratio of charged to neutral 


18 See Kalbach, Lord, and Tsao, Phys. Rev. 113, 325 (1959), 
preceding paper. 
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TABLE IV. A comparison of the relative abundance of various 
final states with the predictions of the Fermi theory. 














Final state Number Number of events 
charged of events expected according 
particles located to Fermi theory 

P,P 5 5.3 
D, ® 22 22.5 
", 3 8 7.2 
p, p,m, 8 2 9.4 
p,%, 4,3 9 5.3 
W, 0,0, 3 1 0.3 
DP, p, 4,4, 4, 1 3.0 
p, 4, 4,4, 4,3 2 0 

Ww, 0,0, 0,0, 0 0 0 





| 


pions is assumed to be 2:1, the average pion multiplicity 
is 2.8+0.4. 


B. Momentum Spectra and Angular 
Distributions 


The c.m. system angular distributions and momentum 
spectra for pions and protons emitted in accepted two-, 
four-, and six-prong events are given in Figs. 3-6. 
Figure 3 shows the angular distribution of secondary 
protons from two-, four-, and six-prong events. Here, 
the most outstanding feature is the sharp peaking in 
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Fic. 3. Angular distribution of secondary protons from accepted 
proton-proton collisions plotted in the c.m. system, where 6* is 
the scattering angle in the c.m. system. The dotted histogram 
corresponds to the experimental data, and the solid histogram is 
the result of averaging this data about the line cosé* =0. 
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Fic. 4. Angular distribution of secondary pions from accepted 
proton-proton collisions plotted in the c.m. system. The dotted 
histogram corresponds to the experimental data while the solid 
histogram is the result of averaging these data about the line 
cos6* = 0, 


the forward and backward directions. The two-prong 
distribution differs only slightly from that of elastically 
scattered protons given in the previous paper. Although 
forward and backward peaking is appreciable in four- 
prong events, this effect is reduced compared with that 
observed for protons from two-prong events. Protons 
from six-prong events are emitted with slight preference 
in the forward and backward directions, although this 
distribution does not differ greatly from isotropy if one 
takes statistical errors into consideration. 

The angular distribution of pions emitted in two-, 
four-, and six-prong events, shown in Fig. 4, are in 
general less peaked than those for protons from such 
events. The pion angular distribution for six-prong 
events displays greater peaking than the distribution for 
pions from events with less secondaries. Statistics are 
best for four-prong events, where it is apparent that 
the angular distribution is more nearly isotropic. 

Figure 5 shows the momentum distributions of 
protons from two-, four-, and six-prong events. As the 
average multiplicity increases, the maximum of the 
momentum distribution shifts slightly to lower mo- 
menta, 
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Pion momentum distributions for two-, four-, and 
six-prong events are shown in Fig. 6. The most striking 
feature is that the maxima of the observed distributions 
do not shift appreciably as the average multiplicity 
increases, and are considerably lower than predicted by 
the statistical theory. Although considerable asym- 
metry about 90° is apparent in some of the angular 
distributions, three of the six distributions are weighted 
more heavily in the backward direction and three are 
weighted in the opposite sense. It is therefore presumed 
that these asymmetries are not evidence of appreciable 
bias in selecting or identifying the tracks plotted. The 
distributions were thus symmetrized about 90° to give 
histograms outlined by the solid lines, while the 
unsymmetrized data is indicated by dashed lines. The 
average momentum in the center-of-mass system of the 
charged pions emitted in all inelastic events was calcu- 
lated to be 0.32 Bev/c. From this value and the average 
pion multiplicity of 2.3, the average total energy carried 
off by pions in a single event is calculated to be 0.98 
Bev in the center-of-mass system. The ratio of the 
average total energy carried off by pions to the total 
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Fic. 5. Momentum distribution of secondary protons from 
accepted proton-proton collisions plotted in the c.m. system. The 
histogram represents the experimental data while the smooth 
curve is the result of the statistical theory. 
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available kinetic energy in the c.m. system was calcu- 
lated to be 0.49+0.05. This quantity is subsequently 
referred to as K, the degree of inelasticity. 


IV. COMPARISON WITH THEORY 


Partial inelastic cross sections for final states with 
up to four mesons, computed according to the Fermi 
theory,'? the method of Lepore and Stuart,® and the 
theory of Lepore and Neuman,’ are presented in Table 


Table VI shows a reformulation of the results of the 
first two theories according to the number of secondary 
prongs, together with the corresponding experimental 
values. 

The total cross section was measured to be 31.4+5.1 
mb, compared to the assumption of approximately 60 
mb from the statistical theory. The Fermi predictions 
for the occurrence of various final states are given in 
Table VI along with the experimental results. The 
values shown in this table together with the observed 
charged-meson multiplicity of 1.90.3, the Fermi value 
of 1.61, and the Lepore-Stuart value of 1.21 lead to the 
conclusion that the statistical theory apparently under- 
estimates the contributions from states of high multi- 
plicity. 

The statistical theory also predicts the momentum 
distributions of pions and nucleons. A method for 


TABLE V. Probabilities for different final states in 
6.2-Bev proton-proton collisions. 





Number 
Lepore- 
Neuman? 


0.1869 
0.0822 
0.4934 
0.0538 
0.0090 
0.1615 
0.0135 


Lepore- 
Stuart*® 


0.0055 
0.0856 
0.2567 
0.1640 
0.0547 
0.2459 
0.0820 
0.0293 
0.0034 
0.0332 
0.0226 


oO 
mesons Fermi* 


0.0014 
0.0311 
0.0933 
0.1378 
0.0459 
0.2067 
0.0689 
0.0964 
0.0113 
0.1095 
0.0757 
0.0451 
0.0089 
0.0136 
0.0318 
0.0064 
0.0010 
0.0083 
0.0069 


Final state 


b+p 
ptptr 
ptn+nt 
ptptat+r 
ptptmt+r 
pinta +r 
n+n+n++n+ 
ptptr++r 
ptptatt+ax +r 
ptnt+nat+rt+r- 
ptn+nt+7+7° 
n+n+n++nt+7° 
Pap ts +e +e 18 
) ptptat+r+n +a 
O-tee eaeahe 
nt+n+nt+attatto@ 
: PrP Te re Tee 
ptntat+1+79+7° 
n+n+nt+nt+7°+7° 





PP PPP WWW WWD Ne © 


0.0003 


*® Computed for meson multiplicities up to 4. 
b Computed for meson multiplicities up to 2. 


TaBLE VI. Probabilities for final states with different 
numbers of charged particles. 





Number of charged 
secondaries 2 4 6 


Fermi probability 0.595 0.396 0.009 
Lepore-Stuart probability 0.770 0.230 0.000 
Experimental probability 0.325 0.538 0.118 





0.113 0.006 
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Fic. 6. Momentum distribution of secondary pions from 
accepted proton-proton collisions plotted in the c.m. system. The 
histogram represents the experimental data while the smooth 
curve is the prediction of the statistical theory. 


evaluating the necessary phase-space integrals using 
the saddle point approximation was given by Fialho.5 
In these calculations, all particles are treated relativ- 
istically and momentum is conserved for both nucleons 
and pions. 

Comparison of the results of Fialho with those of 
the present experiment is most direct when the mo- 
mentum distributions of pions and protons are formu- 
lated so that they correspond to events with two, four, 
and six charged secondaries rather than to one-, two-, 
three-, and four-meson final states. If we consider only 
final states with two charged secondaries in which up 
to four mesons are produced including at least one 
charged meson, reactions (c), (f), (g), (k), (1), (r), and 
(s) of Table V will contribute. Mesons produced by 
reaction (c) will be emitted with a distribution of 
momenta characteristic of single-meson production 
events. Likewise, charged pions emitted in the reactions 
(f) and (g), (k) and (1), and (r) and (s) will have 
distributions of momenta corresponding to double, 





KALBACH, 


ay ARB.UNITS 
8 $ 8 8 


re) 


47 








2 4 6 i2 


8 10 
PION MOMENTUM WW UNITS OF mic 


Fic. 7. Components of the momentum distribution of pions 
emitted in two-prong events computed according to the method 
of Fialho. 


triple, and quadruple meson production events, respec- 
tively. The momentum distribution of charged mesons 
emitted in two-prong events will then be a weighted 
sum of the single, double, triple, and quadruple pro- 
duction, meson distributions of Fialho. 

From Table V, the relative probability for the 
occurrence of the final state corresponding to reaction 
(c) is 0.0933. This is the relative weight for the single- 
meson production contribution. The weight for the 
double production contribution is 0.2067 for (f) in 
addition to 20.0689 for (g) giving a total 0.3445, the 
factor of two arising from the fact that reaction (g) 
will contribute two mesons to the experimentally 
observed distribution. Weights for the various contri- 
butions to the distribution for events with two charged 
secondaries are plotted in Fig. 7. After these curves are 
added, the resulting curve is normalized so that its area 
is equal to that of the experimental histogram and it is 
then plotted as a smooth curve along with this data in 
Fig. 6. A similar procedure is followed for the protons 
from two-prong events, the protons and pions from 
four-prong events, and the pions from six-prong events. 

Although the relative probability for states with more 
than four mesons is rather small, such states contribute 
heavily to events with four and six charged secondaries. 
Unfortunately, using the method of Fialho, meson 
momentum distributions can be computed only for 
meson multiplicities up to 4 and proton distributions 
only for multiplicities up to 2. It is apparent from Fig. 7 
that inclusion of states of higher multiplicity would 
shift the peak in the theoretical momentum distribu- 
tions to lower values of momentum for both mesons 
and protons. 

In general, the momentum spectra for the pions peak 
at lower momenta than predicted by the statistical 
theory of Fialho. This is most convincing for the pions 
emitted in events with two charged secondaries, since 
one can show that final states in which four mesons are 
produced contribute only 2.7% of the total probability 
for formation of a state with two charged secondaries 
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from all reactions listed in Table V. This decreasing 
contribution from states of higher meson multiplicity 
is the result of the increasing ratio of neutral to charged 
pions necessary to give only two charged secondaries. 
It is therefore concluded that omission of states for 
which the meson multiplicity is greater than 4 does not 
seriously affect the theoretical momentum spectrum of 
pions from two-prong events. In general, the momentum 
spectra of the protons peak at higher momenta than 
predicted by the statistical theory. Here, the contribu- 
tion to the predicted spectrum from events of higher 
multiplicity would increase the discrepancy between 
theory and experiment. 

According to the statistical theory of Fermi, the 
angular distributions of all particles should be isotropic 
in the c.m. system. Fermi pointed out, however, that 
in case all particles are extreme relativistic in the c.m. 
system, a condition which does not apply in the present 
experiment, angular momentum conservation would 
account for a peaking in the forward and backward 
direction. Thus, in contrast to the prediction of the 
theory, experimental angular distributions are rather 
sharply peaked in the forward and backward directions 
for protons, while those for pions do not differ greatly 
from isotropy. 

The theory of Lepore and Stuart® is similar to that 
of Fermi but differs in that momentum conservation 
for pions is included. In addition, the effects of pion 
indistinguishability are investigated. The results were 
extended to give predictions of the relative probabilities 
for various final charge states, the necessary weights 
being obtained from the isotopic spin considerations of 
Fermi. These results are given in Tables V and VI. 

The theory of Lepore and Neuman’ incorporates the 
conservation of center-of-energy into a statistical theory 
similar to that of Fermi. However, the interaction 
volume does not contain the Lorentz contraction term. 
Instead, energy-dependent cutoffs are introduced which 
give a uniform shrinkage of the configurational volume 
with increasing energy. The relative probabilities for 
final states with meson multiplicity up to 2 in proton- 
proton collisions are given in Table V. The insistance 
on the conservation of center-of-energy has the inter- 
esting effect of reducing the contributions from high 
momenta to phase-space integrals, an effect’ which 
would seem to bring closer agreement with experiment. 

A theory developed by Kovacs‘ incorporates the 
interactions of final-state particles, the suppression of 
some one-meson states by virtue of the Pauli principle, 
conservation of angular momentum and parity, and 
the enhancement of two-meson states due to resonance 
effects into the statistical theory. Although neither the 
theory of Kovacs nor that of Lepore and Neuman has 
been extended to the high multiplicities of the present 
experiment, they would seem, qualitively, to give 
improved agreement with experiment. 

It is also of interest to compare the results of the 
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present experiment with the predictions of the Heisen- 
berg theory." According to this theory, Camerini ef al." 
plot the average meson multiplicity as a function of the 
incident proton energy in the c.m. system for various 
values of K, the degree of inelasticity. The experimental 
value of K is 0.49+0.05, which corresponds to a 
predicted multiplicity of 2.2. Since the experimental 
value is 2.8+0.4, it is apparent that the Heisenberg 
theory only slightly underestimates the average meson 
multiplicity. The total cross section predicted by this 
theory is of the order of 100 mb at the energy of the 
present experiment, contrasted with the experimental 
value of 31.4+5.1. 


V. DISCUSSION 


Since the observed inelastic cross section of 22.647.0 
at 6.2 Bev, together with the data of Fowler et al., 
indicates that this quantity does not change greatly 
from 0.8 to 6.2 Bev, there seems to be little indication 
of the large increase in total cross section predicted by 
the Heisenberg theory or implied by the cosmic-ray 
value of 120_29+* mb obtained by Williams'® as an 
average of the proton-proton and neutron-proton cross 
sections in the neighborhood of 30 Bev. 

The observed average pion multiplicity is greater 
than the Fermi statistical theory prediction as well as 
that of the Lepore and Stuart, a disagreement which is 
also apparent when the experimental results are com- 
pared with the corresponding theoretical values in 
Tables IV and VI. 

Protons from inelastic collisions tend to be emitted 
in the forward and backward directions in the c.m. 
system with higher average momentum than predicted 
by the statistical theory. This would seem to indicate 
collisions of low momentum transfer in contrast to the 
large momentum transfer predicted by the Fermi 
theory. On the other hand, the pion momentum spectra 


4 W. Heisenberg, Z. Physik 133, 65 (1952). 

16 Camerini, Davies, Fowler, Franzinetti, Muirhead, Lock, 
Perkins, and Yekutielli, Phil. Mag. 42, 1261 (1951). 

16R. W. Williams, Phys. Rev. 98, 1393 (1958). 
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are shifted toward lower momenta than predicted by 
the statistical theory, a result suggestive of strong 
interactions among final-state particles. 

Although calculations have been made only for lower 
bombarding energies, certain qualitative statements can 
be made concerning the effects of including final state 
interactions upon the predictions of the statistical 
theory. The strong, low-energy pion-nucleon resonance 
is not considered in evaluating statistical weights in 
the Fermi theory and any theory should certainly 
include this in a modification. As the energy in the c.m. 
system is increased, it is possible to produce more 
mesons, those states being most heavily favored wherein 
the mesons produced have the requisite energy to 
rescatter off of the nucleons at resonance. According 
to this description, the average pion momentum will 
not vary greatly with the incident bombarding energy 
and will be lower than predicted by the statistical 
theory at the energy of this experiment. 

Although a number of modifications of the statistical 
theory would account qualitatively for the discrepancy 
between theory and experiment, most have the disad- 
vantage of destroying the basic simplicity of the Fermi 
theory. It would seem that one could retain this 
simplicity and at the same time obtain better agreement 
with experiment by properly weighting those final 
states known to involve strong interactions between the 
pions and nucleons. 
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It is pointed out that the consideration of causality requires that any description of the maximum in the 
x~-p total cross section at 800-Mev x energy, and the maximum in the *-p cross section at 1200-Mev, is 
necessarily equivalent to a description in terms of resonances and hence in terms of nucleon isobars. 


I. INTRODUCTION 


TTEMPTS to provide an explanation of the 

behavior of the ,p cross sections at the high- 
energy maxima observed by Cool, Piccioni, and Clark,’ 
can be separated into two groups. There have been 
attempts to describe the behavior of the cross sections 
with energy in terms of resonances affecting one or 
more partial waves, each representing a particular 
total angular momentum, parity, and isotopic spin. 
Cool et al.! have shown that if such a resonance in a 
single partial wave is responsible for the x~-p cross 
section maxima at 800-Mev m~ energy, the total angular 
momentum of the partial wave must be at least § A. 
Recently Wilson? has suggested that the photonucleon 
production*~ of x mesons at energies near 400 Mev in 
the center-of-mass system is consistent with a simple 
description in terms of the existence of a nucleon isobar 
at this energy, which has a total angular momentum 
of $ and an isotopic spin of $. The broad maximum in 
the x~-p total cross section might then result from the 
resonance associated with this isobar and one or more 
resonances at a somewhat higher energy. Feld® also 
considers that several resonances may contribute to 
this maximum. In particular he suggests that states of 
even parity and spins 4, 3, and 3, dominate the cross 
section.’ 

These maxima have also been discussed in terms 
which do not specifically involve nucleon isobars. 
Piccioni® pc'nted out that the interaction of the 
incident + meson with the virtual # mesons in the 
nucleon field involves small center-of-mass energies 
and large wavelengths of the pion-pion system. There- 
fore a resonance of this system could result in a large 


1! Cool, Piccioni, and Clark, Phys. Rev. 103, 1082 (1956). 

2 R. R. Wilson, Phys. Rev. 110, 1212 (1958). 

* DeWire, Jackson, and Littauer, Phys. Rev. 110, 1208 (1958). 

*P. C. Stein and K. C. Rogers, Phys. Rev. 110, 1209 (1958). 

5 Heinberg, McClelland, Turkot, Woodward, Wilson, and 
Zipoy, Phys. Rev. 110, 1211 (1958). 

6B. T. Feld, Ann. Phys. N. Y. 4, 189 (1958). 

7 This view is, however, difficult to reconcile with the large 
forward-backward asymmetry in the x~- elastic scattering found 
by Erwin and Kopp [A. Erwin and J. Kopp, Phys. Rev. 109, 
1364 (1958). 

8 Q. Piccioni (private communication, 1954). 


maximum in the 2-p cross section though only small 
values of the angular momentum of the pion-pion 
system be involved. Consequences of this idea were 
studied by Cool et al.,| Takeda,’ and Dyson." Linden- 
baum and Sternheimer"™ have suggested that these 
maxima might result from the formation of the (3,3 
isobar in the final state. 

It is the purpose of this note to point out that at any 
sufficiently sharp fluctuation in the total w-p cross 
sections, the behavior of the scattering matrix required 
by the imposition of causality and the existence of 
dispersion relations is similar to the behavior of the 
scattering matrix at the energy of the formation of an 
isobar. 


II. BEHAVIOR OF THE SCATTERING MATRIX NEAR 
THE ENERGY CORRESPONDING TO THE 
FORMATION OF AN ISOBAR 


Since there appears to exist no universally accepted 
precise description of scattering behavior near the 
energy corresponding to isobar formation when the 
particles involved are at relativistic energies, it is 
necessary to adopt a particular complete description 
for the sake of definiteness. The definitions implied in 
Eqs. (1) and (2) follow from the work of Wigner and 
Eisenbud.'"? Though this work is concerned with the 
nonrelativistic problems of nuclear level structure, the 
qualitative features used here have a wider degree of 
validity. 

In particular we examine the behavior of the 
scattering matrix near a pole of the Wigner R matrix. 
Equation (2) then represents the elements of the 
scattering matrix near a resonance under the condition 
that the nonresonant scattering and absorption may, 
be large. Primarily in order to simplify the discussion 
we consider a situation where only two channels 
labeled a and 6 are open. Ignoring statistical factors, 
spins, and angular dependences, the scattering ampli- 
tudes for a specified total angular momentum and 


°G. Takeda, Phys. Rev. 100, 440 (1955). 

 F, J. Dyson, Phys. Rev. 99, 1037 (1955). 

1S, J. Lindenbaum and R. Sternheimer, Phys. Rev. 106, 1107 
(1957). 

2 E. P. Wigner and L. Eisenbud, Phys. Rev. 72, 29 (1947). 
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I’, and I’, are the resonance widths for channels a and 8, 
respectively, and the dimensionless quantities g are 
parameters which represent the nonresonant back- 
grounds. The symbol A is equal to E,—E where the 
terms £) and E represent the resonance energy and the 
total energy of the system, and the w, and uw» are phase 
angles. The quantities I’, g, and w, will in general vary 
slowly with energy. The elastic scattering amplitude 
element Uy takes the same form as U4q with appropriate 
interchanges of subscripts. 

Using Eqs. (1) and (2), it can be shown that the 
dimensionless scattering amplitude 2k,Aaa can be put 
into the form 

2RaA aa = poe**+ pet Ft), 
where 


B= 2 tan—[ (Ta +Ts) ‘(Ey E)] 


and po, p, a, and 6 are slowly varying functions of 
energy. Figure 1 shows the variation of 2kaAaq and 
2k»Aw on the complex plane as a function of energy. If 
we write 2kA in the familiar form 2kA=1—ne?® and 
recall that the scattering cross section is proportional 
to |A|?, the inelastic cross section to 1—»’, and the 
total cross section is proportional to Im4A; we see that 
on Fig. 1, b represents the point of minimum absorption, 
c the maximum scattering cross section, d the maximum 
total cross section, f the maximum absorption cross 
section, g the minimum scattering cross section, and h/ 
the minimum total cross section. As the energy increases 
the locus of the values of 2kaA aa follows the curve in a 
counter-clockwise direction; @ represents an energy far 
below resonance; c represents the value of 2kaAaa at 
E=E),, while i is the point reached at an energy far 
above the resonance. The primed letters represent the 
same quantities for 2k,4». Note that the maxima and 
minima fall at different energies. The absorption 
maxima and minima will fall at the same energy for 
both incident channels, however, as they are connected 
by detailed balance. 

In summary, we see that the characteristics of a 
resonance so defined, require that the locus of the 
scattering amplitude for each of the two channels 
moves, as a function of energy, counter-clockwise in 
an approximately circular path in the complex plane. 
Total absorption cross sections, total scattering cross 
sections, and total cross sections pass through maxima 
and minima in the energy region near resonance, These 
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‘at Saad) +3 (Tagwo+T ogaa— 20a T 0 gan) +3 (Baagoo— Ba 4] 


i (Saakoo— Lab” A" 


3i(T “s+T s+ go0h+ gd) —}(Tegse+T sgee—20'o ‘TP, tgs) — 


t (Laakoo— Sab A. 


maxima and these minima do not necessarily occur at 
the same energy. 


III. CAUSALITY REQUIREMENTS ON THE BEHAVIOR 
OF THE SCATTERING MATRIX NEAR A 
CROSS-SECTION MAXIMUM 


Goldberger and others" have used conditions 
imposed by microcausality to develop dispersion rela- 
tions relating the real and imaginary parts of the 
scattering amplitude in the forward direction. For our 
purpose we can write 

“3 I(E)dE 
nis k2(E! -x) 
where R(£) and /(£) are the real and imaginary parts 
of the forward scattering amplitude at the total 
energy E,a(£) is a slowly varying function of E,k’ is 
the wave number at energy £ and the lower bound to 
the integral is the z-meson rest mass. The form of the 
equation is the same for r+ and m~ mesons. From the 
optical theorem, the imaginary part of the forward 
scattering amplitude, /(£)=o(E)/4rk, where o(E) 
the total cross section. We are concerned with the 
behavior of the real part of the scattering amplitude 
near the energy corresponding to a sharp maxima or 
minima in the total cross section. We can simulate such 
behavior by writing J=Jo—6 cos{2 tan {T'(2,— £)“] 
+a}, where Jo and 6 are real positive functions of 
energy varying slowly over the width I',A, is a 
“resonance” energy, and a is a phase angle, again 
varying slowly with energy. From Eq. (3) it can be 
shown then that R=Ro+0’ sin{2 tan™[{T'(A,\— EZ) ] 
+a}, where }’ and a’ are approximately equal to 6 and 
a, and Rp is again a slowly varying function of energy. 
As an increasing function of energy the locus of the 
forward scattering amplitude traverses a counter- 
clockwise circle of radius 6 in the complex plane. 
Although the high-energy m-p maxima are neither 
sharp, nor isolated, the detailed calculations of Stern- 
heimer'® concerning values of the forward scattering 


R(E)=a(E)+ (3) 


13M. L. Goldberger, Phys. Rev. 99, 979 (1955). 

4 R. Karplus and M. A. Ruderman, Phys. Rev. 98, 771 (1955). 

15 Goldberger, Miyazawa, and Oehme, Phys. Rev. 99, 986 
(1955). 

16 R, M. Sternheimer, Phys. Rev. 101, 384 (1956), and calcula- 
tions in reference 1. 
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Fic. 1. Loci of the values of the scattering amplitudes Aco and 
Ay» in the complex plane. As the energy increases through a 
resonance, the values of the scattering amplitudes move about 
a circle in a counter-clockwise direction. The larger solid circle 
on each diagram is the limit imposed by the conservation of reality. 


amplitude at these resonances clearly illustrate this 
behavior. 

While a resonance, defined according to the last 
section, would result in a variation with energy of the 


forward scattering amplitude equivalent to that 
described above, the inverse is not necessarily so, as 
the relative variation of the real and imaginary ampli- 
tudes are not correlated for individual partial waves 
corresponding to a particular angular momentum. 
From the forward scattering amplitudes alone we can- 
not exclude the possibility that the variation in the 
real amplitude is concerned with one partial wave, and 
the variation of the imaginary part with another. 
There are essentially two possible descriptions of a 
maximum in a total cross section. Either one or more 
partial waves show maxima, or the maximum is the 
result of increases in the total cross sections due to 
some partial waves coupled with decreases in cross 
sections of other partial waves. The latter, rather 
pathological possibility, will not be considered in this 
report and we shall assume that the maxima in the 
x ~-p total cross section at 800 Mev and the x*-p cross 
section at 1200 Mev are the result in each case, of a 


ADAIR 


total cross-section maximun in one or more partial 
waves. Since the optical theorem is valid for each 
partial wave separately, this is equivalent to maxima 
in the imaginary part of the scattering amplitude for 
these waves. 

We must then consider the use of dispersion relations 
relating to one partial wave. Oehme!’ has shown that, 
in general, dispersion relations cannot be written for 
individual partial waves; however, he and others'*:!® 
have noted that if the interaction vanishes outside a 
radius a, the function A;(E)e?**« where A,(E) is the 
scattering amplitude for a particular partial wave, is 
restricted by causality, and dispersion relations can be 
written for this function. 

A value for a of h/M,c, where M, is the mass of the 
ma meson, would seem to be a reasonable interaction 
boundary for x-p scattering. If ka does not vary much 
over the width of a fluctuation in cross section, a rela- 
tion similar to Eq. (3) can be written for A; and the 
conclusions derived from Eq. (3) concerning the 
behavior of the forward scattering amplitude, will also 
hold for a scattering amplitude representing a particular 
angular momentum. At a maximum in the cross section 
the complex scattering amplitude, for at least one 
partial wave, will then take the same general form, 
2RaA aa= poe'*+pe'Ft® as discussed in Sec. II and 
illustrated in Fig. 1. Restricting ourself again to two 
channels, we see that the values of Aq are determined 
as a function of energy by the value of Aa. Since 
| Aq|=|Ava|, restrictions are in turn placed upon the 
behavior of Aj. Indeed the use of dispersion relations 
in channel 6 then determines that, within a phase 
factor y, the behavior of A» will be equivalent to that 
described by either the solid or dotted circles in Fig. 

This double valuedness can be expected since, in 
general, a specific absorption cross section at a resonance 
can result from either of two ratios of absorption and 
scattering widths. 

We note that in the energy region of the cross- 
section maximum, the restrictions imposed by causality 
require that a maximum and minimum occur in the 
total cross section, the scattering cross section, the 
absorption cross section, and in the scattering cross 
section and total cross section associated with another 
channel. All of these cross sections then behave in 
essentially the same manner as those described in 
Sec. II, where the behavior was specifically described 
as resulting from the formation of an isobar. 


IV. SUMMARY AND CONCLUSIONS 


The result of Secs. II and III, that the properties of 
the scattering matrix at a cross section maximum 
imposed by considerations of causality are largely, if 
not wholly, equivalent to scattering matrix properties 


17 ‘Reinhard Oehme, Phys. Rev. 102, 1181 (1956). 
18 N. G. van Kampen, Phys. Rev. 89, 1072 (1953). 
19 J. M. Knight and J. S. Toll, Ann. Phys. N. Y. 3, 49 (1958). 





HIGH-ENERGY MAXIMA 


near a pole in the R matrix, has been surmised by 
Schiitzer and Tiomno” and established by Wigner.”! 
Since the object of the present work was to draw 
conclusions from the -p cross sections, it seemed 
desirable to follow a somewhat different form in the 
discussion. 

The main conclusion which results from a comparison 
of Secs. II and III, is that the r-p total cross-section 
maxima must be associated with the formation of 
nucleon isobars. Such a statement is not, however, 


*” W, Schiitzer and J. Tiomno, Phys. Rev. 83, 249 (1951). 
21. P. Wigner, Am. J. Phys. 23, 371 (1955). 
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necessarily in conflict with other descriptions. The 
maxima could still be ascribed to resonances in the 
m-me interaction. This interaction would, however, 
manifest itself in resonances in the r-p system. 

A subsidiary result of the calculations is the explicit 
exhibition of the effect of the nonresonant background 
in displacing the maxima of absorption cross sections 
with respect to the total cross-section maximum. This 
displacement can be as large as the width I’. It is not 
certain then that the photonucleon maximum? near 
400 Mev in the center-of-mass system might not be 
associated with the total 2-p cross-section maximum 
which occurs near 600 Mev. 
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Preliminary Results on the Momentum Dependence of the 
Asymmetry in Muon Decay* 


Hans KruGER AND KENNETH M. CROWE 
Radiation Laboratory, University of California, Berkeley, California 
(Received September 9, 1958) 


Positive muons from the Berkeley 184-in. synchrocyclotron were stopped in various materials and the 
asymmetry of positrons from their decay was determined by using a magnetic spectrometer method. The 
measurements of the polarization are in agreement with that predicted by the two-component neutrino 


theory. 


The product of the muon beam polarization and of £, the parameter of the two-component neutrino theory, 


was measured as 0.89+0.09. 
HE two-component theory for muon decay!” 
gives a predicted normalized spectrum for beta 
decay of completely polarized muons at rest 


dN (x,0) = 2x°[3—2x%+ & cos0(1—2x) ]dxdQ(4r)-', (1) 


where x is essentially (for all energies considered in 
this measurement) the total 8 energy in units of the 
maximum total @ energy, 2 is the solid angle of 8 
momentum, and @ is the angle between the 8 momentum 
and the muon spin direction. The sign of é is positive 
for positive muons, and we have 


. | gvga*t+gv*ga 0.8740.12 
|| = — = 
lgv|?+|gal? R 


where ga and gy are the polar vector and axial vector 
coupling constants, and R is a measure of the degree 
of depolarization in the stopping material and of the 
polarization of the beam.** Measurements of the energy 


’ (2) 





* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

1T. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957). 

2 Four-component neutrino theory leads to 
dN (x,0) « {3(1—x)+2p($x—1)+€ cosd[(1—x) 

+26($x—1)])x2dxdo, 

in the usual notation; see, e.g., reference 9. 

8D. H. Wilkinson, Nuovo cimento 6, 516 (1957). 

4 Berley, Coffin, Garwin, Lederman, and Weinrich, Phys. Rev. 
106, 835 (1957); M. Weinrich, Columbia University doctoral 
dissertation, February, 1958 (unpublished). 


variation by the use of an integral range measurement 
and a precessing magnetic field have been reported by 
Berley et al.4 and Weinricht and by Mukhin ef al.* 
Telegdi and Wright® and Cassels ef al.’ have used 
total-absorption scintillation spectrometers. Low-energy 
bubble chamber data have also been obtained.* 

To measure the asymmetric part of the spectrum, we 
have used the following technique. A polarized u+ beam 
produced by decay of pions made by the internal beam 
of the 184-in. cyclotron comes to rest in an absorber- 
counter sandwich. A magnetic field is produced by a 
Helmholtz coil giving either a depolarizing field of 
0+0.7 or 55+10 gauss over the volume of the muon 
targets. The u* are analyzed with a 180° n= 4 magnetic 
spectrometer with a coincidence counting matrix to 
define several energy channels per field setting. The 
beam particles are put into anticoincidence with the 
events so that only particles produced in the targets 
and counters are detected. Figure 1 shows a side view 
of the equipment. 

The spectrometer is set at an angle to the muon 


5 Mukhin, Ozerov, and Pontecorvo, Joint Institute for Nuclear 
Research, U.S.S.R., 159, 1958 (to be published). 

6 V. Telegdi and S. C. Wright, Bull. Am. Phys. Soc. Ser. II, 2, 
206 (1957). 

7 Cassels, O’Keefe, Rigby, and Wormald (to be published). 

8 Pless, Brenner, Williams, Bizzarri, Hildebrand, Milburn, 
Shapiro, Strauch, Street, and Young, Phys. Rev. 108, 159 (1957). 
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TABLE I. Asymmetry data for various spectrometer settings.* 








Spectrometer 
momentum 
setting (x’) 


Average 8 energy (x) 
(Mev) (Mev) 


Target material 


Measured asymmetry 
4/cosé@ 


(%) (%) (%) (%) 


Correction for 
virtual photon 
emission 
and inner 
bremsstrahlung 


Calculated 
radiation 
straggling 


Net asymmetry 
correction A/cos6 





0.326+0.028 
0.381+0.028 
0.436+0.028 
0.326+0.028 
0.381+0.028 
0.436+0.028 
0.348+0.049 
0.446+0.049 
0.545+0.049 
0.718+0.049 
0.825+0.049 
0.924+0.049 
0.788+0.049 
0.887 +0.049 
0.985+0.049 
0.788+0.051 
0.887+0.051 
0.45320.075 
0.597 +0.075 
0.8130.075 
0.956+0.075 
0.379+0.075 
0.956+0.075 


0.282 Li 


0.282 
0.659 
0.722 


0.722 CHBr; 


0.361 S 
0.505 
0.722 
0.866 
0.289 
0.866 


* The energies are in E/W, where W =52.8 Mev. 

> This point is drawn with broken error flags in Fig. 2 (see text). 
beam of ~7° for most of the data. A few points were 
run with an angle of 141°. 

The yield with the field on, Y(#), is essentially the 
unpolarized y-decay spectrum, and the yield at zero 
field, Y (0), is the polarized spectrum. The asymmetry 
is given by 


A(x)= 


Y(H)—Y(0) (— 


- ‘Re cos6. 
Y(H) 3—2x 
The data in Table I are the results for combinations of 
lithium, carbon, and bromoform targets. There are 
resolution effects that depend on the target thicknesses 
as well as the momentum band of the spectrometer. 
The counters defined a momentum band of Ap/p 
= 7.6%, full width at half maximum. The most serious 
effects are caused by radiation straggling for points 
x<0.5. : 
Background counts were taken by removing the 
pegpame Sheng 180° Spectrometer 
Piostic scintitictor 


lining BO°% of 


105-Mev vocuum chomber 
pion beam 
from 


cyclotron 





Magnetic Helmhol 
shield coil 


C7723 wp Targets 
Co) Plostic-scintilictor counters 


Fic. 1. Side view of the experimental apparatus. Pions stop in 
the absorber telescope, and muons stop in the target-counter 
sandwich. The 8* particles leave the target and enter the spec- 
trometer vacuum chamber at ~7° with respect to the beam 
direction for most measurements. 
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muon-stopping targets. This method of background 
correction assumed that the background did not vary 
rapidly with energy, i.e., that it was the same for the 
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Fic. 2. Results for the asymmetry measurement for various 
targets. In order that these data might appear on a similar scale, 
each point was corrected for radiation straggling before being 
plotted. Shown is the simplest two-component theory for RE=0.89. 





MOMENTUM 


three parts of each target. The background included 
also beam particles that were not rejected by the anti- 
coincidence circuits and positrons originating from 
muons stopping in the targets. The latter contribute an 
asymmetric part to the background. However, owing 
to depolarization of the muons in the counter, the 
effect is small. In order to check the method, the pion- 
beam polarization was measured in the same manner 
as that of the muons. As expected, this measurement 
showed no significant asymmetry [i.e., A(x) = —0.059 
+0.113 at x=0.453 and A(x)=—0.029+0.100 at 
x= 0.866 ]. 

If high-energy muons strike the spectrometer vacuum 
chamber wall, some inelastically scattered electrons are 
counted. These were found as distortions in the un- 
polarized spectrum at the low-energy point, and the 
first 80° sector of the vacuum chamber was lined with 
a baffle counter. The output of this counter was placed 
in anticoincidence with the events. 

Figure 2 shows the data corrected for background, 
ionization loss, and radiation straggling in the targets 
and counters as well as for virtual photon processes 
and inner bremsstrahlung.’ The other resolution effects 
do not contribute uncertainties outside the accuracies 
of the applied corrections." The solid line drawn in 


®T. Kinoshita and A. Sirlin, Phys. Rev. 107, 593 (1957). Be- 
cause of the limited accuracy of these measurements we have 
not made comparison with the theoretical results obtained by 
T. D. Lee and C. N. Yang, Phys. Rev. 108, 1611 (1957), and 
S. Bludman and A. Klein, Phys. Rev. 109, 550 (1958). 

10 Calculations of resolution effects are being made and will be 
reported in future discussions of this work. 
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Fig. 2 represents the polarization expected on the basis 
of the two-component neutrino theory for a value of 
Ré=0.89. Inspection of Fig. 2 shows all measurements 
to be consistent with this curve except for two points. 
The low-energy one of these points, drawn with broken 
error flags, represents an asymmetry measurement 
when the anticoincidence counter lining the spectrom- 
eter vacuum chamber was not on its voltage plateau 
and hence not sufficiently sensitive for an efficient 
rejection of particles inelastically scattered on the 
vacuum chamber walls. 

With these qualifications, we conclude from the data 
that (a) RE=0.89+0.09 for our pion beam, this value 
being the error-weighted mean based on all data for 
x>0O.5 (the error is its external standard deviation; 
its internal standard deviation is +0.03); (b) the 
asymmetry changes rapidly in going from «=0.5 to 
x= 1.0; and (c) the asymmetry for «=0.5 is small, and 
our data are not sufficiently accurate to establish a sign 
reversal. Further investigations of the polarization at 
low energies with spectrometer and counter methods 
are planned. 
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Variations in the Cosmic-Ray Rigidity Spectrum* 


K. G. McCrackEN 
Physics Department, University of Tasmania, Hobart, Tasmania 


(Received July 16, 1958) 


Variations in the counting rates of two different high-latitude neutron monitors, a high-latitude meson 
telescope, and a low-latitude neutron monitor are studied for the period August, 1956, to January, 1958. A 
long-term decrease in counting rate was observed at all stations, superposed on which there were numerous 
short-term variations of from 3 to 30 days duration. The long-term variation in neutron counting rate at high 
latitudes was four times greater than that at low latitudes, indicating that the change in the cosmic-ray 
spectrum was most pronounced at low rigidities. The high-latitude short-term variations in neutron counting 
rate were about 2.5 times greater than those at low latitudes, the ratio varying from event to event. This is 
interpreted as evidence that the spectrum changes during short-term variations are less strongly dependent 
upon rigidity than in the case of the long-term variation, and that they are of a variable character. Compari- 
son of the neutron data with simultaneous meson data supports this view. It is concluded that the long- and 
short-term variations in intensity are produced by different mechanisms. 


INTRODUCTION 


HE geomagnetic field prevents primary cosmic 
radiation of rigidity <14 Bv from reaching the 
top of the atmosphere near the equator. Thus a low- 


* This work was carried out during tenure of an Australian 
Atomic Energy Commission studentship, and later, a General 
Motors Holden Research Fellowship. 


latitude neutron monitor is sensitive to primaries of 
rigidity > 14 Bv. The geomagnetic cutoff decreases with 
increasing latitude, until at high geomagnetic latitudes 
(A> 50°), particles of rigidity > 2 Bv can be detected by 
a sea level neutron monitor. The limiting factor for 
A>50° is atmospheric absorption, not geomagnetic 
cutoff. 
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It has been shown! that a neutron monitor is more 
sensitive than a meson telescope to low-rigidity primary 
radiation. Thus at \>50°, approximately 45% of the 
neutron, and 10% of the meson counting rates at sea 
level are due to primaries of rigidity <14 Bv.’ 

By comparing the variations in the counting rates of 
(1) two neutron monitors, one near the equator and the 
other at a high latitude, and (2) a neutron monitor and 
a meson telescope, both at the same high latitude, the 
variations in the intensity of low-rigidity (<14 Bv) and 
high-rigidity (>14 Bv) primary cosmic rays can be 
compared. The results of such a comparison are 
presented. 


EQUIPMENT 


The instruments from which the data were derived 
are listed in Table I. The geometries of the neutron 
monitors are similar to those recommended for use 
during the International Geophysical Year.’ All neutron 
data have been adjusted for atmospheric change using 
an absorption mean free path of 145 g cm~*. The meson 
data have been adjusted for changes in pressure and the 
height of the 125-mb level using a mass coefficient of 
— 1.63% per cm of mercury and a decay coefficient of 
—4.88% per km. 

The Mawson detector is operated by the Australian 
National Antarctic Research Expeditions for the con- 


TABLE I, Details of instruments, their geomagnetic latitudes, and the periods for which they were operating. The Hobart neutron 
monitor is 725 meters above sea level. All other instruments are at sea level. 


Instrument 


\{1 mX1mX1.5 m ay 
\1 mX1mxX1m 





Meson telescope 
10-cm Pb absorber 


4-counter 


‘ : 
i mo or 
Neutron nit mene 


6-counter neutron monitor 


12-counter neutron monitor 


1 W. H. Fonger, Phys. Rev. 91, 351 (1953). 


Location 
Hobart, Tasmania 
Tasmania 


near Hobart, 


Lae, New Guinea 


Mawson, Antarctica 


Geomagnetic 
latitude Period of operation 

52°S August 1, 1953—May 5, 1957 

ee Subsequent to May 5, 1957 
June 10, 1956-December 20, 1956 
Subsequent to December 21, 1956 


Subsequent to May 25, 1957 
Subsequent to March 10, 1957 


* Derived from the sea level determinations reported by Rose, Fenton, Katzman, and Simpson, Can. J. Phys. 34, 968 (1956). 


*J. A. Simpson, Annals of the International 


eophysical Year (Pergamon Press, Inc., New York, 1956), Vol. 4, p. 351. 





VARIATIONS 


duct of whose cosmic-ray program the University of 
Tasmania is responsible. 


RESULTS 


The daily mean neutron intensity at Hobart is plotted 
as a function of time in Fig. 1 for the period from 
August 1, 1956, to January 31, 1958. At the time of the 
change of instruments on December 20, 1956, an 
additional two-counter monitor was in operation at 
Hobart. This enabled accurate normalization of the data 
obtained prior and subsequent to the change. 

A large number of variations in intensity are evident. 
The most striking feature of the data is the manner in 
which the intensity suffered a permanent change during 
the months of November and December, 1956. The fact 
that during the greater part of March and May, 1957, 
the intensity was constant, and not showing any tend- 
ency to return to the October, 1956, value suggests that 
a drastic, long-lived change occurred in the primary 
intensity. This is identified as part of the 11-year cycle 
of cosmic-ray intensity.‘ 

There are a large number of variations of from 3 to 30 
days duration superposed on the long-term intensity 
change. By consideration of the manner in which the 
intensity changed with time these variations have been 
identified as Forbush decreases, 27-day variations and 
combinations of these events. It was not possible to 
consider the two types of events separately, and they 
have been considered together under the broad title of 
‘‘short-term variations.” 

For each month a selection was made of those days on 
which the intensity was unaffected by short-term varia- 
tions. For each month, the mean of all such days was 
calculated. This mean is called the ‘‘undisturbed”’ in- 
tensity for the month. 

In Fig. 3(A), the undisturbed intensity is plotted as a 
function of time. As the effects of short-term fluctua- 
tions have been eliminated, this graph indicates the 
manner in which the long-term change affected the 
neutron intensity. It can be seen that the intensity de- 
creased during November and December, 1956, and 
January, 1957, remained practically constant from 
February, 1957, until September, 1957, and then de- 
creased slowly until January, 1958. 


Nomenclature 


The data were split up into a number of groups for 
analysis. For each group of data, the intensities were 
expressed as percentage deviations from the mean of the 
group. 

The neutron intensities at Hobart, Mawson, and Lae, 
and the meson intensity at Hobart will be written H, M, 
L, and T, respectively. The relative changes in two 
intensities, that is, quantities of the type AH/AL will be 
determined. A subscript “long” or ‘“‘short” will indicate 


4S. E. Forbush, J. Geophys. Research 59, 525 (1954). 
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Fic. 2. Scatter diagrams of Hobart neutron intensity against 
Hobart meson intensity for four short-term variations. Percentage 
deviations from the group mean are plotted. The standard errors 
of the neutron and meson intensities are 0.12% and 0.06%, re- 
spectively. The gradient of each line is the mean of the appropriate 
values of bi2 and 1/ba given in Table II. (A) Comparing events 
prior and subsequent to November, 1956. (B) The events occurring 
after November, 1956, for which the lines of best fit had the 
greatest and least gradient. The gradient of an event occurring 
prior to November, 1956, is shown for comparison. 


whether the ratio applies to a long- or short-term varia- 
tion. Thus (AH/AT) jong and (AH/AT),nort apply to 
long- and short-term variations, respectively. 


Comparison of Short-Term Variations 


The whole interval was split up, as far as possible, 
into subintervals containing only one major intensity 
fluctuation. On some occasions superposition of two 
events made this impossible. The subintervals are indi- 
cated in Fig. 1. 

For each subinterval, scatter diagrams of (H,L), 
(H,M), and (H,T) were prepared. Daily means have 
been used throughout. The (H,7) diagrams for four 
events are given in Figs. 2(A) and 2(B). It is clear from 
these figures that the gradients of the lines of best fit are 
different from event to event. Inspection of all the 
diagrams indicated that the gradients subsequent to 
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TaBLe II. The observed relative responses to short-term variations of the Hobart neutron monitor (H), the Hobart telescope ‘iT 
the Lae neutron monitor (L), and the Mawson neutron monitor (4). b;2 and bz; are the regression coefficients between the two variables. 
The standard errors of bz and 1/b2; are given. 











(AH/ AT) short 
Period bis 1/bu 


(AH/AL) short (4H/AM) short 


bis 1/ba bie 1/ba 





18.8 —Aug. 28, 1956 3.2+0.4 3.6+0.4 
29.8 —Sept. 6, 1956 3.4+0.4 3.7+0.4 
1.11—Nov. 17, 1956 3.5+0.3 3.9+0.3 
3.12—Dec. 15, 1956 2.4+0.4 3.0+0.4 
16.12—Jan. 8, 1957 2.2+0.3 3.00.4 
15.1 —Feb. 28, 1957 2.00.2 

1.4 —April 30, 1957 

6.6 —June 27, 1957 

29.6 —July 28, 1957 

4.8 —Aug. 14, 1957 
24.8 —Sept. 19, 1957 
25.9 —Oct. 19, 1957 

21.10—Nov. 13, 1957 

19.11—Dec. 10, 1957 


0.98+0.05 
1,030.07 
1.150.04 
0.86+0.09 
1.02+0.03 
1.12+0.08 
1.10+0.05 
1.15+0.05 
1,050.08 


0.930.04 
0.96+0.06 
1.12+0.04 
0.79+0.08 
1.01+0.03 
1.02+0.07 
1.06+0.04 
1.10+0.05 
0.90+0.07 








11.12—Jan. 10, 1958 
November, 1956, were never as great as those prior to, or 
during that month. This can be seen quite clearly in 
Fig. 2(B), where the scatter diagrams of (H,7) showing 
the greatest and least gradient observed after Novem- 
ber, 1956, are compared with the gradient found for the 
event occurring during the period from August 28 to 
September 6, 1956. 

For each scatter diagram, the two linear regression 
coefficients by. and bo; were caiculated. Since both 
variates are subject to error, neither 5,2 nor 62: can be 
preferred as defining the line of “‘best fit.”” However, it 
has been shown® that },. and b.; define the limiting 
values of the gradient of the line of ‘“‘best fit,” and they 
will be used to define these limits rather than go to the 
added complexity of considering the problem rigorously. 

In Table II are tabulated the values of by. and 1/2, 
calculated for all the subintervals shown in Fig. 1. 

The limiting values of (AH/AT) short, (AH/AL) short 
and (AH/AM).nort are plotted in Figs. 3(B), 3(C), and 
3(D). The solid black rectangles extend between the 
appropriate values of 5,2 and 1/b2;. The standard errors 
of by. and 1/62; are shown. 

The change in the neutron to meson relative response 
after November, 1956, can be seen quite clearly in 


TABLE III. Summary of the relative responses of the Hobart 
neutron monitor (//), the Hobart telescope (7), the Lae neutron 
monitor (ZL), and the Mawson neutron monitor (/) to short- and 
long-term primary variations. 


Long-term 
variation 


Short-term 
variation 


34 to 3.7 


Period of 
observation 


Relative 
response 





Forbush decreases 
prior to Nov., 1956 
AH/AT 

after Nov., 1956 1.4 to 2.9 


A4H/AL after May, 1957 1.8 to 2.8 


4H/AM 


after Feb., 1957 


5H. E. Jones, Metron 13, 21 (1937). 





Fig. 3(B). It can be seen from Fig. 3(A) that this change 
occurred at the same time as the marked change in the 
undisturbed intensity. The change in meson telescope 
geometry on May 5, 1957, (Table I) does not appear to 
have affected (AH/AT) short. 

The variations in (AH/AT) shore and (AH/AL) short 
appear to be in phase, and the correlation coefficient 
between the two quantities is 0.7. This is significant at 
the 90% level. 

A fault in the Hobart neutron monitor might pro- 
duce correlated changes in (AH/AT) short, (AH/AL) short; 
and (AH/AM) ort. The values of (AH/AT) snort and 
(AH/AL) norte for the period June 6-27, 1957, are 40% 
less than those for the period from August 24 to 
September 20, 1957. If this difference were due to a fault 
in the Hobart monitor, the values of (AH/AM) sort 
would likewise differ by 40%. The observed difference of 
2% indicates that the changes in (AH/AT) short and 
(AH/AL) snort are Not instrumental and it will be shown 
that they are probably due to changes in the primary 
spectrum. 


Comparison of Long-Term Variations 


The “undisturbed” intensity decreased during the 
period October, 1957, to January, 1958, during which 
period the Lae monitor was in operation. To determine 
(AH/AL) jong, the mean neutron intensity at Lae was 
determined for each of the periods used in the derivation 
of the undisturbed intensity at Hobart. In Fig. 4 the 
Hobart values of the “undisturbed” intensity are 
plotted against the corresponding values for Lae. The 
four points are very nearly colinear. The line in the 
figure, which was fitted by eye, has a slope of 4.0. Thus 
(AH/AL) tong> (AH/AL) short: 

In a similar manner, a value of 1.0 was found for 
(AH/AM) ong. 

A comparison of the neutron and meson variations at 
Hobart is more difficult owing to the incomplete correc- 
tion of the meson data for change in atmospheric 





VARIATIONS 


structure. The period during which the rate of change of 
undisturbed neutron intensity was greatest, namely 
November—December, 1956, is consequently the most 
likely to provide an accurate value of (AH/AT) jong, as 
errors due to the seasonal changes in atmospheric 
structure are minimized. 

While the two periods November 1, 1956, to November 
9, 1956, and November 21, 1956, to November 30, 1956, 
were relatively free of short-term variations, the two 
mean neutron intensities differ by 4%. Figure 1 shows 
that this decrease was part of the long-term change in 
intensity. The difference in mean meson intensity was 
calculated, giving a value of 3.8 for (AH/AT) tong. The 
magnitude of the error introduced into this value by 
incomplete correction for change in atmospheric struc- 
ture is not known. A recent determination using data 
from high-latitude stations in the Northern hemisphere® 
yielded a figure of from 4 to 5. The authors quote the 
monthly mean intensities for their recorders, and as 
October, 1956, and May, 1957, were both practically 
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Fic. 3. (A) Monthly mean undisturbed neutron intensity at 
Hobart for the period August, 1956, to January, 1958. The standard 
errors are all less than 0.06%. (B), (C), and (D) show the values of 


(AH/AT) snort, (AH/AL)short, and (AH/AM )snort, respectively, for 
a number of short-term variations. 


6 Fenton, Fenton, and Rose, Can. J. Phys. 36, 824 (1958). 
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Fic. 4. The relation between the undisturbed neutron intensity 
at Hobart and Lae. Intensity is expressed as the percentage 
deviation from the mean of the four values. The standard errors of 
the Hobart and Lae intensities are 0.04% and 0.08%, respectively. 


“undisturbed” months, the method used in the present 
paper can be used to determine the relative neutron- 
meson response. The result is a value of 2.8 for Ottawa 
and 4.4 for Resolute. As the neutron variations at both 
stations are very similar to those at Hobart, it is sug- 
gested that the lack of agreement is due to inadequate 
correction of the meson data for meteorological effects. 

From the data available the relative neutron-meson 
response appears to have a value of about 4. That is, 
(AH/AT) tong> (AH/AT) short. Even the lowest value of 
the relative response, 2.8, is greater than the majority 
of the (AH/AT) short Values, and although the actual 
value of (AH/AT) jong is in doubt, there is little doubt 
that the above relationship is true. 


DISCUSSION 


Table III summarizes the experimental results. A 
number of conclusions can be drawn from these. 

(1) The high values of (AH/AT) jong and (AH/AL) jong 
indicate that the low-rigidity end of the primary spec- 
trum suffers the greatest change during the solar cycle. 
The result (AH/AL)jong=4 can be shown to indicate 
that the percentage change in the counting rate due to 
primaries in the rigidity range 2-14 Bv is approximately 
eight times greater than that due to primaries of rigidity 
>14 Bv. The decreased values of (AH/AT) short after 
November, 1956, when the long-term change of in- 
tensity became very pronounced [Figs. 3(A) and (B) ] 
can be explained, at least in part, in terms of this 
hardening of the primary spectrum. 
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Observations at aircraft’ and balloon® altitudes also 
show that the long-term spectral changes are greatest at 
low rigidities. 

(2) The fact that (AH/AL)jong>(AH/AL) short for 
superposed long- and short-term fluctuations suggests 
that the mechanisms responsible are not identical. For 
if the long-term decrease were due to a long-lived 
mechanism of the same type that produces short-term 
variations, the spectrum changes during the two types 
of event would be the same, and (AH/AL) jong would be 
equal to (AH/AL) snort. The fact that (AH/AT) ong 
> (AH/AT) snort also leads to the same conclusion. 

(3) Consider the result (AH/AM) .nore= (AH/AM) jong 
=1. The “knee” in the neutron intensity against lati- 
tude curve is in the vicinity of Hobart. Thus although 
Mawson is at a higher latitude than Hobart, the addi- 
tional primaries admitted by the change in geomagnetic 
cutoff are not detected by the sea level neutron monitor, 
and the same rigidity spectrum is observed by the two 
neutron monitors. Consequently, any change in rigidity 
spectrum would be expected to produce the same 
percentage change in neutron counting rate at both 
stations, as is observed. 

The preceding remarks apply only if the change in 
rigidity spectrum is the same for primary radiation 
reaching the earth from all directions in space. For if the 
change in spectrum were a function of asymptotic lati- 
tude, the counting-rate variations at the two monitors 
would be different, that is, (AH/AM)+#1. Thus the 
observed result indicates that neither the long- nor the 
short-term variations in the spectrum are strongly de- 
pendent upon asymptotic latitude. 

(4) Thevariability of (AH/AL) snoreand (AH/AT) short 
could be due to (a) the rigidity spectrum of the primary 
radiation prior to passage through the depressive mech- 
anism being different from event to event, or (b) the 
efficiency of the mechanism being a variable function of 
asymptotic latitude, or (c) the dependence of spectral 
changes on rigidity varying from event to event. These 
three possibilities will be considered in turn. 

(a) A variable rigidity spectrum would result in 
correlated changes in (AH/AL) shore and (AH/AT) hort. 
Consider the events occurring on June 23, August 4, and 
October 22, 1957. The values of (AH/AT) short for these 
events are quite different, being 1.8, 1.4 and 2.6, re- 
spectively. Yet for every recorder, the intensities prior 
to the three events were practically the same (for 
example, Fig. 1). Since any change in the rigidity 


7P. Meyer and J. A. Simpson, Phys. Rev. 99, 1517 (1955). 
8H. V. Neher and H. Anderson, Phys. Rev. 109, 608 (1958). 
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spectrum would alter the intensity recorded by at least 
one of the detectors, the spectra prior to these three 
events must have been identical. 

(b) Consider a mechanism situated outside the geo- 
magnetic field. Reference to published data* on the 
deflection of cosmic-ray particles in the earth’s magnetic 
field shows that the majority of the particles detected by 
the Lae and Hobart monitors come from asymptotic 
geographic latitudes within the ranges (20°N to 15°S) 
and (20°N to 20°S), respectively. These ranges are so 
similar that the efficiency of the mechanism would have 
to be very strongly dependent upon asymptotic latitude 
to produce the observed effect. This would result in 
(AH/AM) shore 1, contrary to observation. 

(c) The remaining alternative is that the manner in 
which the mechanism affects the spectrum varies from 
event to event. Thus for some events, the percentage 
change at the low-rigidity end of the spectrum would be 
much greater than that for the high-rigidity end, re- 
sulting in high values of (AH/AT) shoreand (AH/AL) short: 
For other events, the high and low ends of the spectrum 
would be affected to roughly the same extent, and 
(AH/AT) shore and (AH/AL) hore would have values 
close to one. 

Possibilities (a) and (b) are not consistent with all the 
observations. As none of the data discredit possibility 
(c), it is concluded that the dependence of percentage 
decrease of intensity upon rigidity varies from event to 
event. 

Any model proposed to explain short-term variations 
must predict the observed variations in (AH/AL) short 
and (AH/AT)short. Thus any geoelectric hypothesis! 
wherein a large decelerating voltage alters the primary 
spectrum prior to the entry of the radiation into the 
earth’s magnetic field may be excluded, for the change 
in spectrum is a definite function of the decelerating 
potential.! Thus fixing the potential so as to give the 
correct amplitude for the decrease at one recorder fixes 
the amplitude at any other recorder, and no variability 
such as reported here is possible. 
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Hyperon-Antihyperon Production in Nucleon-Antinucleon Collisions 
and the Relative - A Parity* 
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A discussion is given of hyperon-antihyperon production in nucleon-antinucleon collisions near threshold. 
The rate for the reaction and the polarization of the outgoing baryons are calculated in terms of three 
amplitudes characterizing the transition operators in the two cases of even and odd relative Z-A parity. In 
terms of these amplitudes, a correlation function which gives the angular correlations between the pion 
momenta from the subsequent decay of the hyperon and antihyperon, and the vectors involved in the 
production process, is given for each relative parity. The possibility of this class of experiments being useful 
in determining the relative 2°-A parity, as well as the relative charged Z-A parity, is discussed. 


I. INTRODUCTION 


XPERIMENTS with high-energy antinucleons 
may well become possible in the not too distant 
future, in particular, at the Bevatron or at the alter- 
nating gradient synchrotron under construction at 
Brookhaven. Experiments with antinucleons of energies 
of ~1 Bev will give us information on whether the very 
large annihilation cross section at the low and moderate 
energies persists'; and will investigate the pion pro- 
duction processes initiated by antinucleons.? Another 
very interesting class of reactions are those in which 
hyperon-antihyperon states are produced. Examples of 
such reactions are 


ptn—=z-+A 
it+p—z=t++A or 
p+p— A+A, (1c) 
ptpoV4+K or W+A. (1d) 


The threshold for reaction (1d), for example, is at 
about 950 Mev. The observation of the decay charac- 
teristics of such antihyperons, or of their annihilation 
into K mesons and pions will be most interesting. In 
this note we would like to remark that the 2-A (or 3-A) 
states produced near threshold may be useful in the 
determination of the relative 2-A parity. The great 
advantage of these states lies, of course, in the fact 
that they may contain, for example, only a = and a A 
and these particles, via their subsequent decays serve 
as natural analyzers of polarization patterns. At present, 
the experiment discussed by Pais and Treiman,’ in 
which the capture reactions for 2~ on protons leading 
to A-neutron states is studied, seems to be the closest 
experimental contact we have with the relative 2-A 
parity. It is certainly to be hoped that this experiment 
will soon give some indication of possible success, which 


or S++A, 
S-+A, 


(1a) 
(1b) 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

} A National Science Foundation Postdoctoral Fellow. 
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hagen, ywoes- 
1 Emilio Segré, Revs. Modern Phys. 30, Sa (1958). 
2 Saul Bars. y, Phys. Rev. 109, 554 (1958). 
3 A, Pais and S. Treiman, Phys. Rev. 109, 1759 (1958). 


will mean that obstacles to such success (the most 
important being the need for polarized incident 2~ and 
for some information on the relative importance of 
initial S and P waves in the reaction) can be overcome. 
The reactions to be discussed here also have their 
obstacles to usefulness, but in the light of the great 
importance of this relative parity to several recent 
attempts‘ at a qualitative theoretical understanding 
of the experiments involving the strong interactions of 
K mesons and hyperons, it may be well to discuss their 
potential usefulness, as well as these obstacles. 


II. FORMULAS 


Consider, for example, reaction (1a) say within ~25 
Mev of threshold. If we may reasonably assume that 
the final particles are predominantly in an S state, the 
complex of incident states from which the reaction can 
proceed is considerably reduced.§ For both even and odd 


TABLE I. Initial and final state configurations for hyperon- 
antihyperon production in nucleon-antinucleon collisions near 
threshold. (The amplitude c contains a statistical factor of 1/5.) 
The amplitudes are assumed to be essentially constant over a 
small range of beam energies away from the threshold. The 
operator, 7, is to be taken between final spin state on the right 
and initial ™ state on the left. 


Initial state Final state Amplitude 





Even relative parity 
1S 
3S, 
3S, 

Odd relative parity 
Ay 
3S; 
1$5 


4 Saul Seno, Phys. Rev. Letters 1, 97 (1958). In the second 
paragraph of this note, the symbols ap and a; should be inter- 
changed. 

5 Feza Giirsey, Phys. Rev. Letters 1, 98 (1958). 

6 A. Pais, Phys. Rev. 112, 624 (1958). 

§ The relevant parameter here ig the momentum in the final 
state times the dimension of the volume within which the strange 
particles are produced; this dimension may be of the order of the 
K meson Compton wavelength. Of course, the angular distribution 
in the final state may provide a check of the assumption of S 
state production. 
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relative Z-A parity we deal with a transition operator 
characterized by three amplitudes, these being given 
in Table I for the two cases. The transition operators 
may then be written as follows: 

If relative 2-A parity is even, 


T=aX,+ (b'—40)Xi+coy-n o2-nX, 


= aX ,+6X;+co,-n o2-nX;, (2a) 


If relative 2-A parity is odd, 
T= (3/2)!AS-n+v3 BS’ -nX,+CS’-nX,, 


(2b) 
where 
X,=}(1—;-@), 
X,=3(3+0;-02), 
S=}(oi+0), 
S’=4(e,—<¢:), 


n=a unit vector defined by the beam direction in the 
incident state, 


and where we denote the spin operator for the A by oi, 
and that for the 2 by a». 

We may now compute for case (2a) and case (2b) 
the square of the matrix element, respectively, summed 
and averaged over final and initial spins, which we call 
R, as well as the polarization of the outgoing particles, 
in terms of the three amplitudes which define the 
transition operators. Since we have considered only 
outgoing S waves, the final particles will, of course, be 
polarized only if the incident antinucleon is polarized. 
We find 


R=}{|a|?+3|b|?+3|c|?+2 Re b*c}, 


RPx= 4P[|b|?+Re a*(b+<c) ] 
+2nP-n Re c*(b—a), 


(3a) 


RP:= the same as RPX with a— —a; 
R’=}3{3] A |?+3|Bl?+|C|?}, 
R'P’;= —P(3/8)! Re A*(V3B+C) 
+nP-n}{3| A |?+3 Re [V2A B* 
+ (2/3)4AC*+ (4/3)4BC*]}, 
R’P’s=the same as RP’; with B— —B, 


where P is the polarization of the incident antinucleon, 
and the primed quantities refer to odd relative D-A 
parity. 

A further very interesting function is that which 
describes the correlation between the directions involved 
in the production process and the pion momenta from 
the subsequent decay of the A and 2. The A and 2 
decays proceed through the transition operators 
(x+yoi-p:) and (x’+y’o2: pe), respectively, where p; 
and pz are the decay pton momenta measured in the 
rest system of the decaying particle. The asymmetry 
parameters for the A and 2 decays are then 


ai= 2 Re x*y/(|x|?+|y|”) 
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and 
a= 2 Re x’*y'/(|x’|?+|y'|?), 
respectively. The correlation functions F, in terms of 
the amplitudes describing the production process, are 
then given by 
RF = (RF) 0+ (RF), (4a) 


where 


(RF) o= R+ farae{ pr: p2(— |a|?+ |b)? 
—2 Re b*c+|c|?)+pi-mp2-n8 Re d*c}, 
(RF) p=ayPi- pit-a2Ps: po— faia2 
X[P-piX pe Im ab*+ po-np,-nXP 
X Im c*(a+2b)+ pi-np2-nX P Im c*(2b—a) 
+P-nn- p.X Pi Im c*a]. 
R'F'= (R'F’)o+ (R’F’)p, (4b) 
where 
(R'F’)o= R'+ faanf pr: p2(—3| B)?+ |C|?) 
+pi-np2-n(3| 4 |?—2/C|?)}, 
(R’F’) p=ayP’i- pita2P’s: p2— farae 
XL(3, V2) (— pi-np.-nX P+ Po: np -nX P) 
X Im A B*+ (3/2)3(pi-npe-nX P 
+ po-npi:nX P) Im AC* 
+v3P-nn- piX p2 Im B*C). 


III. DISCUSSION 


We see that the correlation functions, even for un- 
polarized incident antinucleons, show quite interesting 
effects. In particular, there can be a correlation of 
each decay pion with the beam direction. This corre- 
lation would, of course, go over to one of the form 
P1° P2 if one averages over n by considering all hyperon- 
antihyperon states with fixed angles between decay 
and production planes, irrespective of the center of 
mass production angle.|| If the incident antinucleon is 
polarized (normal to its motion), further correlation 
effects are described by the functions (RF)p and 
(R’F’)p. Present antiproton beams produced in high- 
energy nucleon-nucleus collisions at small angles to 
the incident projectile may have little polarization. 
It is clear from Eqs. (4a) and (4b) that the three- 
amplitude transition operators (2a) and (2b) lead to 
three- and two-parameter correlation functions (FR)o, 
(F’R’)o, for even and odd relative 2-A parity, respec- 
tively. In each case, the coefficients of pi-p2, and 
Pi'Np2-n in the correlation function comprise two ex- 


|| Note added in proof.—The correlation function is of the form 
1+aaa2pi:p2t+daia2pi:np2-n. If the triplet final state predomi- 
nates, then for odd relative parity, a<0, b>0; for even relative 
parity, if b<0 then a>0 and if b>0 then a can be either greater 
or less than zero. If the singlet final state predominates, then for 
odd relative parity, a>0, 6<0; for even relative parity, a<0, 
b=0. For any observation there are at least two choices, therefore 
the analysis is not definitive in that it hinges on the admixture of 
triplet and singlet final states. If the final states were predomi- 
nantly singlet, we would have a distinction; if predominantly 
triplet, we would have a distinction only if )<0. The analysis can 
be extended by doing the experiment with polarized antiprotons. 
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perimental quantities. If the incident antinucleon is 
polarized, one has several more experimental coeffi- 
cients in the correlation function and one also has the 
possibility of analyzing the hyperon polarizations from 
the up-down asymmetry in one of their decays (if the 
asymmetry parameter is known) and of relating this 
to the two real amplitudes and the two phases in the 
transition operators of Eqs. (2a) and (2b) (one over-all 
real amplitude is determined by R). 

Evidently a major obstacle to the analysis of events 
of this kind is the limitation on the cross section 
imposed by being near threshold. Also the maximum 
cross section from the incident S wave is of the order 
of a millibarn. Of course, some of the incident P and 
D waves can contribute so that it may not be unreason- 
able to expect cross sections of the order of those that 
we have come to associate with strange particle pro- 
duction in the r~- experiments, even if the annihilation 
probability is still high. A further limitation on the 
usefulness of reaction (1a) is imposed by the fact that 
the neutron will be in the deuteron, so that if the 
incident beam is at an energy such that one is within 
~25 Mev of threshold from a free nucleon, the deuteron 
momentum spread may be capable of pushing this up 
by a few tens of Mev. In principle, similar charged 
>-A final states can be obtained by striking protons with 
antineutrons cut off sharply at the high-energy end. 
It may, in fact, be best to utilize the p-p reaction (1d). 
The rapid decay, =°— A+v7, precludes the possibility 
of obtaining >° beams to perform the Pais-Treiman 
experiment.’ Fulton and Feldman’ have suggested a 
simultaneous measurement of the A and photon polar- 
izations in the decay of polarized 2° as a measure of the 


7T. Fulton and G. Feldman (to be published). 
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relative 2-A parity. An analysis of the correlation 
functions for reaction (1d) would be of particular 
interest, especially since it is important to have a deter- 
mination of the relative 2°-A parity independent of the 
relative charged 2-A parity. For this case, the formulas 
of Sec. II must be modified owing to the action of the 
transition operator for 2° decay to A+y. For odd 
relative 2-A parity this operator has the form @2-u, 
with u=e, and for even relative 2-A parity it has the 
form o2-u, with u= kXe, where e is the photon polari- 
zation and k is a unit vector in the direction of the 
photon momentum, in the 2° rest system. The pre- 
scription is to replace p2 in the correlation functions by 
p’2= 2p2:uu— po. After averaging over photon polari- 
zations, one makes the following substitutions in Eqs. 
(4a) and (4b): pi: pp —> — pi: kpo-k; po-n—> — po-kn-k. 
Finally, if one averages over the photon direction, the 
substitutions in Eqs. (4a) and (4b), pi: p2—> —4pi- pe 
and p2:n— —4}p2'n, represent an over-all reduction in 
the correlation coefficients. 

In conclusion, we remark that these formulas could 
be applied to final Z-A states produced near threshold 
when =~ particles of ~110 Mev are incident on protons 
(or deuterons) (if the Z~ spin is 3). Of course, to obtain 
definite information on the relative 2-A parity one 
must have the cascade particle-nucleon relative parity. 
This question has recently been studied by Treiman.* 
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Pion Spectrum in Radiative K,+ Decay* 


J. D. Goop 
The Enrico Fermi Institute for Nuclear Studies, The University of Chicago, Chicago, Illinois 
(Received September 2, 1958) 


The x* energy spectrum is calculated for the process Kt—x++7°+-y, taking into account the processes of 
internal bremsstrahlung and of direct dipole emission, both Z1 and M1 transitions being permitted with 
parity nonconservation for weak decays. For the r+ energy range 55-75 Mev, which has been examined in 
some recent investigations, the internal bremsstrahlung process alone leads to an expectation of 1.0 
anomalous K,* decay in the 8653 K* decays examined, quite compatible with the observation of two anoma- 
lous K,* decays in these data. For reasonable values of the dimensionless parameters A (u/M)‘ and B(u/M)4 
which specify the dipole transition strengths, (that is, with A=B=1 and M equal to the K-particle mass), 
it appears that their main contribution will arise from the interference of the £1 direct transition with the 
internal bremsstrahlung term, increasing or decreasing the above estimate by about 20%. 


1. INTRODUCTION 


HE well-established K,*+ decay modes are the 6+ 
mode (r++ 7°) and the 7’ mode (r++72°+7°) 
which account for 25.6(+1.7)% and 1.70(+0.32)%, 
respectively, of K+ decay events.! The 7’ mode gives a 
spectrum of + energies up to 53.3 Mev, while the xt 
mesons from the 6* decay have the unique energy 
107.7 Mev.' Recently two anomalous K+ decay events 
giving secondaries of energy intermediate between 
these limits have been reported. In an investigation 
of the secondaries of 5000 K+ decays, Harris et al.* have 
found one K,* decay giving a * secondary of energy 
60.0(+1.0) Mev. Also Prowse and Evans,’ in a scan 
of 353 K+ decays, found one event with a r* secondary 
of energy 61.7(+1.5) Mev. In addition a systematic 
investigation of 3300 K+ decays has been made by 
O’Ceallaigh,t who has not observed any anomalous 
decays. These investigations did not include at 
secondaries of energy greater than about 75 Mev, 
since these pions could not be distinguished near the 
decay origin from the usual 107.7-Mev secondary of 
the 6+ decay nor from the high-energy muons in the 
K,2* and K,3* decays. To distinguish these, consider- 
able track length would have to be followed on more 
than 75% of all K* decays. 
Harris ef al.* have suggested that these events may 
represent examples of a new decay mode,° a direct 
radiative K* decay 


Kt-rt+a+7, 


+ 


(1.1) 


since this direct mode will give + energies predomin- 
antly in the range 30 to 70 Mev. The fact that the two 
observed x* energies agree within experimental error 


* Research supported in part by the Program of the U. S. 
Atomic Energy Commission at the University of Chicago. 

1M. Gell-Mann and A. H. Rosenfeld, Ann. Rev. Nuclear Sci. 
7 (1957). 

? Harris, Lee, Orear, and Taylor, Phys. Rev. 108, 1561 (1957). 

3—. J. Prowse and D. Evans, Bull. Am. Phys. Soc. Ser. II, 3, 
163 (1958). 

*C. O’Ceallaigh, Proceedings of the Seventh Annual Rochester 
Conference on High-Energy Nuclear Physics, 1957 (Interscience 
Publishers, Inc., New York, 1957), Sec. 8, p. 23. 

®R. H. Dalitz, Phys. Rev. 99, 915 (1955). 


has been noted by Prowse and Evans who remark that 
a two-body K+ decay, Kt—-r++Xo, would give at 
mesons of this energy for an Xo particle of mass 500 
m,.° Events of the type (1.1) could also arise from the 
process of internal bremsstrahlung associated with 6+ 
decay. Our purpose here is to show that at present the 
observed events can be satisfactorily interpreted in 
terms of the internal bremsstrahlung process, although 
an additional direct radiative decay is by no means 
excluded. 


2. DISCUSSION OF THE Kt~—x*+7'+y7 PROCESS 


The radiative K+ decay (1.1) can occur through two 
physically distinct mechanisms.’ The first of these is 
the internal bremsstrahlung process in which the 
photon is emitted from the outgoing charged pion. 
The matrix element for this process is 


(2.1) 


In this expression P,p,k denote the four-vector momenta 
of the initial K+ meson, the z+ meson, and the photon, 
respectively, and ¢ denotes the polarization vector of 
the photon. G is the dimensionless coupling parameter 
{assumed momentum-independent) responsible for 
K+—+rt++7° decay [defined precisely by expression 
(3.3) later], while M is some mass characteristic of 
the volume of interaction (with linear dimensions 
R=h/Mc) of the Kt->nt++7° decay. 

Secondly it is possible, if the K*->r+t+7° decay 
proceeds through virtual intermediate states, that the 
photon may be emitted from one of the intermediate 
charged particles. These processes, which we will refer 
to as direct emission processes, may be viewed as 
radiative transitions from an initial K* state to a final 
(x++7°) state. Taking into account parity non- 


6 The phase space available for this process is 70% that for the 
6* mode so the matrix element would have to be quite small to 
account for only two events in 8653 being observed. 

7 These mechanisms have been discussed for the case of radiative 
7+ decay by Dalitz (see reference 4). 
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conservation for these weak decay processes, the 
simplest radiative transitions are £1 and M1 transitions 
to a final two-pion state of p-wave relative motion. Of 
these the F1 transition is coherent with the internal 
bremsstrahlung process whereas, in the total decay 
rate, the M1 transition amplitude does not interfere 
with either of the other two amplitudes. In general the 
direct radiative processes would be expected to be 
small relative to the internal bremsstrahlung since the 
former depend on the finiteness of the extent of the 
spatial region over which the virtual processes leading to 
K* decay extend, whereas contributions to the internal 
bremsstrahlung process for a photon k come from 
regions with linear dimensions of order 1/k. However, 
for the 6+ decay mode, there is a special situation since 
the @* decay mode is weak relative to the @) decay 
modes, its partial lifetime being longer by a factor of 
about 500. This may be accounted for by the operation 
of a AT=}3 selection rule, as suggested by Gell-Mann’ 
for the decay processes of K mesons and hyperons. If 
this selection rule were rigorously valid, the 6+ decay 
could not occur. With zero spin for the K*+ meson, the 
two pions are emitted with S wave relative motion and 
can have only isotopic spin 7=2 (7=0 being excluded 
since 7;=1 for the two pions of total charge +e, and 
T=1 is not allowed by the symmetry requirements for 
the wave function of two bosons with total angular 
momentum zero). In this case the internal bremsstrah- 
lung process would also be forbidden, but the direct F1 
and M1 radiative processes would still be permitted 
since the electromagnetic interaction allows the transi- 
from an initial T=} K+ meson to a final (x++7°) 
p-wave state of isotopic spin T=1. In the actual 
situation where the 6* decay is strongly suppressed, 
it is possible that the direct emission process might 
well be relatively prominent. 

The matrix elements which represent the direct 
emission processes must each be gauge invariant and 
can therefore be expressed in terms of the field strength 
F,, associated with the photon. The direct emission 
process which interferes with the internal bremsstrah- 
lung (2.1) has an amplitude of the form 


M,=AgeM“p"q°F ,,, (2.2) 
where g denotes the four-vector momentum of the 7° 
meson and F,,=k,e,— k,€,. Expression (2.2) is the only 
nonzero, gauge-invariant, scalar expression which is 
linear in F,,. g pertains to the 0) decay [see precise 
explanation following (3.4) ]. In general A could be a 
function of the quantities k-p and k-q; here A will be 
assumed to depend only slowly on these quantities and 
to remain finite for k:-p=k-q=0. This corresponds to 
the assumptions that the source of the electromagnetic 
radiation has a dimension R small relative to the out- 


8 M. Gell-Mann, Proceedings of the Sixth Annual Rochester Con- 
ference on High-Energy Physics (Interscience Publishers, Inc., New 
York, 1956), Sec. 8, p. 23. 
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going wavelengths. The factor M~* has been introduced 
in the amplitude (2.2) for dimensional reasons, to 
make the quantity A a pure number. For later calcula- 
tion, it is convenient to express these matrix elements 
in the (r++7°) c.m. system; in this system (2.2) 
reduces to 


M,=AgeM~(po+-<q0)(p-E), (2.3) 


where E=ke is the electric vector so that the transition 
is clearly an electric dipole transition to a p state of the 
at+- system. 

The M1 direct emission amplitude has opposite 
parity and takes the form 


M,,= BgeM*p"q" €yrapl*?. (2.4) 


In the c.m. system of the two pions, this reduces to 
M,,= BgeM~(po+qo)(p-H), (2.5) 


where H=kXe is the magnetic vector of the photon. 
Again the number B is dimensionless and is assumed 
constant. 


3. CALCULATION OF THE Kt—2x*+7'+y¥ 
BRANCHING RATIO 


The probability per unit time for Kt-rt+7°+y 
decay is now given in terms of the amplitudes (2.1), 
(2.2), and (2.4) by the expression® 


P f( ~) dp dg d®k 
T J \2m/ (2m)82po (2m)82qo (2m)*2ko 


X (2m)'54(p+gtk—P){X|M.t+Mn+Mo|?}, (3.1) 


where >> denotes the sum over the photon polarization 
states. In this sum the interference terms between M,, 
and the other two matrix elements vanishes. The curly 
bracket then reduces to 


Bete? M—*[ (p-k)qg— (q-k) p P 


+ {[AgeM~][(p-k)q— (q-k)p] 


P 2 
nat )}. (3.2) 
Pk pk 


This expression has a covariant form and since it is the 
differential decay probability (in the K+ rest system) 
as a function of the w+ energy (also in the K* rest 
system) that is desired, it proves convenient to evaluate 
the rest of the integral (3.1) in the (#°+-y) c.m. system. 

The coupling parameter G for the Kt-—t+7° 
process is given in terms of the experimental partial 
lifetime 7(@*) by 


+41Ge( 


® Rationalized natural units are used such that A=c=1 and 
e/49 = 1/137. 
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1 f ( ) dp dy 
76+) J \2m/ (2n)*2po (2m)*2qo 


X (29)'6'(p+-q—P)|MG|? 





G 
=—{[1+ (u/m)*— (uo/m)*}? 
16 
M 
—4u/my(—)at, 63) 
m 


where u,uo,m denote the r*,x°,K*+ masses, respectively. 
When the mass difference between the charged and 
neutral pions is neglected, this partial lifetime reduces 
to 


(3.4) 


CG M 
—(1—448/m8))(— ) 
167 m 


This last expression holds also for the @-rt+7 
partial lifetime if G is replaced by g, the coupling 
parameter appropriate to 6° decay. However, the life- 
time which is observed is that of the 6,° particle and 
this is obtained from (3.4) by replacing G by gv2; 
hence, finally, 


(5) (tt +7") 
-}= ~~ = 225. 
G 2(0;°9t +27) 


where the values! 7(@+t—rt+-7°)=4.78& 10-8 sec and 
7(6,—9t++2-)=1.1K10—" sec have been used. 

The * energy spectra arising from the above transi- 
tions which lead to K*t—>rt+7°++y decay may be 
expressed in the K+ rest system as a branching ratio 
relative to the total K* decay rate (g and G have been 
assumed momentum-independent) : 


(3.5) 


dB/dw=a(0*)o(w)[T,(w)+(g/G)A (u/M) Tint (w) 
+ (g/G)*A?(u/M)*T ei (w) 


+ (g/G)*B?(u/M)*Ian(w)], (3.6) 


where the phase space factor ¢(w), the internal brems- 
strahlung term /,, the electric dipole term Jz, the 
magnetic dipole term /;, and the interference term 
Tine between the electric dipole and the internal brems- 
strahlung are given by 


o=4(e?/4ar) pko( 2m)! (1—4y2/m?)-4 (uw), 


2Tw m 
n=—|- in") 1], 
kelp w—p 


Imn=Im= am’ Pheu, 


1 m—w+p 
Tint = 2\*m? —|n n————— 


2pm m—w—p 


GOOD 


TABLE I. The expressions ¢/b, ¢/z1, and @/int are given as 
functions of w, the * energy. These expressions, apart from 
constant factors, are the internal bremsstrahlung, electric dipole, 
and bremsstrahlung-electric dipole interference contributions to 
the branching ratio (3.6) of radiative to total K,*+ decay. Units 
are chosen such that «(140 Mev) equals one. 








(w-140) 


Mev w/p 10°¢J> 10°¢/ m1 10%J int 


0 1.0 0 0 
10 1.071 0.067 0.56 
20 1.143 0.276 1.56 
30 1.214 0.520 2.73 
40 1.286 0.923 3.95 
50 1.357 1.49 As | 
60 1.429 2.36 6.08 
70 1.500 3.71 6.70 
80 1.571 6.02 6.67 
90 1.643 11.2 5.80 

100 1.714 30.1 } 3.52 
1.771 0 











with 

ko=4(m/d) (1—2w/m) 
and 

W=14+ (u/m)?—2(w/m), 


where w and p are the r+ energy and momentum in the 
K+ rest system. a(@*) is the proportion of K+ decays 
which proceed via the 6+ mode [the presently accepted 
value! is a(@+) =0.256+0.017 }. Also note that ko is the 
photon energy in the (r++-y) c.m. system. The expres- 
sions (@/,), (@/ 1), and $/ int) are tabulated as functions 
of w in Table I; in this tabulation the unit of energy 
has been taken to be the w* rest energy. 

In the 8653 K* decays examined so far, the expected 
number of radiative decay events due to internal 
bremsstrahlung would be 1.0. With A~B~1; (g/G) 
=15, and M=™m, this expectation would be corrected 
to 1.0+0.2 event, since the interference may be either 
constructive or destructive depending on the sign of A. 
A value of M as small as yu is excluded, since the dipole 
terms would then dominate the internal bremsstrahlung 
over almost the entire spectrum and would lead to a 
very large expectation (~10%) for the proportion of 
K+ decays proceeding through the radiative mode 
(1.1). With M=2.17y, the direct dipole processes with 
A=B=1 each contribute about the same as the internal 
bremsstrahlung in the energy range 55-75 Mev, the 
interference term being about 50% larger—with de- 
structive interference, the dipole emission terms only 
add about 50% to the rate expected for internal 
bremsstrahlung alone, whereas constructive interference 
would mean an increase in the radiative decay by a 
factor about 4.5. The minimum number of radiative 
events possible in this energy range, according to the 
expression (3.7), is 0.5 for 8653 K* decay events; this 
corresponds to M= 2.40 and destructive interference.'° 
If the direct emission processes are due mainly to 
virtual baryon-antibaryon pairs, M might be expected 

The minimum number is obtained with B=0. A is taken 


to have the value unity, only the combination A(u/M)‘ is 
significant. 
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to be of the order of a nucleon mass, in which case the 
direct emission processes are unlikely to contribute 
appreciably to the radiative K,* process. 

The contribution of the internal bremsstrahlung to 
the range 55-75 Mev is 1.2 10~ per K+ decay, which 
leads to a prediction of 1.0 anomaicus K+ event in the 
8653 decays examined to date. With only two anoma- 
lous events observed in this energy range, it is clear 
that there is no necessity to invoke the direct emission 
processes to account for these events. The rate of 
anomalous K,+ events with pions in the range 75-100 
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Mev is 5.6X10~ per K+ decay for the internal brems- 
strahlung process alone, which predicts 4.8 such events 
should have been included in the 8653 examined so far. 
It would be of interest to check directly the internal- 
bremsstrahlung interpretation of these anomalous 
events by such observations 
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=~ Capture Reactions in Hydrogen* 


S. B. TREmant 
Brookhaven National Laboratory, Upton, New York 
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In the capture reaction 2~-++p — A+A, the asymmetries in the A decays constitute an excellent analyzer 
for determining the polarization pattern of the A’s and hence the nature of the final orbital states involved. 
Such information, together with evidence concerning alternate capture channels =~+) — =°+n, 2-+p— 
A+A+y7, may permit a determination of the parity of = relative to that of the nucleon. 


A 


HE time will no doubt come when machine- 

produced cascade particles are sufficiently nu- 
merous to permit quantitative experiments. Among 
these, capture of Z~ in hydrogen should prove especially 
fruitful. We consider in particular the reaction 


E-+p— A+A, (1) 


assuming the capture takes place from a low-lying 
atomic orbit. One has here an unusual opportunity to 
extract detailed information concerning an elementary 
process. The reasons are the following: (1) The Pauli 
principle introduces a simplification by reducing the 
variety of possible final states. (2) The polarization 
pattern of the final A particles can be detected experi- 
mentally by using A decay as a polarization analyzer. 
If circumstances are favorable it should be possible to 
determine unambiguously the parity of the cascade 
particle (defined relative to that of the nucleon). 

We shall suppose that the capture reactions occur 
with appreciable probability only from atomic S and 
2P states; or, in the case of capture in flight of slow Z~ 
particles, from initial S states. The possible transitions 
depend on, the cascade parity and are further limited by 
the Pauli principle. They are indicated in spectroscopic 
notation in Table I.! It is important to notice, and we 

* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

{ Permanent address: Palmer Physical Laboratory, Princeton 
University, Princeton, New Jersey. 

1 We assume that = has spin one-half. 


shall return to this later, that the reaction (1) is for- 
bidden for certain initial states.? Other processes, 
however, may always occur—whatever the initial state; 
namely : 


me +p > E-+n, 
if energy conservation permits ; 
E+p— A+At+y7; 


” 


and “free” =~ decay, 
=-+(p) ~A+a-+ (p). (4) 
The last process would not be easily distinguishable 
from decay in flight of slow Z~ particles. The relative 


TABLE I. Summary of Z~+  — A+A transitions. 


Even = parity Odd & parity 


Initial state Final state Initial state Final state 
1S 


1$o 1S 3Py 
3S) forbidden 5S) 5P, 
ap, 3P, 3f, aP, 1D» 
5P, 3P; P, forbidden 
3Po 3Py 5Po 1S 
IP, 3P, IP, forbidden 


2It is worth noting here, however, that two-body cascade- 
nucleon hyperfragments might be stable against decay via strong 
reactions, not only for isotopic spin unity, a well-known possi- 
bility, but also for 7=0—in the latter case if the state is 85). 
Decay via A+A would then be forbidden. De-excitation would of 
course occur rapidly via A+-A+-7; but, as in the case of the 2° 
particle, the fragment might live long enough to have a reasonably 
well-defined mass. 
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rates for the other three processes, however, should be 
experimentally measurable. 


B 


Let us concentrate first on reaction (1); and let us 
suppose that production of final *F, and 1D, states can 
be ignored, as does not seem unreasonable in view of the 
very small energy release involved (~25 Mev). We 
deal then with only a limited number of final states: 
'So, *Po, *P1, *P2, in the case of even cascade parity, 
1S, *Po, *P1, in the case of odd parity. It would clearly 
be of considerable interest to obtain direct experimental 
information on the relative frequencies of the various 
final states. 

Here we can make use of the fact that each of the 
final states in question is characterized by a distinct 
pattern of polarization of the A particles. This pattern 
is reflected in the subsequent A-decay asymmetries. 
When a A particle of polarization @ decays into proton 
and negative pion, the distribution in angle of the pion 
is given by 

P(e@)dQ= (1+ae- p)dQ, 
where p is a unit vector along the line of flight of the 
pion in the rest system and a is the asymmetry param- 
eter. The precise magnitude of a is not yet known, but 
we know that it is very large*®: |a| 20.7. For a system 
of two A particles with polarizations o; and o2, the 


joint distribution in angles of the two decay pions is 
given, in an obvious notation, by 


P(01,02)dQ\dQ.= (1+ae; ° Pi) (1+a02- P2)dQydQz2. (5) 


If the two-A-particle system is characterized by a 
spin-space density matrix p(01,@2), the joint distribution 
function in pion angles becomes 


P=Tr [pP(o;,02) |/Tr p. (6) 


The density matrices p are readily obtained for the 
various final states with which we are concerned. One 
finds 


(180, WDe) (7) 
(®Po) (8) 
(®P;) (9) 
(10) 


where k is a unit vector along the line joining the two 
A particles and where an average over total magnetic 
quantum number has been taken. 


p= 1— 0-02, 
p= 1+.;-0.—20,-ko.-k, 
o= 1+o,-ko,-k, 


p= 1+ 20;-0.— to, :ko,-k, (#P2) 


3 The asymmetry parameter has been measured for A — p+7~ 
decay by several groups: F. S. Crawford et al., Phys. Rev. 108, 
1102 (1957); F. Eisler et al., Phys. Rev. 108, 1353 (1957); E. Boldt 
et al., Bull. Am. Phys. Soc. Ser. II, 3, 163 (1958). 
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For the distribution function of decay pion angles, we 
then have 


(4S, \De) 
(*Po) 


(11) 
(12) 


P=1—0a°pi: ps, 

P=1+0a7(pi- ps—2p.-kpe-k), 
P=1+0’pi-kp2-k, (*P1) (13) 
P=1+0?(2pi:p2— }pi-kp2-k). (®P2) (14) 


Let us also note that P, the average of P over all direc- 
tions k, is given by 
P=1—a'p.-po, (40, Ds), (15) 
P=1+}a'p;-po, (*Po,1,2). (16) 
Experimentally, the distribution function P would 
be characterized by two parameters, A and B, according 


to 
P=1+a"(A pi: p+ Bp, kp2-k). (17) 


(i) Even Cascade Parity 
Let f('So), f@Po), f@P2), and f(@P:+'P:) be the 


fraction of events which occur from the respective 
initial states indicated ; so that 


fCSo)+f(@Po)+f(?P2)+fCPi+'P)) = 1. 


Then, neglecting the possibility of production of *F2 
final states, we have 


A= f(*Po)+8f(*Ps)— f('So), 
B= f@P:4+'P,)— 1f(8P.)— 2f(®Po). 


(18) 


(19) 
(19’) 


(ii) Odd Cascade Parity 


Let g(4So), g(4S1), and g(*Po) be the fraction of events 
which occur from the respective initial states indicated. 
Neglecting the possibility that final '‘D, states are 
produced, we have 


g('So) +gC@5i)+g¢(CPo)=1; (20) 


and 


(21) 
(21’) 


A=g('So)—g(*Po), 
B= g(8S1) — 2g(!So). 


It is clear that in the case of odd =~ parity the coef- 
ficients A and B are enough to determine completely 
the relative contributions to reaction (1) from the 
various initial states assumed relevant. For even =~ 
parity we obtain two relations connecting three relative 
weights. Of course, if we deal with reactions of slow 2- 
in flight, where only initial S states need be considered, 
the determination of the cascade parity would be 
unambiguous. For capture from Bohr orbits, we require 
additional information in order to determine the parity. 


Cc 


Let us then turn to the reactions (2)—(4) to see how 
they bear on our question. They compete with reaction 
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(1); and where initial atomic P states are concerned, 
all compete with the 2P — 1S radiative transition. The 
latter goes with a rate of order 10” sec~!. We now argue 
that reactions (3) and (4) cannot be significant for 
initial P states; the 2P—> 1S rate certainly is much 
larger than the rate for (4),‘ and very likely also for (3). 
From initial S states, (3) and (4) are expected to be 
significant only when channel (1) is forbidden and 
channel (2) is either energetically forbidden or strongly 
suppressed. As one sees from Table I, these conditions 
could be met only in the case of even cascade parity, 
for then the *S, initial state can deplete only through 
channels (3) and (4). The observation of an appreciable 
probability for reaction (3), according to this argument, 
would in itself be strong evidence that the cascade 
parity is even. Corroborative evidence in such a circum- 
stance would be provided by studying the correlation 
function P discussed above for reaction (1). For now 
we would expect that (1) proceeds mainly through 
initial 4S states and hence P~1—a?p,: po. 

As for the relative importance of reactions (1) and 
(2), we can say nothing beyond what is implied by the 
selection rules of Table I. One doesn’t even known if 
(2) is energetically allowed. Moreover, for initial 2P 
states we cannot reliably estimate the importance of 
either process relative to 2P — 1S radiative transitions. 
Nevertheless, one pertinent observation can be made. 
This concerns the case of odd cascade parity. Here, 
assuming that production of final D states in reaction 

‘One believes that the Z lifetime is of order 10~ or greater; 
see a summary talk by I. Alvarez, Proceedings of Seventh Annual 


Rochester Conference on High-Energy Nuclear Physics (Interscience 
Publishers, Inc., New York, 1957), p. VI-1. 
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(1) is negligible, we see that among all initial P states 
only the *Po state can react according to (1). If the P 
states are populated statistically this represents a 
maximum probability of one-twelfth for reaction (1) to 
occur from a P state. The remaining P states either 
react according to (2) or undergo radiative transitions 
to the 1S states. We can therefore conclude the fol- 
lowing: If it is found experimentally that reaction (2) 
does not occur with appreciable probability, then either 
the cascade parity is even; or, if odd, the capture 
reactions (1) occur predominantly from S states. But 
for the latter case one has stringent restrictions on the 
correlation function of the A-decay pions. In particular, 
Eq. (16) must hold in good approximation. In this way 
one could distinguish between the two possibilities. 

Finally, suppose reaction (2) occurs with large prob- 
ability. If the energy release is nevertheless small, less 
than a few Mev, one would argue on the basis of 
centrifugal barrier effects that this implies a pre- 
ponderance of captures from the S states—for reaction 
(2) and therefore also for reaction (1). In this case the 
parity of Z~ can again be determined by studying the 
correlation function P. 

It is clear then that for many circumstances the 
parity of Z~ could be rather cleanly established. Only if 
reaction (2) is prominent and proceeds with a large 
energy release would the situation become highly 
ambiguous. 
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A unique equivalence is established between the Riemann curvature tensor and two spinors. The fourteen 
invariants which can be constructed from the curvature tensor are listed in terms of the spinors. The van- 
ishing of the invariants for several different types of spaces is described. A classification of Einstein spaces 
is made together with a few additional remarks concerning classification of spaces. 


I. INTRODUCTION 


HE general theory of relativity deals with the 
metric tensor, gp, and its first and second deriva- 
tives with respect to space-time. It has long been 
known! that fourteen independent differential invari- 
ants can be constructed from the second derivative of 


* This research was supported in part by a contract with the 
U. S. Air Force, monitored by the Aeronautical Research Labora- 


tory. 
1C, N. Haskins, Trans. Am. Math. Soc. 3, 71 (1902). 


the metric tensor and that these invariants can be 
expressed in terms of gp, and the Riemann curvature 
tensor, R®*"*. The fourteen invariants have been con- 
structed?; it is obvious by inspection of these invariants 
that when the contracted curvature tensor R?* vanishes 
(Einstein’s equations for empty space), ten of the 
invariants also vanish leaving four of them which may 


2 J. Geheniau and R. Debever, Bull. acad. roy. Belg. 42, 114 
(1956). 
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not be equal to zero. It becomes now pertinent to 
consider the possible significance of the nonvanishing 
invariants and the possible significance of there being 
four of these invariants (the same number as the 
dimensionality of space-time). Regarding the latter 
point it becomes proper to ask how many independent 
invariants do not vanish when space is not empty but 
is rather filled with electromagnetic fields. We shall 
show later that the number is nine for a non-null 
electromagnetic field. For a null electromagnetic field 
it will turn out that ten invariants vanish, the same 
ten as for empty space-time. A null electromagnetic 
field is one in which the two electromagnetic invariants 
are both equal to zero. We also explicitly exhibit a 
space where there may be at most five surviving inde- 
pendent invariants. Further, one asks whether the 
invariants can be usefully used in classifying geometric 
spaces. From the above remark on null electromagnetic 
fields and from our later analysis, it is clear that the 
vanishing of ten invariants is not sufficient to guarantee 
that R?*=0; in fact all fourteen invariants can vanish 
and still R’* may have nonzero components. 

This paper is concerned with the above issues. In 
Sec. II, we show how the curvature tensor R?2”* can be 
equivalently (uniquely) represented by means of two 
spinors of special types. In Sec. III, we construct the 
fourteen invariants from these two spinors; we then 
show that at most four independent invariants are not 
zero when space-time is empty and that at most nine 
independent invariants are not zero when space-time 
is filled with a non-null electromagnetic field and four 
when it is filled with a null electromagnetic field. In 
Sec. IV we show how the invariants can be used to 
classify the geometry when R,,=0 and in Sec. V we 
make one or two general remarks concerning classifi- 
cation of spaces. The specific calculations in these last 
four sections could, of course, be done without the use 
of spinors but using only tensor algebra; however, we 
thought it interesting to see how the matter went in 
spinor language. 


II. THE RIEMANN CURVATURE TENSOR AND 
ITS EQUIVALENCE TO TWO SPINORS 


Spinor fields** have been treated in general relativity 
from several points of view. It is known that to each 
real tensor one can assign a spinor. In this section we 
assign a spinor to the Riemann curvature tensor and 
see what the symmetries of the tensor require of the 
assigned spinor, which turns out to be a unique spinor. 

Regarding notation, Latin tensor indices (as in g??) 
are given values 0, 1, 2, 3; the signature of the metric 
tensor is +, —, —, — ; Greek spinor indices (as in gs) 


3 W. L. Bade and H. Jehle, Revs. Modern Phys. 25, 714 (1953), 
review spinor analysis and have references to the previous liter- 
ature. 

4E. M. Corson, Introduction to Tensors, Spinors, and Relativistic 
W ave-Equations (Hafner Publishing Company, New York, 1953). 
Chapter 2 discusses spinor algebra and uses it in special relativity. 
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are given two values (a= i, 2; a=1, 2, etc.). The spin 
matrices, g?4s, transform like tensors for the index p 
and like spinors of the proper type for each index a, 8. 
We use a representation in which the g matrices are 
Hermitean, 9?%s= g”a (bar denotes complex conjugate) 
and define the spin matrices by 


gPabgd,,+ giabyr,, = 2g?958,. (1) 
The Latin index in g?as, gpas can be lowered or raised 
by using the metric tensor gp or g?*. The Greek indices 
a, 8 can be raised or lowered by using the antisymmetric 
fundamental spinors €**, €44, €*°, €ag which are equal to 
0 when a=8 and equal +1 if a=1, B=2, and equal to 
—1 if a=2, B=1. 

An Hermitean second-rank spinor ¢4s is determined 
by four real numbers and can therefore be made to 
correspond to a real world vector x” by the relation 

das= Spasr”, (2) 
which can be inverted by multiplying by g¢** to give 
xt= bgtapp*?, (3) 
For the more complicated Riemann tensor, 
R pgre= Spach ark risph asap", (4) 


The reality of Rygrs requires P*P#i\oo = gihbéabur The 
antisymmetry relation Rpgre=—Rgpre imposes the 
relation p*4i«\e7 = — pPaurdepe, so that 


Roars MEriebabSrinkese($HO0"— GhsiM6), (5) 
This can be rewritten as 
R pars = 48 pieh abirSrinSasel ep *Phier+ e@By rood}, (6) 
where we have defined 
Dp shits — gabii, root gait, roo, (7) 
v is symmetric in the indices a8. 
To verify (6), consider (5) in the cases d=, x=); 


a=B, K*d; axXB, x=; and a¥B, «AX. The anti- 
symmetry relation Rpgrs= —Rpgsr imposes the relation 


eMpabiioo4 aby dooii— —[ehpabiiont eabyeropti] (8) 
so that 


Roars os Le pack obrhrivpSerol€™ (padiive — pedir) 
 €8F (yy ood — yrropii) ), (9) 


By considering the cases 4=¥, p=o; h=¥, pXo; 1d, 


p=0; i*¥, pxo; and defining Dy Abit y Abas ot Yabrio 
Weber yah root Wah dep one sees that 


Roygre= LB pack airhripherel_ erry shui EXP thy «doe 


+ eMeligaboo eB evo erat) (10) 


pedis is symmetric in @B and in jv; #47 is symmetric 
in 46 and in po. 
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The symmetry requirement Rpgrs=Ryepq Means that 
erry aba EAB ety rrhoo eedigaboot edb erage 
= eerryplbaby cab ediy roo 


+ db crag iit edi ergpoas (11) 


Equation (11) is satisfied if yo*"=yr8 and if p# 
= ¢#'«8 which conditions we now impose. There is still 
one other restriction that the tensor Rp -, must satisfy 
before it can be considered a curvature tensor. This is 
the cyclic constraint 


Rogret+Roregt Rpsqr= 0. 


Tedious but very straightforward calculations starting 
with (10) and using the symmetries of y and ¢ will 
show that (12) is satisfied if and only if 
YP a=W" pha. 

Equation (10) thus represents the Riemann curvature 
tensor by means of two independent spinors y##* and 
o*#e*, These two spinors are symmetric in an inter- 
change of their two first indices or of their two last 
indices, moreover y##4*= y#*48 and G#8o7= 4428: also 
v*;9,=y%98,. Let us look at the number of independent 
components of each spinor. First y**#’: the pair a8 
can take three independent values, and the pair gv 
can take three more, making nine altogether. y*## 
=y#'48 impose three constraints; there are now six 
complex or twelve real components left, which number 
is reduced to eleven because of condition (13). piber 
can have three choices for @8 and three more for po, 
making again nine choices. ¢*°* can have so far nine 
complex and eighteen real components. The Hermitean 
requirement $*°7=@/#28 imposes one constraint for 
each choice of indices, leaving nine independent real 
parameters. Thus ¥**” has eleven independent real 
parameters and ¢**#” has nine, for a total of twenty. 
There are twenty independent components in Rygrs SO 
that the results are compatible. 

It is instructive to look at the contracted curvature 
tensor R,,-=R?,,p>. Using the spinor relation g? «p£pée 
= 2€4$€0, one has 


Ryr= Ae abpBriol eet eB 200 + Apher], 


Using the spinor relation 


(12) 


(13) 


(14) 


(15) 


Sp af ob = Sra€aut 28 *€pareh ak dus 


and the fact that y##4, is antisymmetric in 8 and 4, 
one finds 


Roa=Sn*6 at Spbrhaiebhi”?. (16) 
Contracting again, 
R= 4p a. (17) 
Let Spy=Rpg—Spek/4 so that S,,=R,z, if R=0. 
Then 


Spa= Brick aiehPh?”. (18) 


GENERAL 


RELATIVITY 
III. CURVATURE INVARIANTS 


The fourteen invariants that can be derived from the 
curvature tensor can now all be expressed in terms of 
the two spinors y**” and ¢*##”, Any expression involv- 
ing these two spinors can be re-expressed in terms of 
geometric elements. Obviously, from (18), 

bios 1p Bog io (Rea— ig?¢R). (19) 
Now we must construct a geometric expression from 
y~5", Define the double dual R,,,, of the Riemann 
curvature tensor 


Ryere™ 38 €pgadtcdroR™™?. (20) 
Now let Epore=Ropgret+Rpgre- Define the dual 
(21) 


— | . 
Bours _ dg enganl™,,. 


Eyore is purely imaginary if Ep gr, is real. It can be 
readily seen that 
yrrr= bgrhngeargrirgsat [Epa + Epa"). (22) 
Engrs and Eyr, are purely geometric tensors. Obviously 
any scalar invariant which can be constructed from 
y~ and o**# can be written, by use of (19) and (22), 
in terms of geometric tensors alone. 
To list the invariants, there is first the scalar corre- 
sponding to R: 
V8 a. (23) 
This is a real expression and corresponds to one invari- 
ant. There are three independent real invariants which 
can be constructed from $44,» alone: 


dab uvh*’, Dich ppPh”h,*,H, habuvh™” hii pop ?™. 
There are two independent complex or four independent 


real invariants which can be constructed from y4#” 
alone: 


(24) 


Yap uy’, Yah uh” opr, (25) 


We have so far found eight real invariants. The con- 
struction of the other invariants involves products of 
y’s with ¢’s. There are six real invariants or three 
complex invariants of this type: 


Pocus p?™, pap? sh Das, 
PPE eae? Pera”. 


This completes the listing of the invariants. Suppose 
now space is empty and R,,=0. By (17) and (18) this 
requires ¥%s° and o**#” both to vanish. Hence all the 
invariants vanish except those labeled (25). Thus in 
empty space there are at most four nonzero curvature 
invariants. 

Suppose that space-time is not empty but is filled 
with electromagnetic fields. In this case the stress- 
energy-momentum tensor relation takes the form 


Ryq= forfa’— deoofraf”. 


fog= (2G)'F ,,/c?; G is the gravitational constant, c is 


(26) 


(27) 
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the velocity of light, and F,, is the usual antisymmetric 
electromagnetic tensor. In flat space and Cartesian 
coordinates F,,=the Z component of the magnetic 
field; Fig=the X component of the electric field multi- 
plied by c, etc. Define the dual tensor of f by 


frv= dg -teraref,. fu= bgherspet?*. 


eP@* and €ygr, are tensor densities which take the values 
+1 when pgrs is an even permutation of 1230; —1 
when pgrs is an odd permutation of 1230; and 0 
otherwise. The second of relations (28) follows from 
the first and from the properties of the e’s. Now define 
the self-dual antisymmetric tensor, 


Wpg= hott ive 


It is well known’ that a self-dual antisymmetric tensor 
of the second rank can be represented uniquely by a 
symmetric second rank spinor: 


— ae on & d ‘ 
Wpg= Bp ukaar””, P= 580 "Soa'w?*. 


Moreover, the equation (27) becomes 


(28) 


(29) 


(30) 


Rye =WprW,"= 8p "sh ra uh os? 8" en *"?, 
Rya= — 2g pip8asuh"h"?. 


Consequently consider the two spinors y**"" and $*4# 
which represent the curvature tensor. It is clear that 
in the case of space filled with electromagnetic energy 
the spinors are constrained to satisfy the conditions 


V7sa=0, pther— — gabon, (32) 


For electromagnetic fields, invariant (23) thus vanishes. 
Of the three invariants (24), the first one survives in 
the form (neglecting in the following constant factors) 


iid who”. (33) 

Using relations such as 
$757 = FE "bur, 
one sees that the second invariant of the series (24) 
vanishes and that the third is expressed as the square 
of (33). The four real invariants of (25) are unaffected 
by the change in the controlling equation for Rpg. 


Consider the three expressions (26), the first two 
remain independent and are expressed by 


apbih™ seb" h"*, Obi sb api. 
The third expression (26) becomes 
dG bhi bard sabaph??. 


This is not independent, being the product of (33) and 
the complex conjugate of the first expression in (35). 
Thus in the case of electromagnetic radiation there may in 
general be nine independent nonvanishing invariants; 
only one invariant must vanish; only nine of the remaining 
thirteen are independent. From the electromagnetic 


(31) 


(34) 


(35) 


5 See reference 4, p. 31. 
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tensor one can construct the complex invariant, wp w?*. 
In case this vanishes we shall call the field a null field 
and the tensor w,, a null tensor. It is easy to establish® 
that for a null antisymmetric tensor, w,,, the corre- 
sponding spinor, ¢**, takes the form ¢°¢*. With $% 
=°¢* one sees that all of the invariants (33) and (35) 
vanish. Thus if space-time is filled with electromagnetic 
radiation of the null-field type, the same ten invariants 
vanish as vanish for empty space-time, leaving four 
possible nonvanishing invariants. 

Another interesting case to consider is one where the 
field contains a fluid with no pressure or internal 
stresses. In this case 


T?%= pov?v?, v?v,=1. (36) 


T*¢ is the stress-energy momentum tensor, po is the 
proper density of the fluid, and v? is the proper velocity 
(dx?/ds), v”, being a real tensor, can be represented 
by a spinor $8 with ¢#= 98, 


BP =}g app, h*?bap=2. (37) 


Since T?,= po, and R?*—}g?*R=—T?%, we see that 
[from (16) and (17)] ¥%s%.=%p0 and o##”?= } poet? 
—}pop*’p"’. Leaving out constant factors, the invariant 
(23) thus equals po; the invariants (24) become p,?, po’, 
po’, respectively; the four real invariants (25) are still 
free; the six real invariants (26) become 


Pray hid? ph 1h" = po’, 
pir ad al Fit pirdss~ pot, 
pot(her% 88 — gag) (subir) 
XUNEd sebse (DEM eh — 6 4H%s) = po. 


(38) 


The equalities in (38) are true up to constant factors 
because of the symmetries of y**#" and because $*9$47 
= e'7, Thus in the case of a fluid with no pressure or 
internal stresses there are at most five independent non- 
vanishing invariants. 

From the above analysis concerning null electro- 
magnetic fields, it is obvious that one cannot tell 
whether space is empty by counting the number of 
invariants which are not equal to zero. To show this 
more strikingly, we make the following remark: J? is 
possible that all fourteen invariants may vanish and still 
R?? will not vanish. 

An example of the vanishing of the fourteen invari- 
ants with R,,+0 is the case of the null field above with 
the additional requirement that the spinor y**#” vanish 
or at least that y*4#” be so chosen that the invariants 
(21) vanish. There are other choices of y*##” and p*4#" 
which will make the fourteen invariants vanish without 
requiring ¢*” to vanish, or without requiring R,,~0. 
Suppose for example y**’ is identically zero. Then only 
the three invariants (24) will not be zero. These three 
can be made equal to zero, leaving still many nonzero 
components in the spinor ¢*” or correspondingly in 
the tensor Ryo. 
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IV. CLASSIFICATION OF EINSTEIN SPACES 


Calling a space for which R,,=0 an Einstein space, 
we see that for an Einstein space the curvature tensor 
Rygrs is completely determined by the spinor y*4#” with 
y**.s=0. Such a space allows the existence of four 
nonzero differential invariants of the type we are con- 
sidering. It becomes reasonable to attempt to classify 
the space by the behavior of these invariants. Let us 
define an eigenspinor y** of py” by the following 
equation: 


Vero ap = yr”. (39) 


Here A is obviously an invariant and we ask whether 
any eigenspinors exist. Obviously y” is symmetric in u 
and + if it exists. Expanding equation (39) into compo- 
nents, recalling that Yu=Y”, Yo=y", r= —y", and 
that y must be symmetric, one gets a set of three 
algebraic linear homogeneous equations in yY” which 
permit a nontrivial solution if, and only if, the following 
determinant, D, vanishes: 


| y2211— 
D= | p22 
| y= 


This is a third order algebraic equation in A; however, 
by virtue of y%?,g=yU"—2y""+y""=0, the sum of 
the three roots must equal zero. \i+A2+A3=0. Thus 
we can find three symmetric eigenspinors with the 
properties 


al 2yiu yun 
—2ye2_, pur |=(). 
om 2y'222 y2—)| 


(40) 


yrBur «8 AW’, 
v8" Eg Na™”, 
prherns sea Asn. 


Ai, Ae, and A; may all be complex; they represent by 
virtue of the vanishing of their sum four independent 
invariant quantities which may be represented by the 
group (25). Each symmetric spinor can be made to 
correspond to a self-dual antisymmetric tensor of the 
second rank. 


(41) 


M pa= 8p" ah ciel, 
N pa= 8p" a8 qist™, 
Pyq= Sp" a8 qian”. 
These self-dual tensors (each of which is complex and 
hence contains two real tensors) are eigenbitensors of 
the curvature tensor. That is, they satisfy relations like 


RewM,,=\M, (43) 


(42) 


The eigenspinors for nondegenerate \’s are orthogonal 
as can be proved easily; for degenerate \’s they can be 
chosen orthogonal; moreover they can be normalized 
so that 


VY Vas= ERE B= 1 nap= :, 
Vv Ep=Vnas= EPnag=0. 


The second equation defines orthogonality of the 


(44) 
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eigenspinors. There is the important possibility, which 
we shall not investigate further here, that an eigenbi- 
vector may be null, wagw**=0, and therefore not 
normalizable. 

Degenerate cases can now be considered. One of the 
six real quantities represented by Aj, A2, and A; may be 
equal to zero, in which case one of them, say Ax, is 
either purely real or purely imaginary. In this case 
pO y= tysity.as, the positive sign being 
chosen for purely real \; and the negative for purely 
imaginary \,. In either case there remain still three 
independent eigenspinors. Suppose two of the six 
quantities in the \’s are zero. Here we can still have 
three independent eigenspinors if, for example, A; is 
real and 2 is purely imaginary. On the other hand, 
it might be, for example, that one of the \’s, say Au, 
equals zero. In this case there are only two independent 
eigenspinors, £** and n**, which satisfy 


p78 £g=Aoi’, Yen p= — on’. 


There is, however, a Wag orthogonal to £8 and n** such 
that 


(45) 


yr) g=0. (46) 


Again we may have the case that A, is either purely 
real or purely imaginary. This does not change the 
remarks just made. If all four independent invariants 
vanish so that \1=A2=A3;=0, Eq. (39) degenerates 
completely to Eq. (46). There are thus three important 
cases to consider, 

Case 1. \1%0, \2%0, A3= — (Ai +A2)#0. In this case 
there are three eigenspinors or three self-dual tensors 
(six real tensors) which satisfy (43). A; may be purely 
real or purely imaginary; so may Ae. There are thus 
two, three, or four nonvanishing real invariants. If 
there are fewer than four, additional constraints are 
imposed on the eigenspinors. 

Case 2. \;=0, \24%0, A3=—Az. (The role of the d’s 
can of course be interchanged). In this case there are 
two eigenspinors or two self-dual eigenbitensors. One 
can also find an eigenspinor, Was, that satisfies (46). 
It is important to see that one can require also the y** 
that satisfies (46) to be null in the sense that p*4y.s=0; 
in this case ¥** can be represented by a single component 
spinor y*?=yy* such that 


pd wWa=0. (47) 


The eigenbitensor constructed from y* by Mo, 
= gph ak ad WW" is null in the sense that its complex 
invariant M,,M??=0. (This requires two real invari- 
ants to vanish.) A, may be purely real or purely imagi- 
nary which will impose additional constraints on the 
eigenbispinors. 

Case 3. \1=0, A2=0, A3=0. Here there are no spinor 
relations of the type (39). All eigenspinors satisfy (46). 
It is probably true for this case where all invariants are 
equal to zero that, if y*” has nonvanishing compo- 
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nents, one can find a particular coordinate system where 
a noncovariant relation that looks like (39) is satisfied. 
It is probably true also in case 2 that in a particular 
coordinate system under certain conditions one can 
satisfy a noncovariant relation that looks like (39). 

The cases we have enumerated would seem to corre- 
spond to the “types” of Petrov and Pirani®: case 1 to 
type 1, case 2 to type 2, and case 3 to type 3. 


V. GENERAL REMARKS ON THE 
CLASSIFICATION OF SPACES 


In the previous section we have discussed the classi- 
fication of spaces for which R,,=0. It is important to 
see that this discussion actually concerns a much larger 
variety of spaces. Suppose we require only that R=0, 
or ¥**,3=0. Call such a space a traceless space. Con- 
struct from y*4" the tensor G?4’*; 


Goers = 1g nauk ginriiphavol eer Pi + €48 gliiyehoo). (48) 


When R,,=0 this tensor equals the Riemann curvature 
tensor. However, it can be constructed even when 
Rp,#0. In the case of a traceless space (R=0), the 
classification of the previous section can be applied to 
Gpgrs and there are three possible cases for Gpors. If 
the energy-momentum tensor is built up of the electro- 
magnetic field and the field of the two-component 
neutrino and nothing else, the space is traceless; thus 
this type of space is not without physical significance. 
One may thus make remarks like the following: A 
space being investigated is traceless, contains electro- 
magnetic fields, and is represented by case 1; or it 
contains the two-component neutrino field and is 
represented by case 2. 

For a traceless field Rpg=Sp,, where Sp, has been 
defined in Eq. (18), we have 


Roya — Sviuk ahve’. 


We wish to classify these fields by looking for eigen- 
spinors defined by 


(49) 


por n= gh”. (50) 


Obviously ¢#"=¢'#, so the vector /, defined by /, 

=4¢,a96** is real and is an eigenvector of Rp, 
R,pI,=N)p. 

It can be shown easily that (50) can be satisfied if, and 


® A. Z. Petrov, Sci. Nat. Kazan State Univ. 114, 55 (1954); 
F. A. E. Pirani, Phys. Rev. 105, 1089 (1957). 


(51) 
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only if, the determinant D’ vanishes, 


gti —giin — git 
p= ge! —giti_y — pil 


prize — giz 


pe — gite 


giitt 


idu 
¢ =(), 


— git gill? 
gitt2— | 


5519 
—¢? 


(52) 


Because of the symmetries of ¢*8#”, the four \’s defined 
by (52) are real; moreover Ay+A2+A3+s=0. 

There are thus in general four independent vectors 
that satisfy (51). The space can now be additionally 
classified by investigating the possibilities that one, 
two, three, or four of the invariants vanish. If they do, 
Eq. (51) takes the special form 


R,I,=0. (53) 


Classification along these lines has been implicitly 
discussed many times.” 

One can of course classify spaces for which Rpg is 
completely arbitrary; this amounts to “diagonalizing”’ 
by the process of equations (37), (40), (50), and (52) the 
“matrices” y**#”, ¢#6#” which will involve a classification 
in terms of the behavior of the invariants (23), (24), 
and (25). One should also define something resembling 
a “simultaneous diagonalization” of both y*4” and 
¢*#“» which would introduce the “mixed” invariants 
(26). In this general case, instead of dealing with the 
spinor y**#" it might be convenient to deal with a new 
spinor £4» defined by 


(54) 


EaBur =yrhur — } €28 ex, ee. 
Construct now the tensor F pgrs: 
A a 1 - 7. 2 23 “2 
F pqre— bo nak ark rif evel € eh aii + 8 hi gerer ], 


The tensor Fy,,, has the same symmetries as Rygrs. It 
is equal to Ryg,, for the case of an Einstein field and 
in general can be classified as was R»,,, for the Einstein 
field. 


(55) 
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The connection between phase shifts, bound-state energies, and 
the potential is studied for a Dirac particle in a spherically sym- 
metric potential. An explicit method is developed for the con- 
struction of the potential from the scattering and bound-state 
data for a single angular momentum and parity. The technique 
used in this relativistic problem is an extension, appropriately 
generalized to matrices, of the methods used by Jost and Kohn 
for the nonrelativistic case. For potentials with /o*r"|V (r) |dr 
finite for n=0, 1, and 2, it is shown that a spectral function 
can be constructed from the phase shifts, the bound-state energies, 
and the norm of the bound-state wave functions. A generalization 
of the Gel’fand and Levitan method is developed for the deter- 
mination of the potential from the spectral function. First, 
eigenvectors associated with two different potentials are related; 
from the operator that connects the two systems of eigenfunctions, 


I. INTRODUCTION 


N this article a method will be developed for the 

construction of a spherically symmetric potential in 
the Dirac equation from scattering and bound-state 
data. This problem is of general theoretical interest, 
since a central problem of physics is to determine the 
structure of interactions from directly measurable data. 
The problem treated is admittedly too simplified to 
describe general particle interactions, but it represents 
an extension to the relativistic domain of previous work 
on nonrelativistic systems, and thus is a step toward 
the goal of determination of relativistic interactions 
from observation of elementary particle reactions. 

The general problem of constructing a spherically 
symmetric potential or potentials that will give a 
determined set of phase shifts and bound-state energy 
eigenvalues has been definitely discussed in the case 
of the nonrelativistic Schrédinger equation by Jost and 
Kohn! and by Levinson,? by combining the results of 
Jost’s* analysis of the properties of the solution of the 
radial wave equation with the elegant techniques used 
by Gel’fand and Levitan‘ in their solution of the inverse 
Sturm-Liouville problem. 

The method can also be generalized to deal with 


* This research was supported in part by the U. S. Air Force 
through the Air Force Office of Scientific Research of the Air 
Research and Development Command. This paper contains part 
of dissertation research submitted to the University of Maryland 
Graduate School by Francisco Prats in partial fulfillment of the 
requirements for the Ph.D. degree in Physics. 

1R. Jost and W. Kohn, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 27, No. 9 (1953). See for introductory discussion 
and other references R. Jost and W. Kohn, Phys. Rev. 87, 977 

1952). 
2.N. Levinson, Phys. Rev. 89, 753 (1953). 

3R. Jost, Helv. Phys. Acta 20, 256 (1947). 

41. M. Gel’fand and B. M. Levitan, Izvest. Akad. Nauk. 
U.S.S.R. Ser. Mat. 15, 309 (1951) [translation: Am. Math. Soc. 
Trans, 1, 253 (1953) ]. 


a modified kernel is defined which satisfies an integral equation 
determined by the spectral function and eigenfunctions corre- 
sponding to a “comparison potential” and the spectral function 
associated with the “unknown potential.” Second, the potential 
difference is obtained by the differentiation of a certain com- 
bination of the elements of the modified kernel. 

These properties lead to the following method for the con- 
struction of the potential: (1) the spectral function is determined 
from the data for both positive and negative energies; (2) with 
the spectral function for the unknown potential and the spectral 
function and eigenfunctions of a convenient comparison potential, 
the integral equation for the modified kernel is constructed; 
(3) from the solution of the integral equation the difference 
between the unknown and the comparison potentials is 
determined. 


more complicated potentials than the central potential, 
such as that of the tensor force with spin-orbit coupling. 
The first step in this direction was taken by Newton 
and Jost® who extended the techniques to the case of 
systems of differential equations formally similar to the 
Schrédinger equation. This extended technique was 
used by Fulton and Newton for constructing examples 
of spin-orbit and tensor potentials for which the solu- 
tions of the Schrédinger equation can be given ex- 
plicitly. The Gel’fand and Levitan theory has also been 
stated in a different form by Kay and Moses,’ using 
the theory of operators in a vector space. In most of 
this work, the data for only a single angular momentum 
but all energies are used. Wheeler® has shown how it is 
also possible to consider determination of the potential 
by knowledge of the phase shift for all angular momenta 
at a single fixed energy. 

All the above-mentioned contributions to the problem 
of the connection between phase shifts and potential 
have been restricted to the nonrelativistic domain. It 
is natural to examine the problem when the particle 
has to be described by a relativistic equation and see 
whether the method found for the Schrédinger-type 
particle can be extended. The first attempt in this 
direction is due to Corinaldesi® who considered the 
case of the Klein-Gordon particle in a central potential 
for /=0 (S waves). In this paper'’ we show how a 
procedure analogous to that of Jost and Kohn can be 

5 R. G. Newton and R. Jost, Nuovo cimento 1, 590 (1955). 

6 T, Fulton and R. G. Newton, Nuovo cimento 3, 276 (1956). 

71. Kay and H. E. Moses, Nuovo cimento, 3, 276 (1956), 
pres reference to previous papers by the same authors can be 
ty. ‘A. Wheeler, Phys. Rev. 99, 630 (A), (1955). 

9 FE. Corinaldesi, Nuovo cimento 11, 468 (1954). 

© This work was previously reported in Bull. Am. Phys. Soc. 
Ser. II, 3, 36 (1958). For a more detailed discussion of many of 


the items in this paper, see Ph.D. dissertation of Francisco Prats, 
University of Maryland, 1958 (unpublished). 
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established for the Dirac equation. Similar results have 
been obtained by Verde," who has applied them to a 
discussion of the high-energy limit of potential scat- 
tering. The relativistic case differs from the Schrédinger 
case in two main respects: first, we have to deal with a 
system of differential equations instead of with an 
ordinary equation, and, second, the relativistic energy 
as a function of momentum is a double-valued function. 
These features lead to the somewhat greater complexity 
of the methods necessary for the relativistic case. 

An analysis of the properties of the Dirac eigen- 
functions for central potentials similar to that of Jost® 
for the Schrédinger equation has been carried out by 
Carter.” In Sec. II, we use Carter’s results to discuss 
the properties of expansions of arbitrary functions in 
terms of the Dirac eigenfunctions. The orthogonality 
and closure properties are established. All these proper- 
ties are conveniently expressed by the introduction of 
the spectral function. In Sec. III we derive expressions 
for the relation between eigenfunctions associated to 
two different potentials, and some properties of the 
kernel that appear in the relation between eigen- 
functions are also obtained. In Sec. IV it is shown how 
these results provide a method for the construction of 
the potential when the phase shifts for both positive 
and negative energies and the bound-state energies for 
a given value of angular momentum are given. 


II. PROPERTIES OF THE SOLUTIONS OF THE DIRAC 
RADIAL WAVE EQUATION 
1. Definitions and Properties; f(z) 


The radial-dependent parts F(r)/r, G(r)/r of the 
Dirac wave function for a particle in a central potential 
V(r) satisfy the system of differential equations 

[E+m—V (r) JF =dG/dr+ (A/G, 
(E—m-—V (1) ]G= —dF/dr+ (\/9)F, 


(1) 


where the units are chosen so that A= c= 1,A=+(j+4), 

j is the total angular momentum eigenvalue (j=, 

3,---), and |F(r)| and |G(r)| are uniformly bounded. 
We introduce the spin vector notation, 


(°C 
dames sa ), 
G ¥2 
and the matrices 
oe 4 0 1 1 0 
-( ), a=( ), n=( ). 
—1 0 1 O QO —-1 


11M. Verde (private communication). Some of the results 
appear in Nuovo cimento 4, 560 (1958). We thank Professor 
Verde for the communication of his result prior to publication. 

2D. S. Carter, Ph.D. thesis, Princeton University, 1952 
(unpublished). 

18 See, for instance, P. A. M. Dirac, The Principles of Quantum 
Mechanics (Clarendon Press, Oxford, 1947), third edition, p. 266, 
or L. Schiff, Quantum Mechanics (McGraw-Hill Book Company, 
Inc., New York, 1949), pp. 314 and 322. 
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Then Eq. (1) reads: 
wd ¢/dr+a1(A/r) ¢—o3met+ V(r) o= Eg. (2) 
For potentials V(r) such that 


@ 


frivo drisfinite for n=0,1,and2, (3) 


0 


Carter"? has shown that for a given E with |E|>m 
there is a unique solution, f,(k,r), of Eq. (2) such that 


—i(E—m)/k 
fy(kyr) ~ cay )e (4) 


with k= (E?—m?)!. In other words, f,(&,r) is the solu- 
tion of Eq. (2) that is asymptotic to an incoming 
spherical wave of momentum k. f,(—&, r)= fi*(k,r) is 
also a solution of Eq. (2), which is asymptotic to an 
outgoing spherical wave. The pair of solutions f,(&,7), 
fx(—k, vr) form a fundamental system of solutions of 
Eq. (2), and therefore the physically admissible solu- 
tion can be expressed as a linear combination of them. 
The physically admissible solution is denoted by ¢(£,r). 
It is defined by the boundary condition at r=0, 


gn (E,r) ( Ya ) 
r® ae 0 : 


where we use yx=1X3X5X---X(2A+1). From 
Carter’s result” it is easy to show that, in terms of the 
solutions asymptotic to spherical waves, we have 


1 
¢gn( Er) =— 
Ax( 


{ fi(—R) fark) — fil) fi(—k, r)}, (6) 
) 


where we have introduced 
Ay(k)= det{ fi(&,r), fx(—k, r)} = —2ik?"(E—m), (7) 


and 
. r® fy2(R,r) | r=() 
fy(k) = — (8) 
Tix} 


[ fi2(k,r) is, according to the notation introduced in 
Eq. (2), the second component of the vector f,(&,r). | 
From the asymptotic behavior of f,(k,r) and f,(—, r) 
[of Eq. (4) ] it follows that 


oF | fr(R) | 
Ce 


rn b> 


( cos_kr—}mA+m,(k) ] ) 
op AG 
[k/(E—m) ] sin[kr—3rd+(k) ] 


m(k), the Ath phase shift, is equal (mod 27) to 
arg{/,()}. It is also clear from Eq. (6) that the Ath 
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eigenvalue of the S matrix, S,(), is given by 
Sy(R)= fn(R)/ fr(—). 


In all the above properties we have been referring to 
solutions of Eq. (2) for E>-++m or E<—m, which 
correspond physically to scattering states. For these, 
k was a real number, k= + (E?— m?)!. 

If we now consider f,(k,r) as a function of the 
parameter k, then since E=+(k?+m?)!, fi(k,r) is a 
double-valued function of &. Carter has shown that this 
fy(k,r) can be extended into a double-valued function 
of the complex variable k, which has branch points at 
k= im. The two Riemann sheets can be conveniently 
separated by introducing cuts extending along the 
imaginary k axis from +im to +i and from —im to 
—i*; on each sheet in this cut k plane, the sign of 
Re{£} is fixed, so we designate the two sheets of f,(k,r) 
by fx7(k,r) with o=+ or —, where o=sign[Re{£} ]. 
Carter has also shown” that, with the assumptions (3), 
fi(kyr) is a solution of Eq. (2) which satisfies the 
asymptotic condition (4) and is an analytic function 
of k in Im{k}<0 in the cut & plane. Further, for 
|k| > «© in Im{k} <0, 


(10) 


Ay (kyr) ~ fr" (Rr) exp| -ie f viodt| (11) 
where f,°(k,r) is the free solution [ V (r)=0] of Eq. (2) 
with the asymptotic behavior (4) and 
k 


lim ——. 


[ki E(k) 


(12) 


hes 


The zeros of fx°(k), Ric, in Im{k} <0 all lie on the 
imaginary axis, between 0 and —im (kig=—ikis, 
O<kic& m). Except for the case \= 1 when f,~(0) may 
be zero and there is not a bound state at E= —m (see 
reference 12), there is a one-to-one correspondence 
between the zeros of f,’(k) on the lower imaginary 
axis and the energy levels. The level corresponding to 
the zero kj,= — iki, has the energy value 


E.,= 0 (m?—ki,2)}. (13) 
The eigenfunction corresponding to E;, is proportional 
to fx’(—ikie, 7), which is real and for r— 


—m)/kte 


Ete 
fr? (= ikio, r) en (aur(‘ , 1 


) exp(—kior). (14) 
Also ¢(E,(k),r) is a solution of Eq. (2) with the 
boundary condition (5) for any & with | k| finite in the 
cut k plane and, considered as a function of , it is 
analytic there. It is simple to show, by use of some of 
Carter’s results, that 


cos kr—}aA— egu(r) | 
) (15) 
€, sin kr—4ad—e€,u(r) | 


1 
e(Eo(k) 7) | kv A 


POTENTIAL 


u(r) -f V (r’)dr’. 
0 


2. Construction of f(z) 


where 


It is apparent from the properties of f,’(&) stated 
above that phase shifts and bound-state energies are 
determined from f,’(k). The converse is also true: 
phase shifts (for both positive and negative energies) 
and bound-state energies determine f,’(k). The pro- 
cedure for construction of f,’(&) depends on a repeated 
application of a theorem due to Titchmarsh" and is a 
slight modification of the procedure used in the non- 
relativistic case.! This modification is to introduce!® 
the functions F(k) and G(k) given by 


F(k) =In[ f*+(k) f-(k) ], 


k ft(k) 
| nf ‘ [rain 2), 
E,(k) \f-(k) 


mi »)=f V(r)dr 


according to Eq. (16). First consider the case when no 
bound states exist ; then F(k) and G(k) are analytic and 
bounded functions in the lower half of the complex 
k-plane. Furthermore 


(17) 


G(k)= (18) 


where 


+00 +a 


f \ImF(k)|*dk and f | ImG(k) |2dk 


x —@® 


can be shown to be finite by use of the following 
property’® of the phase shifts: 


E,(k) 
n?(k) ~ —- ; u(o)+O(1/R). 


* k—vo0 


From this it follows that 


, (k real) 


P pt? ImF(k’)dk’ 
f -- (19) 


ReF(k) = —— 
k’—k 


wT a 


, (k real) 


P t* ImG(k’)dk’ 
f ~~ (20) 


ReG(k) = —- 
k'—k 


T Vw 


where, from Eqs. (17) and (18), for k real, we have 
ImF (k)=nt(k)+77(k), (21) 
ImG (k) = (k/ Ey.(k)) [nt (k) —9- (k) ]+2u(). (22) 


4 FE, C. Titchmarsh, Theory of Fourier Integrals (Clarendon 
Press, Oxford, 1948), p. 128. 

18 This procedure is used by Corinaldesi in his discussion of the 
Klein-Gordon equation, reference 9. 

16 This property was proved by G. Parzen, Phys. Rev. 80, 261 
(1950) and was further discussed by Carter, reference 12. 
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It is therefore possible to obtain, by means of expres- 
sions (19) and (20), f+(k) and f-(k) when n+(k) and 
n(k) are given. 

So far we have assumed that no bound states were 
present in order that F(k) and G(k) satisfy the condition 
of boundedness in the lower half of the & plane. If bound 
states are present, {’(k) is equal to zero at those points 
which correspond to bound states. Those zeros are 
simple and all lie in the & imaginary axis: k,= —ix; 
with 0<«:<+m. We then define a modified f’(k) and 
7° (k) according to 

aime 1K le 


k 
Jo(k) = fe(k) TT ——, 
lo 


1Kie 


(23) 


lo 


K 
n° (k) =n’ (k)—2 > arctan (24) 
le k 


where the product and summation are extended to all 
the bound states associated to the same branch o of E. 

Then, since 4°(k)=Im{Inf’(k)} and f*(k) is nonzero 
in the lower half &-plane, Eqs. (19) and (20) will hold 
for F(k) and G(k), where by F and G we mean the 
expressions obtained by substituting f, 7 by f, # in Eqs. 
(17), (18) and (21), (22). Thus, for a given A, if the 
phase shifts for both positive and negative energies 
n’(k) (o=+, —) and all the binding energies E;, are 
known, then f*(&) is easily constructed. 


3. Orthogonality of Eigenfunctions 


Assume X fixed. (The subscript A will be omitted 
hereafter except when needed for clarity.) 

From the results reviewed in the previous paragraphs 
it appears that there are solutions ¢(E,r) of Eq. (2) 
[with V(r) satisfying the conditions (3) ] together with 
the boundary condition (5) for any £ such that 
+m<E<o or —*2 <E£—™m, and perhaps also for a 
certain finite number of isolated points FE; such that 
—m<E,<-+m. All these values of E, associated with 
solutions ¢(E,r) constitute the eigenvalue spectrum. 
The eigenfunctions ¢(£,r) possess orthogonality proper- 
ties when their scalar product is appropriately defined 
and this property allows one to make generalized 
Fourier expansions in terms of the ¢(£,r). 

Consider two eigenfunctions ¢(£,r), ¢(E£’,r) corre- 
sponding to different eigenvalues E, E’ of the energy. 
They satisfy the differential equation (2), and the 
boundary condition (5), which implies that ¢(£,0)=0. 
With the notation = transposed of ¢, that is, if 


F 
o-( ), ¢=(FG), 
G 


and the properties 


a= =<, o1=01, o3= 03, 


multiplication of Eq. (2) by #(£’,r) on the left and of 
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the differential equation for ¢(E’,r) by ¢(£,r) on the 
right, and subtraction, yields 


d 
—Le(E’ nwe(E,r) ] =(E- E’)¢(E’r) ¢(E,r), 


ar 


from which, by integration between 0 and r and use 
of the boundary condition at r=0, one obtains 


: det{ ¢(E’,r), ¢(E,r)} 
f e@neervar= — Bisbee 
0 


E-E’ 


(25) 


If we let r— & in Eq. (25) and call 

J 2( Er) o(E,r’)dr' = (9(E',r),e(E,r)), (26) 
the scalar product of g(E’,r) and ¢(E,r), then the 
scalar product of two eigenfunctions is determined by 
the asymptotic behavior of the eigenfunctions ac- 
cording to Eq. (25). By use of Eq. (6) for ¢(£,r) in 
terms of f(k,r) and f(—k, 7) in the right-hand side of 
Eq. (25), it can be shown that 


ss 1 
$( Er) ¢(Ev r)dr=—bw, 


“0 l 


f 2(E,r) e(E’,r)dr=g(FE)b(E—-E’), (27) 


0 


f %(E,7r) o(E’ r)dr=0, 


where £), Ey are discrete eigenvalues, Z, E’ continuous 
ones, and C;, g(E£) are given in terms of f(k) by 


df(k) 
(Ki ( a ) / be, 
idk |k=ky 


m| f(k)|? 
b-1(E—m) 


(28) 


g(E) 


4. Expansions in Eigenfunctions 


The orthogonality properties of the radial eigen- 
functions for a fixed value of \ suggest the possibility 
of expanding arbitrary vectors F(r) in terms of them. 
By an arbitrary vector F(r) we mean a one-column 
two-component matrix, the components of which are 
arbitrary functions of r, integrable square in the range 


(0, ©): 
F\(r) 
F(r)= : 
" liual 


As in the case of expansion of an arbitrary function 
in terms of a Sturm-Liouville problem eigenfunctions, 
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the expansion formula is most concisely written when 
a so-called spectral function p(Z) is introduced. 
We define p(E) by 


dp/dE=1/g(E) for E>+m or EX—m, 


oT CARB) te -a<b<te, 


where g(£), C; are the same quantities that appear in 
the orthogonality relations (27), and the sum >, 
extends over all bound states. 

With the spectral function as defined above, we can 
write the expansion of F(r) in terms of the eigenvectors 
¢(E,r) in the form 


F(r)= f dp(E)a(E) ¢(E,r). (30) 


For such an F(r) the expansion coefficient a(/) is 
determined by F(r) and ¢(£,r) according to 


a(E) -f Q(E,r)F (r)dr, (31) 


as can be seen by multiplying Eq. (30) by $(£,r), 
integrating over r, and making use of the orthogonality 
properties of the eigenvectors given by Eq. (27). 

That Eq. (30), with p(£) and a(£) given by Eqs. 
(29) and (31), is actually true for an arbitrary function 
F(r) is a consequence of the “closure” property of the 
eigenvectors g(F,r) which will be proved in the next 
section. We remark also that a property similar to 
Parseval’s theorem holds for the expansion (30). This 
is seen by introducing in the expression for the norm 
of F(r) the expansion (30). It is found that 


(32) 


f Piyr(ar= f dpe Lae), 
0 


where we have made use of Eqs. (27) and (29). 


5. Closure Property 


The eigenvectors ¢(F,r) possess the property 


feo ¢(E,r) ¢(E,t) = 16(r—0), (33) 


(1=unit 2X2 matrix) which shall be called “closure.” 
We shall prove Eq. (33) utilizing the analytic properties 
of the eigenvectors in the complex & plane. 

Before entering into the proof of the closure property 
some remarks about the spectral function are necessary. 
We want p(£) to be a monotonic increasing function, 
a consequence of the relation between the derivative of 
the spectral function and normalization integrals given 
by Eqs. (27) and (29). On the other hand, expressions 
(28) for g(£) and C; and the definition (29) imply that 


POTENTIAL 


dp 1k*"(E-—m) 
— =- ——————_ for 
dE w |f(k)\? 


=>)1C6(E-—E,) for 


E2+m or EX -—m, 
(34) 
—m<E<+m. 
Therefore we have to establish k as a function of E so 
that dp/dE>0 for all E’s. This is done by taking for 
k(E) in the spectral function the function 
k=+(E*?—m?)' for 
=—(K?—m?*)) for 


E>+m, pane 
: (35) 
EX —m., 

To prove Eq. (33) we evaluate the matrix integral P: 


P(r) = f dp(E) (E,r) ¥(E,). 


Use of Eq. (34) with definition (35) gives 


P= 0+>- = Cie ¢( Ete”) 2(E i,t), 


o le 


m +2 dp 
O= ‘ mm f — (Er) B(E,)) \dE. 
ee Se 


Change of the integration variable from E to k and use 
of the properties of the integrand under the change 
k ——k and of the expression (6) for ¢(E,r) gives 


1 +20 k 1 
stags f dk = —— ——/f.(h9) @(E0(8) 0). 
2mid_. « E,(k) fa(k) 


The integrand in this expression is a meromorphic 
function in Im{k} <0 in the cut &-plane, because the 
only singularities correspond to the zeros of f,(k) 
which are simple zeros, and /,(k,r) and ¢(E,(k),/) are 
analytic functions of k. Also the integrand is continuous 
for Im{k} <0. 

Therefore we can deform the path of integration into 
the lower half plane as shown in Fig. 1. The integrations 
over the contour I are to be understood in the limit as 
K— . There are contributions from the residues at 
k=k,, and from I’. Since f,(k) is analytic we can 
evaluate the residues immediately : 

1 Ris fa(Ria,7) 

Res.[k= ki. |= ——- — - —— 

mi Eis (Cd fa(k)/dk || k =k 


= (1/2mt)Cie¢(Ete,r) 0(Ei,t), 


(36) 


where 


O( Lis, t) 


where the expression for C,, given in (28) has been used. 
The contribution from I comes only from the two- 
quarter circles because the integrals along the sides of 
the cut cancel each other and the contribution from the 
circle around the branch point —im goes to zero in the 
limit of vanishing radius. The contribution from the 
two-quarter circles is evaluated using the asymptotic 
expressions (|k|—> ©) for f(k,r) and ¢(£,t). One finds 





F. PRATS 


k-plane 


blk, © 


-im 





Fic. 1. Contour for the proof of Eq. (33) and the evaluation 
of expressions J and J. 


then that 


O= —-> ) Cie ¢( E1e,7) O(Etc,t) +16(r—21), 


o le 


which, introduced in Eq. (36), gives P=15(r—1t), thus 
proving Eq. (33). 


III. RELATION BETWEEN EIGENFUNCTIONS OF 
DIFFERENT POTENTIALS 


1. Derivation of Relation 


We shall show now that there exists a relation 
between the eigenfunctions ¢(E,r), ¢:(E,r) associated, 
respectively, to potentials V(r), Vi(r). We shall assume 
that both potentials satisfy the conditions (3). A fixed 
value of \ will be assumed and both systems of eigen- 
functions correspond to this same value of A. 

Following a procedure similar to that used by Jost 
and Kohn! in the case of the Schrédinger equation, we 
consider the two expressions 


I= f dp(e) o(B'y) f $1(E’,s) ¢1(E,s)ds, 
0 


Ju f dp,(E’) ¢(E“r) f 1(E’,s) ¢1(E,s)ds. 
0 


The integration over FE’ can be carried out by utilizing 
the properties of the eigenfunctions in the & plane and 
it is found that J and J are simply related to the 
eigenfunctions g and ¢;. Then, the relation between 
g and ¢; results by subtraction of J and J. 
Calculation of I.—The integration over E’ is changed 
to an integration over & as in the proof of the closure 
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+00 


1 
[=—-— dk>. 


g k, 
mJ. Ewe” 


x f 3:(E.(b),s)e(E,s)\ds +E E Cree(Evest) 
0 o le 


xf $1(Fie,S) ¢1(E,s)ds. (37) 


0 


The path of integration can be deformed into the lower 
cut half & plane as shown in Fig. 1. We get contributions 
from the zeros of f,(k) and from the two halves of the 
semicircle |k|—> ©. Contributions from both sides of 
the cut cancel. The sum of residues cancels the sum- 
mation on the right-hand side of Eq. (37) when one 
makes use of Eq. (28). Then J is equal to the sum of 
the contributions from the two halves of the semicircle 
as |k|—> ©. These contributions are calculated making 
use of the asymptotic expressions f,(k,r) and 
¢i(E.(k),s) for |k|—> ©, Im{k}<0, Eqs. (11) and 
(15). One obtains 


T=3M(r) gi (E,r), (38) 


introducing 
M (r)=1 cos[u(r)—pi(r) J+ sin[u(r)—p1(r) J. (39) 


Calculation of J~—By use of Eq. (25), J can be 
written : 


1 
I= f dn) eB) Ewes). 
E-E' 

To avoid the singularity of the integrand at E’=E, 
consider instead J(e) obtained by putting ¢ instead of 
E in J, where ¢€ is complex and e=E+in with n>0. 
We obtain by the same transformations used repeatedly 
before that 


e+E,(k) 1 


1 to dk k 
ee " 
Qwid_, k—-dN « E(k) A+R  fie(k) 


Xx AE. (k) nr) fiel(knogilentd > Cis’ g(E 1c’ ,1) 


o le 


1 
X—— $1( Ene’ r)werler), (40) 


e— Ei, 


where \ has been chosen to be that root of e&—m? that 
lies in the lower half & plane. We can now calculate this 
integral by deforming the path of integration into the 
lower cut half & plane. As in previous cases the con- 
tribution from the integrals along the sides of the cut 
is zero. There are contributions from the poles due to 
zeros of f;(k) and the pole at \, and from the two halves 
of the semicircle as |k|—> ©. The residue from k=) 
contributes ¢(e,r). The remaining residues cancel the 
sum in Eq. (40) when 7 — 0. The integrals over the two 
halves of the semicircle |k|—> ©, Im{k}<0O can be 
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evaluated as in the calculation of J by use of the 
asymptotic expressions for f and ¢. Collecting these 
results, one obtains that 


J = 9(E,r)—43M(r) ¢1(E,r). 
Hence 
J—I=¢(E,r)—M(r) ¢1(E,r) -{ K (r,s) ¢1(F,s)ds, (41) 


where 
f aoe) -0(83 o(E’ rn) $:(E’,s)=K(r,s). (42) 


Equation (41) gives the relation between the eigen- 
functions ¢, ¢;. Notice that A(r,s) is a matrix inde- 
pendent of E. 

Except for the matrix M(r), defined in (39), that 
multiplies g,, Eq. (41) is formally similar to the one 
that appears in the nonrelativistic case. 


2. Integral Relation for the Kernel 


As has just been shown in the previous section, the 
eigenfunctions yg, ¢; are related by Eq. (41) with 
K(r,s) and M(r), respectively, defined according to 
Eqs. (42) and (39). 

Multiplying Eq. (41) 
integrating with weight d[p(£) 
using Eq. (42), that 


by ¢1(£,t) on the right and 
—p(E)] we obtain, 


Kd =MOnGir+ f K(r,s)G(s,t)ds, (43) 


where 


G(r,t) = f alex k)- 


Equation (43) is an integral equation of the Fredholm 
type for the kernel K(r,t). Notice that the matrix 
G(r,t), that is the kernel in this integral equation and 
appears in the inhomogeneity term, is constructed 
from both spectral functions p;(£) and p(£) and from 
the eigenfunctions associated only with the potential 
Vi(r). It is convenient to transform this equation so 
as to eliminate the explicit appearance of the orthogonal 
matrix M(r). To do this, we define a transformed kernel 
according to 


p(E)] gi(Eyr)Gi( EO. (44) 


M(r)K (r,t)=F (r,t). (45) 
From Eq. (43) the matrix F (r,t) is shown to satisfy the 
following integral equation, formally similar to the 
Gel’fand-Levitan integral equation: 


(46) 


F(r,t)=G(r,)+ J F(r,s)G(s,t)ds. 


If we introduce ¢(F,r) as given by Eq. (41) into the 
Dirac radial wave equation (2) and use the corre- 
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sponding equation for ¢;(#,r), we obtain the condition 


for the kernel: 


wK (1,7) — K (r,r)w+ (M—M) (o,A/r—oym)=0. 


This condition on K(r,r) can be easily transformed into 
the following condition on F(r,r): 


wF (rr) — F (r,r)w+ (MM — 1) (0\/r—oym) =0. (47) 


This equation for the matrix elements F;;(r,r) yields 
only two independent conditions, which are con- 
veniently written as 
Fyo(r,r)+ Fo (r,r) = S(r)=2 sinAul (A/r cosAu 
—m sinAz |, 
F\,(r,r) = D(r) =2 sinAu[m cosAu 
+(A/r) sinAu |, 


48) 
F(r,r) — ( 


where Au=yu(r)—y1(r). By simple algebra and differ- 


entiation, we obtain: 


d D(r) mr 
V(r)-Vi wa  arctan-— Ay “(arctan ) (49) 


In addition to Eq. (49), the elements of F(r,r) 
satisfy a second condition which can be combined with 
Eq. (49) to give other equivalent formulas for the 
potential V(r). This connection between the elements 
can be given as: 


[(A/r)— D+ (m+S)?= (d/r)?+m?, 


which is readily obtained from Eq. (48). 


(50) 


IV. METHOD FOR CONSTRUCTING THE POTENTIAL 


From the properties relating the eigenfunctions 
corresponding to the two potentials V(r) and V,(r) a 
procedure can be established to construct V(r) when 
the phase shifts »,(k) and the bound-state energies 
Eye (l=1, 2, ,m,), c=+, — are given for both 
positive and negative energies for fixed angular mo- 
mentum, that is for a fixed \. The steps in this pro- 
cedure are as follows: 


1. First f.(k) (c=+,—) can be constructed from 
no(k) and FE), by the Hilbert transform type of relations 
[Eqs. (19) and (20) ]. 

2. From f,(k) we obtain dp/dE by means of Eq. 
(34). Since n(k), E; do not determine the constants 
Cie, these can be chosen arbitrarily as long as they are 
positive, in accordance with their definition (27). Once 
these constants are chosen the spectral function deriva- 
tive is known. 

3. If a comparison potential V;(r) is taken for which 
everything (i.e., spectral function and eigenfunctions) 
is known, we can construct the matrix G(r,t) according 
to Eq. (44). Then we have the kernel and inhomo- 
geneity of the generalized Gel’fand-Levitan integral 
equation (46). 
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4. The solution of the generalized Gel’fand-Levitan 
integral equation for r>¢ yields F(r,t); the difference 
of the unknown potential V(r) and the comparison 
potential V;(r) is given by Eq. (49), and we can con- 
struct the matrix M(r) defined by Eq. (39) and then 
the kernel K(r,t) from Eq. (45). Once K(r,t) is known, 
the eigenfunctions ¢(F,r) are given from the ¢)(F,r) 
by Eq. (41). 


V. DISCUSSION 


The procedure derived above for the construction of 
the potential in the Dirac equation is similar in most 
respects to the previously known method! for the 
nonrelativistic Schrédinger equation. In fact, each step 
in the procedure can be shown to reduce in the limit of 
small velocities to the corresponding step in the non- 
relativistic case.'7 In this nonrelativistic limit, the 
phase shifts for the same angular momentum and 
opposite parities become equal; the positive-and nega- 
tive-energy regions are no longer interdependent but 
split into separate problems; in each the phase shifts 
and bound-state data (e.g., for positive energies only) 
will be sufficient to determine the potential. 

The procedure for construction of the potential that 
has been presented is mathematically straightforward 
but there are three reasons for the lack of practical 
usefulness in the direct analysis of experimental values : 

1. The interaction was restricted to a spherically 
symmetric static potential; all actual physical inter- 
actions are more complicated. Furthermore, in most 
cases when relativistic effects are important 
(E—mc?= mc?) the possibilities of recoil or of inelastic 
effects, or even of particle creation, are significant. 
The present method could probably be generalized to 
include some of these complications, but this is not of 
great importance because of the other limitations of 
applicability. 

2. The method for construction of the potential 
requires exact knowledge of the phase shifts for all 
energies. Since experimental values have limited ac- 
curacy and are available only for a finite range of 


17 For details, see Chap. VI of the dissertation of reference 10. 
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energy, an application of the method to experimental 
values should be accompanied by a discussion of the 
effect of an error in the data on the predicted potential. 
This problem is especially difficult and has not been 
thoroughly analyzed even in the simpler nonrelativistic 
case,}8 

3. The method presented is necessarily quite cumber- 
some. The procedure for the nonrelativistic case was 
already so complicated as to preclude many practical 
applications, and the present relativistic treatment is 
necessarily much more involved. 

In the nonrelativistic case, Bargmann described? 
interesting families of potentials for which the solutions 
f(k,r) of the Schrédinger equation were rational 
functions of k. These examples were especially in- 
structive, because the phase shifts, wave functions, and 
potentials were given in convenient closed form. We 
have investigated to see if similar families of solutions 
can be found for the Dirac equation. However, it is 
easy to show that the f(,r) cannot be rational functions 
even in the two variables E and k, because such a non- 
trivial rational form is inconsistent with the asymptotic 
behavior in the complex & plane [see Eq. (11) ]; no 
simple transformation has been found which can meet 
this difficulty. 

The procedure of Sec. IV exhibits the one-to-one 
correspondence between potentials satisfying the inte- 
grability conditions (3) and “allowable” sets of scat- 
tering data (including phase shifts and bound-state 
energies and norms). However, it remains to find 
convenient characterizations of the class of phase shifts 
that can be obtained from a Dirac equation potential. 
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Proof of Dispersion Relations for the Production of Pions by Real and 
Virtual Photons and for Related Processes*t 
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It is shown that the amplitudes for the production of pions by photons and electrons (virtual photons), 
as well as for elastic photon-proton and photon-deuteron scattering, have certain analytic properties as 
functions of energy and momentum transfer. These properties are proven on the basis of the axioms of field 
theory, especially local commutativity and the spectral conditions. They guarantee the validity of the 
usual dispersion relations for restricted values of the invariant momentum transfer. In the construction of 
these dispersion formulas the electromagnetic interaction is treated in lowest order. The residua of the poles 
arising from the single-particle intermediate states are related to the corresponding vertex functions. For 
fixed values of the total energy the absorptive parts of the amplitudes are analytic functions of momentum 
transfer; they are regular inside certain ellipses. These properties make it possible to continue the absorptive 
parts into the ‘‘unphysical region” appearing in the nonforward dispersion relations by means of partial- 
wave expansions. 

In the Appendix a brief survey is given of the limitations in momentum transfer or the unphysical mass 
restrictions, which one encounters in the proof of dispersion relations for some elastic scattering processes. 


1. INTRODUCTION 


 spihonoatg: processes involving electromagnetic and 
strong interactions simultaneously can be studied 
to some extent on the basis of relativistic dispersion 
relations. In this approach the electromagnetic radia- 
tive corrections are neglected, but the strong inter- 
actions are treated exactly. With these restrictions one 
obtains dispersion formulas! for the amplitudes de- 
scribing photoproduction of mesons,’ the production of 
pions by electrons,’ and the elastic scattering of photons 
by protons.‘ 

It is the purpose of the present article to derive some 
analytic properties of the amplitudes mentioned above 
and to show that these properties guarantee the validity 
of the corresponding dispersion relations for restricted 
values of the momentum transfer. In addition they 
make it possible to continue the amplitudes into the 
“unphysical region” by means of expansions in terms 
of Legendre polynomials and their derivatives. In the 
case of photomeson-production and y-p scattering, the 


*Work supported in part by the U. S. Atomic Energy 
Commission. 

+ A brief report of our results appears in the Proceedings of the 
Annual International Conference on High-Energy Physics at 
CERN, Geneva, Switzerland, 1958. 

tOn leave of absence from Christ’s College, Cambridge, 
England. 

1 No proof of all these dispersion relations has been attempted 
till now. 

2 These relations have been considered by many authors; see 
for instance: Chew, Goldberger, Low, and Nambu, Phys. Rev. 
106, 1345 (1957); E. Corinaldesi, Nuovo cimento 4, 1384 (1956); 
Logunov, Tavkhelidze, and Solovyov, Nuclear Phys. 4, 427 (1957). 

3 Fubini, Nambu, and Wataghin, Phys. Rev. 111, 329 (1958); 
Logunov, Solovyov, Kukin, and Frenkin, Joint Institute for 
Nuclear Research, 1958 (to be published). 

4T. Akiba and I. Sato, Progr. Theoret. Phys. Japan 19, 83 
(1958). For forward scattering, see also Gell-Mann, Goldberger, 
and Thirring, Phys. Rev. 95, 1612 (1954). These papers contain 
further references. 


coefficients in these expansions (multipoles) are physical 
quantities and in principle measurable. Also in the 
relations for pion production by electrons the con- 
vergence of the multipole expansion in the unphysical 
region is important. In the electromagnetic approxima- 
tion considered, one is dealing practically with the 
production of pions by virtual photons. 

The amplitude for a process like photoproduction of 
mesons is a matrix in spin and isotopic spin space. It is 
usually given in the center-of-mass system as an ex- 
pansion in terms of a complete set of basic matrices 
which are compatible with all invariance properties. 
For the purpose of dispersion relations, it is convenient 
to use a corresponding expansion of the covariant 
amplitude with respect to a complete set of irreducible 
forms in spinor space. The coefficients of these forms 
are invariant functions of the momenta only, and they 
have simple symmetry properties if the matrices are 
properly chosen. In the present paper we shall not dis- 
cuss these kinematical aspects? *; they are unimportant 
for the analytic properties in which we are interested. 
It is sufficient for our purpose to work with spin-zero 
fields only, provided we observe all selection rules which 
are relevant for the spectral conditions. All steps of 
our proof can be directly applied to the invariant co- 
efficients in the expansion of the general amplitude. 
These functions may be expressed in terms of the com- 
plete amplitude by means of projection operators and 
traces, and in this form the discussion of their analytic 
properties is completely analogous to the spin-zero case.° 

The analytic properties of the photoamplitudes are 
obtained on the basis of general assumptions under- 


5 Compare Appendix I of the arn by Goldberger, Nambu, and 


Oehme, Ann. Phys. N. Y. 2, 226 (1957). 
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lying relativistic quantum field theory. The most 
important axioms are local commutativity (causality) 
and the spectral conditions. However, the information 
contained in these axioms has not been completely 
exhausted and hence the limitations in momentum 
transfer, which we encounter, are not necessarily char- 
acteristic for the assumptions we have made. In this 
respect the present situation is somewhat different 
from that of the mass restrictions for the vertex func- 
tion and other processes.’ 

The problem of proving the analytic properties which 
are relevant for the dispersion relations is actually a 
special case of a more general task. This consists in a 
complete exploration of the consequences of causality 
and spectrum for the analytic properties of Green’s 
functions. In the present paper we are dealing with the 
Fourier transforms of vacuum expectation values of 
fourfold retarded products. It follows from the axioms 
that these transforms can be characterized by invariant 
functions depending on the six inner products which 
can be formed from the three independent vectors.® As 
a consequence of local commutativity and the spectral 
conditions, these functions are analytic on a certain 
“primitive” domain D in the space of six complex 
variables. The problem is to characterize this domain, 
to compute its envelope of holomorphy E(D), and to 
derive a representation for the most general function 
in the class of interest, which is analytic in E(D) and 
has singularities everywhere on the boundary.® 

Our present exploration is much less ambitious.® For 
the purpose of dispersion relations, we are mainly 
interested in the analytic properties of the amplitudes 
as functions of the ‘total energy variable” z and the 
invariant “momentum transfer variable” z;, with the 
other four variables 2;---z4 on the massshell (except 
for virtual photons). So we prove, for instance, that 
there is a certain region R in the space of the variables 
z,:-*Z, such that for fixed, real 25, the amplitude is 
analytic in 2,:--24 and 2 for (2;---z4) in R and for 2 
in the whole complex plane except for a “physical cut” 
along the positive real axis. If this region R includes the 
point z4 on the mass shell for some physical values 
of the momentum transfer z;, then we can prove the 
corresponding physical dispersion relation. But if the 
mass-shell points are outside R, we cannot guarantee 


] 


that the amplitude is regular in the cut 2 plane for 
physical values of 2;---2s5. In fact, in some cases we 


® See Bremermann, Oehme, and Taylor, Phys. Rev. 109, 2178 
(1958) for discussion and references. This paper will be quoted in 
the following as BOT. 

7 Res Jost, Helv. Phys. Acta 31, 263 (1958); Reinhard Oehme 
Phys. Rev. 111, 1430 (1958). 

8D. Hall and A. Wightman, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 31, No. 5 (1957). 

® At present the envelope E(D) is known only for the three- 
point function, where no specific spectral conditions have been 
assumed. G. Killén and A. Wightman, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. (to be published). With the present 
mathematical method an extension of these results to include 
special mass spectra is quite involved. 
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know from examples that causality and spectrum are 
not sufficient to prove the desired dispersion relations.’ 
In order to find the details of the region of analyticity 
in the zs plane for such amplitudes, a more general 
approach, along the lines outlined earlier, would be 
required. 
2. STATEMENT OF RESULTS 

We consider the S-matrix element for the reaction 
k+p— k’'+p’, where p and p’ are the initial and final 
four-momenta of the target nucleon, & is the four- 
momentum of the initial real (k?=0) or virtual (k?<0) 
photon, and &’ corresponds to the final pion (k= ,?) 
or photon (k”=0). It is sufficient for our purpose to 
describe all particles by the corresponding spin-zero 
fields. In this framework we introduce the invariant, 
causal amplitude M, by 


S(k’,p’ hyp) = (k’ | k)<p’| p) +1 (2r)45(k’+ p’— k— p) (2.1) 
x (16ko' po'kopo) *M(k+ p, ?' pd), wy 


where M, may be considered as a function of the inner 
products, 


p?=p=m’, k®=7, P=, (p'— p)*= (k—k’)?= —4A?, 
(k+ p)?= (k’+p’)?=0". (2.2) 


Let us concentrate first on the amplitude for the pro- 
duction of pions by real and virtual photons. Then we 
have r=y?, y<0, and if q; and q2 are the momenta of 
pion and photon in the center-of-mass frame of the 
final pion-nucleon system, we find 


qi?= 40° 1+ (m?—p?)/o? P—m’, 
q2?= 4071+ (m?—-y)/o? P—m’, 


qi° 42> [q:°q:" }} cosd = 2f Av?( t7)— A?], 
where 


Ac’(o,y)=}{a+q2—[(u—)/20 }}, 


and o is the total energy of the system in the c.m. 
frame. The spectral conditions for the amplitude are 
determined by the properties 


(0| j(x)|m)=0 unless p,?2 (3)’, 
(0| J (x)|n)=0 unless pn?2 (2u)?, 
(O| f(x) |n)=0 unless pn?2 (m+uy)?. 


Here j(x)= (O+u)¢(x), J(x)= OA(x), f(x) =(O+m*) 
X W(x), and the spin-zero fields ¢, A, and y correspond 
to “pions, photons and nucleons,” respectively. The 
state |m) describes an eigenstate of the energy-mo- 
mentum operator with the eigenvalue p,; we have 
always p,°>0 and pno>0. The intermediate states of 
the complete initial or final system consist of the dis- 
crete one-nucleon state with o=m and all allowed 
continuum states with ¢2m+u. 

Using the basic axioms of field theory, especially 
local commutativity and the spectral conditions de- 
scribed above, we have shown that the invariant ampli- 


(2.4) 
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tude M,(7,A*,o*) is the boundary value of an analytic 
function M (y,A?,z). In the following we list only those 
properties of M(y,A*,z) which are important for the 
physical dispersion relations. 


1. Consider y and A? real, y< 0 and Aun?< A?< Amax’, 
where Amax?(v) > Atn?(y), and 


m (wy 
m+u 4 


is the physical value of A® at threshold (¢=m+uy). 
Then the function M (y,A?,z) is analytic in z= 2+7y and 
it may be written in the form 


M (y,A?,z) = F (y,A2,2) + P(y,A2,2), 
with 


P(y,A?,2) = F(y,A*, —2+2m?+ y+ +40?). 


(2.5) 


The function F is regular in the z plane except for the 
cut y=0,«2(m+u)? and the pole y=0,x«=m’. It 
satisfies the relation 

F*(y,A?,2*) = F(y,A*,2) (2.6) 


for all z in the cut plane. For | y| >6>0, one can find 
an integer V and constants C,(y,A?,6) such that® 


N 
| F(y,A,2)| <2 Cn|2|". 


n=) 


(2.7) 


/ 


Note that the conventional variable v= (k+k’) (p+ p’) 
4m is related to z by 


2mv=2—m?>—4(p?+y) — 2A?, (2.8) 
and the replacement z— —2z+2m?+y?+7+4A? cor- 
responds to the change of v into —». 

2. Let ophys(y,A?) be the threshold energy for the 
physical reaction with given y <0, and Atn?< A?< Amax’. 
If o2 ophys, then the improper limit 


lim M (7,4, o?+-ie) = M,(y,A?,o?) 


«0+ 


(2.9) 


holds, where M, is the invariant production amplitude 
defined in Eq. (2.1). The energy opnys is given by 


O phys’ (‘Y,A*) = 3 (u?-+y)+m?+ 2A? 
+2 (m?+ A?) {3(u?-+7)+4?+[(u2—y)/4d P}]}. (2.10) 


9 


3. The residuum of the function F(y,A*,z) at z= m? 
is the product of two real constants mg(u?) and me(y), 
where 


mg(r)= (2po)*(p| 7 (0) | pn)(2pno)? for 


P’=pr=m, (p—pnr)*=7, (2.11) 


and 
me(p)= (2po){p|J(0)| Pn)(2pno)! for 


p=pi=m’, (p—pn)*=p. 
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The functions g(r) and e(p) are analytic in a complex 
neighborhood of the real axis for 


m 2m 
r<ae(— ) and <2( 
m— 2 


- —), (2.12) 
m— bh 
respectively. 


In the general case of the invariant coefficients in 
the expansion of the covariant amplitude, the residua 
are determined in the same way as in the present model. 
There appear the Yukawa constant /, corresponding to 
our g(0), and the charge e or the static anomalous 
nucleon moments yu, and yu, corresponding to e(0) in 
our model.!? 

4. The limitation Amax’(y) is given by 


Amax’*(¥) = min {Ac?(o,vy) +A (0,7)}, (2.13) 


o>m+u 


where 


A (o,y)= 3 Lgrge H+ (git a”) (gota?) J} (2.14) 


and 
8u3(2m+y) (4u?—-y) (2m+p) py 
£1>= -—— - £2>= 


ao” — (m— 2u)? o*— (m—p)? 


for 


Y > Y0= 2u(m?—pw?2—o)(m—p), or g2=N2—qe’, 


with 
u(2m+p) 1 . | . 
aan —+—{L(m +p)?+o?—y P—4(m+y)*o"}4, 


2o 20 
for y<Yo. 


The quantities Ao’, qi’, and q,.” have been defined in 
Eq. (2.3). For real photons (y=0) and for virtual 
photons with y larger than — 2.7? (u/m= experimental 
mass ratio), the minimum in Eq. (2.13) is at c=m+y 
and we find 


m w—y [82 2m+yu 4 ?—y u\} 
Amax’= +| dees (1+ ) 
m+n 4 3 2m—pu 2 2m 


2 ay m 
(2.15) 


a] 
2m+u ' 


1 | 7 
xf 1+] 1+ — 

2 4u?—y (m+)? 
In the case of photoproduction of pions (y=0), Eq. 
(2.15) leads to Amax?*3y?. For virtual photons with 
y<—2.7y? the minimum in Eq. (2.13) appears for 
o>m-+u. In Table I we give some values of Amax?(y). 


TABLE I. Maximum invariant momentum transfer 2Amsx(y) 
for which the dispersion relations have been proven in the case 
of virtual photons.* 

—y/ut 3 5 7 8 9 


Banas?) /a2 


5.00 6.00 7.03 7.50 7.95 


« » =ko? —k?, where k is the four-momentum of the photon, This table 
has been calculated for u/m =140/940. 
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5. Let us assume, for reasons of simplicity, that 
M (v,4*,z) vanishes like z~' for z—> «©. Then the prop- 
erties described above may be summarized by the 
representation 


M (y,A?,2) =F (y,A?,2) + F (7,42, —2+2m?+y?+7+4") 


1” 1 
= f do? 6.8) ~ 
x 9 


(m+p)? 


os 


1 
+ 


o?+-2— 2m? —p?—y— 4A? 
1 1 


9 Eon +-—______ | (2.16) 
m—s 2—m—p?—y—4A? 


| reCade at 


for y<0, Atn?< A?< Amax?. Here 


$(7,A?,0") 


lim { F (y,A?, o?+-16€) — F'(7,A°, o?—ie)} (2.17) 


1 
wz) e—0+ 


is a real weight function which coincides with the ab- 
sorptive part of the production amplitude for physical 
values of o: 


¢(y,4*,o?) = ImM,(y,A*,07) for o2opnys(y,A?). (2.18) 
In the “unphysical region” m+Qo<ophys, the func- 
tion @ may be obtained by explicit analytic continua- 
tion in A® with the help of expansions in terms of 
Legendre polynomials or their derivatives. This con- 
tinuation is made possible by the following properties 
of ¢: 

6. For y and a fixed, ¢ is an analytic function in A’. 
It is regular inside an ellipse, with foci at A?= Ao?(y,c) 
+4[ q:°q:? |! and the boundary 


A?= Av?(o,y) —A (o,y) cosw+iB(o,y) siny, (2.19) 


where 
B(o,y) = 4[442(0,7) — q:2q2? }}! 
= 3{[g1(g2+q2") }'+[e2(git+ an) 4} ; 
A(o,y), g1, g2 are defined in Eq. (2.14), and A;?(c,7), 
q:’, q2” in Eq. (2.3). For o>m-+y we may introduce the 
cosine of the c.m. angle # as a new variable. Then ¢ is 
an analytic function of cos, which is regular inside an 
ellipse with foci at +1 and the boundary 
cosd = § cosp+i[ #— 1}! siny, 


(2.20) 


where (2.21) 


£=2A (0,y)[qi'q:? 1. 


Hence we may expand ¢ in terms of Legendre poly- 
nomials in cosi?=2(A?— A?)[q:2q.? |? or in terms of 
derivatives of these polynomials. The expansions are 
convergent inside the ellipse (2.21) and the coefficients 
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are determined by the values of ¢ for | cos] < 1.1% 
In this range the function ¢ is equal to the absorptive 
part of the physical amplitude. For practical applica- 
tions the Legendre expansions may be chosen to co- 
incide with the usual multipole expansions. 

In the representation (2.16), and therefore also in 
the dispersion relations, the function ¢ is needed for 
real A? and all c>m+y. We see from Eq. (2.21) that 
the Legendre expansions will converge in the whole 
unphysical region if A? is restricted by 


max {A;?(o,y)— A (o,y)} <A? 
o>m+u 
< min {Ac?(o,vy) +A (c,y)} -_ Aas” (y). 


o>m+u 


(2.22) 


The range Ap,?< A?<Amax” is contained in (2.22). Pre- 
liminary calculations indicate that the maximum of the 
left-hand side of the inequality (2.22) appears for 
a —» © and has the value zero. 

In the present paper we shall not discuss the analytic 
properties of M(y,A*, o*+ie) as a function of A? for 
fixed values of ¢. We hope to come’ back to this problem 
in a later publication. 

Let us briefly discuss the limitations we encounter in 
the proof of dispersion relations for elastic y-p scattering. 
In this case we have r=y=0 in Eq. (2.2) and the c.m. 
quantities are given by 
@?= q:°= qe? = 40?(1—m?/o")?, A?=3q?(1—cosd). (2.23) 
The dispersion formulas can be proven for 0 < A?< Amax’, 
where 


Suan 
Amax’= 


min {q’+g}, 
! o>m+u 
with 


(2.24) 


Using the experimental mass ratio, we find that the 
minimum is at o=m-+un, and 


(2m+y)? 2m+p 
Amax?=?{ — ——}=3y, (2.25) 
4(m+uy)? m 
The representation corresponding to Eq. (2.16) is of 
the form 


M (A?,z) = F(A?,s) + F (A?, —s-+2m?+4A?) 


: i 1 1 
we £ 


m+y)? o?+2—2m?— 4A? 


9 
y "5 


1 1 
a See 


+ ?(0)m? 
m—2 2—m'’—4h?* 


}, 2.26 


where $(A*,o”) is again an analytic function of A? for 
1 Gabor Szegé, Orthogonal Polynomials (American Mathemati- 
cal Society, New York, 1939), p. 238. , 
4 Corresponding results for the case of pion-nucleon scattering 
have been obtained earlier by H. Lehmann, 1958 (to be published). 
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fixed 2 m-+-u. It is regular inside an ellipse” with the 
boundary 


A= 3q°—(4q°+g) cosptilg(g+q’) } siny. 


We can express ¢ in the unphysical region (m+) <o 
<A+[m?+ A*}! by Legendre expansions (multipole ex- 
pansions) in cos? = 1—2A*/q?, provided A? is restricted 
to the range 0< A?<Ayax”, where Amax” is given in Eq. 
(2.25). 

So far we have treated the electromagnetic inter- 
action only in lowest order. If we take into account all 
orders in the fine structure constant and introduce a 
small, auxiliary photon mass \>0, then Amax? for y-p 
scattering is given by 


(2.27) 


Amax’= min {q?+g(o,d)}, (2.28) 


o>m+nr 
with 
8\3(2m-+d) 
g(¢))) =—_—_—_—_. 
a? — (m— 2)? 


The minimum is at o=m-+ and we find the value 
Amax” = (8/3)A?(2m+A)(2m—X). Hence we can only 
prove the dispersion formulas for forward scattering and 
for the derivative amplitudes. The situation is the same 
for photon-electron scattering. 

Dispersion relations for elastic photon-deuteron scatter- 
ing can also be proven; they will be discussed briefly 
in the appendix. 


3. DERIVATION OF DISPERSION RELATIONS 


Since the following considerations are similar to 
those given in Sec. 2 of BOT, we may restrict ourselves 
here to a brief outline.” It is convenient to introduce a 
special Loretz frame where p+ p’=0 and 


p'=ps, p=p-s, K=}(k+k’)={w,K}, 
with 
Ex= (m+ A2)3, 


2K-A=8. 


pa={Fa,4}, 
K?=.w"—a— A’, 
Here we have introduced the variables a=}(7+p)), 
B=3(7r—p), r=k”, p=k’; and on the “mass shell” for 
the production amplitude, with r=? and p=y<0, we 
write ap=}(u?+~¥), Bo=3(u’—v). We chose our space 
frame so that 
A=Ae,, K= (8/2A)e:+[w?—a— A?—f?/4A? tes, (3.1) 


where e; and e2 are two orthogonal unit vectors. Note 
that the quantity 


W phys (7,4?) = [ao+ A?+By?/4A? }} 


is the physical threshold energy in the special system. 
By the usual methods we obtain Fourier representa- 
tions for the invariant amplitude M, and the corre- 


(3.2) 


12 See also Bogoliubov, Medvedev, and Polivanov, Problems of 
the Theory of Dispersion Relations [Gostechnisdat, Moscow (to be 
published) ]; N. N. Bogoliubov and D. V. Shirkov, Introduction 
into the Theory of Quantized Fields (Gostechnisdat, Moscow, 1957), 
Chap. 9. 
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sponding advanced amplitude M,. In the special frame 
these are of the form 


M,, 0(a,8,A*0) = D(a,8,A* 0) iA (a,8,4*«) 
= +2hsi fax e'* -79(+ x9)(pa|Lj($x), J(— 43x) ]| pa) 
N 
+3 Cnr(a,B,d2)w?", (3.3) 
n=) 


where the dispersive part D, the absorptive part A, and 
the coefficients C, are real quantities; this may be 
shown using invariance under space-time inversion or 
charge conjugation. Let us assume now that a< — A? 
—°/4A*, Then the absorptive part is defined by Eq. 
(3.3) for all real w, and by decomposition of the matrix 
element into intermediate states we obtain the spectral 
representation 


A (a,B,A?,w) = face p(a,B,A?,o”) 


X {6(0?—a— m*— 2A?— 2F aw) 


—65(0?—a—m?—2A?+2Eaw)}, (3.4) 


where 


p(a,B,A?,o7) = rm’g(a+B)e(a — B)b(a?— m7”) 
+(a,B,A*,0’), 


and ¢=0 for o<m-+u. The functions g(r) and e(p) 
have been defined in Eq. (2.11) and they will be dis- 
cussed later. 

We see from Eqs. (3.3) and (3.1) that for a, B, A? 
fixed and a+ A?+6?/4A?<0, the functions M, and M,, 
taken together, define an analytic function in w which 
is regular in the cut w plane. There are no branch 
points on the imaginary axis because M, and M, are 
symmetric under e: — — e». If we require in addition 
that a<—2A?, then there is a finite gap on the real 
axis where A= (1/2i)(M,—M,)=0, and we have one 
analytic function M(a,8,A?,w). We prefer to introduce 
the variable 


(3.5) 


(3.6) 


2=2Exwtat+m?+ 2A?, 


and consider M (a,8,A?,z) in the cut z plane. Assuming 
sufficient boundedness at infinity, we obtain for M a 
representation of the form 


1 D 
M (a,B,A?,z) = f 
Te ( 


m+)? 


do* (a,8,A*,07) 


1 1 
o—s o+2—2m?—2a—4A? 
1 1 


m?—2z 2—m’?—2a—4A? 


+ g(a-+B)e(a—B)m" (3.7) 


where ¢ has been defined in Eq. (3.5). 
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Let us discuss first the functions g(r) and e(p), which 
are special cases of the meson-nucleon and photon- 
nucleon vertex functions. We are interested here in the 
analytic properties of g(r) and e(p) in the neighobrhood 


ad : eo 2 “ 7° «Cie 
V (m? 20,23) = do* | dé dyn | dx—— 
0 t-1 KO oa’? — 23 


(m+p)? 


AND J. 


G. TAYLOR 


of the real axis for r< uw? and p< y<0. These properties 
may be obtained from the representation of the vertex 
function which has been described earlier by one of us 
(R.O.)."% Here we use this representation in the form 


{L245 (1+ Ea )o*— (m?-+25)-+9(m?— 23) PEM? 22,0), (3.8) 


where x is a real generalized function, (212223) = 21°+22" 
23° — 22:22— 22123— 22023, and 


xo=min{0, m+y—}o[ (1+n)?—# ]}}, 
b—}o[ (1—n)?— & }}}. 


We have b=3y, 22=7, 23=m’ for the pion vertex g(r) 
and b= 2y, 22=p, z;= m’ for the photon vertex e(p) ; the 
weight functions x are, of course, different in both 
cases. A discussion of the denominator in Eq. (3.8) 
shows that g(r) and e(p) are analytic in a strip along 
the real axis provided 


2m+u 2m+u 
T< Sy" and p<2y*{- oe 
2m— yu 2m 


respectively. Both functions are real for real values of 
r and p which satisfy Eq. (3.9). We will encounter the 
restriction (3.9) again in Sec. 4 when we discuss the 
analytic properties of $(a,8,A*,o*) as a function of 
r=a+8 and p=a-—8, for fixed A? and all c>m+u. 

It may be of interest to note that the limitations 
(3.9) have been obtained from a representation which is 
an analytic function in the cut z; plane in addition to its 
regularity properties as a function of z2 (7 or p). At the 
special points z3=m?*, we have regularity also for some- 
what larger real values of 7 or p. This can be seen from 
a representation of the form 


x (x?,u,p) 


(p 7(0) a)(dpae)'= f dean - 
nr’ — (3p—q—u)? 


(3.10) 


where p?=q’?=m’* and where x is a real weight function 
which vanishes outside the region 


| o| + |u| < 3m, 
«>max{0, a—[(4m+u)?— uw? }!, bB—([(4m—u)?— uw? }}}, 


a=m+u, b=3y or 2, respectively. 


The formula (3.10) is a direct application of the Dyson- 
Jost-Lehmann representation.":!® In the Lorentz frame 
for which p=0 and g={w, e[w*—m?}!}, with e being 
some fixed unit vector, the denominator in Eq. (3.10) 
cannot vanish for w>wo= (m?+ma—ab)(m+a—b)-. 
Hence the functions g(r) and e(p), with p= (q— >)”, are 

1s Reinhard Oehme, reference 5. See Eqs. (3) and (4). 

4 F, J. Dyson, Phys. Rev. 110, 1460 (1958). 

18 R. Jost and H. Lehmann, Nuovo cimento 5, 1598 (1957); 
L. Garding and A. Wightman, 1958 (to be published). 


analytic in a strip about the real axes provided 


m 2m 
r<ae(— ) and p<ai'(—"_), (3.11) 
m— b 2m—p 


respectively. 

In the following section we shall show that the func- 
tion ¢(a,8,A*,o?) has analytic properties in a, 8, and A? 
for fixed o>m-+u. Here we are interested in the fact 
that there is a 6>0 such that for all o>m+y, Au?< A? 
<Amax’, B=Bo<3u’, ¢ is an analytic function of a for 
aeS, where S is the strip® 


S=[a: | Ima! <6, Rea<ap+6 ], 


and ao=4(u2+7), y<0; by “La: --- ]” we denote “the 
set of all a which satisfy the condition: --.” From Eq. 
(3.9) we see that the functions g(a+ fo) and e(a—Bo) 
are also analytic for aeS, and hence we may continue 
M (a,8o,4*,z) in terms of the right-hand side of Eq. 
(3.7) from a<A?+o/4A*, a<—4A? to the physical 
value a=ap. For the M thus continued, it remains to be 
shown that the improper limits 


lim M (ap,80,A*, o? bie) = M,, a(a0,80,A*,07) 


0+ 


hold for ¢2opnys(y,4”), where M,,, are the amplitudes 
defined in Eq. (3.3) in terms of Fourier representations. 

These representations define an analytic function of 
w and a for 


| Imw| > | Im[w*—a— A?—Bi?/4A? }}|, 


and the right-hand side of Eq. (3.7) is certainly regular 
for 


(3.12) 


and |y|=22£,s|Imw|>|Ime!. (3.13) 


aeS, 


Now we choose a=ap+2iae and w=w,tie, w2 Wphys 
(y,A*), which corresponds to z=0°+2i(Est+ay)e, 
o> phys(y,4*). Then (w,a) satisfy the conditions (3.12) 
and (3.13) provided ; 


| a—w,| xm [w?—ao— A?— B,?/4A? |} 


At least for A?> Au? such an a can always be found and 
- 
we have 


and |a|<Fa. 


lim M (a0,80,A?, o? bie) 
0+ 
= lim M (ap+ 2iae, Bo,A*, 0? + 2i(Ext+a)e) 
«0+ 


= M, o(a0,80,A*,0°). (3.14) 
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This gives the required dispersion relations. If the 
function M (a,8,A?,z) should be less bounded for z > ©, 
then we have to make “substractions” in Eq. (3.7) and 
there will be a polynomial in z with coefficients depend- 
ing on a and A’. The proof that these coefficients are 
analytic functions of a for aeS may be given using the 
method described in Sec. 2 of BOT. 


4. ANALYTIC PROPERTIES OF THE 
ABSORPTIVE PART 


In this section we wish to prove some analytic 
properties of ¢(a,8,A?,o”) as a function of a, 8, and A’. 
The regularity in a for aeS and fixed B=Bo, Au?< A’ 
<Amax’, 72m+u has been used in Sec. 3 in order to 
derive the dispersion relations. Analytic properties in 
A’ make it possible to express ¢ in the unphysical region 
in terms of physical quantities via Legendre expansions. 

Let us introduce the variables 


qi=3(p’—k’), g2=4(p—k), 
and the function 


G(q19293) = (0?— m*)o(a,8,A*,0”). (4.2) 


In the c.m. system we have then 
q;=0, q30>= 1 


29, 
qio= (m?—7)/2c, 


g20= (m*—p)/2o, 
t=a+B, 
qi?= jo?L14+ (m?— 1) /o? P—m’, 
q2?= jo" 1+ (m>—p)/o*? P—m’, 

(qi— q2)?=4A?+ B?/o". 


By standard methods we obtain for G a Fourier repre- 
sentation of the form 


p=a—B, (4.3) 


Gr, a(919293) 


= (m>—4q3") J d4x, d4x, e8(71+9272)9(419)0(— x20) 


Xr LD OlLfGx), i(—3%1) ]|") 
n, Pn=2q3 


x (n| Cf"(— 342), J (2x2) ]/0) 


+degenerate terms, (4.4) 


where we have assumed that r<(3u)? and p< (2u)?. 
The “degenerate terms” contain equal-time commuta- 
tors; they do not alter the analytic properties of G. 
In Eq. (4.4) we have introduced the subscripts r and a 
of G in order to indicate the retarded and advanced 
character of the integrand in the variables x; and x2, 
respectively. We introduce in addition to G,_ the three 
other functions G,,, Gaa and Ga, by replacing in Eq. 
(4.4) 0(— x20) by —0(x20), 6(a10) by —6(—x10), and 
6(x10) by —6(—x10) as well as 0(—220) by — (x20), re- 
spectively. Then we have the four functions G;;(q1¢2q3), 
i=r,a and j=r, 4a, which, on the basis of the spectral 
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conditions (2.4), have the properties 
G,;—Gaj=0 for (gitqs)?<(m+up)? and 
(qi- qs)? < (3u)’, 

(go+q3)?<(m+yu)? and 

(g2—9q3)*< (2u)?, 
qs’ > (m+y)? g30>0. 
From Eq. (4.4) we see that the functions Gj; are 
analytic in g; and gq in certain tube domains.* We may 
take these functions as one function G(gig2q3) which is 
then analytic in the region (q1,92)eW XW for each real 
q3, where 


Gie—Gia=0 for (4.5) 


unless and 


G.j=0 


W =[q: | Imgqo| > | Imq| ]. (4.6) 


Let us denote the “joining up region” of Eq. (4.6) by 
(91,92)€¢S3XS2, where S, is the set of real points 


Sn=[q: Img=0, (Reg+q;)?< (m+u)’, 
(Reg—qs)?< (mu)? ]. 


The function G satisfies all the conditions of the edge 
of the wedge theorem of BOT and hence it may be con- 
tinued, for every fixed q;, into the region (WU N%3) 
X(WU N2), where N, is some complex neighborhood 
of the set S,. This continuation is sufficient to prove 
the dispersion relations for A?= Ay,?(y). Writing 
qi=Riet+De, qe=R.e,—Deo, 
(qitqe)?+ (qr’— qo”) 


Rj,» ; 
2[ (qit+q2)? }! 


q:°q2”— (qi: qe)? )! 
Pam enna | 
(qi+q2)” 


(4.7) 


with gio, G20, Qi’, 42”, and (qi— qe)? given by Eqs. (4.3) 
we have 


(qi+q3)?= (go+q3)?= m’, (gi- g3)"=at+B, 


(q2—q3)*=a—B, (qi—q2)*= — 4A? 49;°=0°; (4.8) 
for B=Bo and aXap the vectors (q1,g2) are lying in the 
region of analyticity provided |A’—Ay’?| <6 with 6 
positive and sufficiently small. Hence, for the present 
case, the edge of the wedge theorem proves the required 
analyticity of the ¢ as a function of a. 

A straightforward method to extend the proof to 
larger values of A? would be the following. We map the 
domain (WU N;)X(WU Ns) (or its envelope of holo- 
morphy) into the space of gio, g20, and the inner prod- 
ucts qi’, qo”, (qi—q:2)?, and compute the complete 
envelope of homomorphy. However, the present func- 
tion-theoretic methods for the construction of envelopes 
are very impractical; we prefer to use a general repre- 
sentation of functions which have properties like those 
expressed in Eqs. (4.5) and (4.6). The existence of such 
a representation has been proven by Dyson," who re- 
duced the problem to the simpler case of symmetric 
spectral conditions which has been treated by Jost and 
Lehmann." With these tools we obtain for G a repre- 
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sentation of the form™ 

G(q192qs) = (0? — m*)(a,8,A?,0*) 

———, (4,9) 

[«?— (qi— 1)? ][x2?— (q2—t2)? | 

where x is an arbitrary real weight function which 

vanishes for ¢<m-+u and also outside the region 
lui|<4o—|uio|, i=1, 2, 


x: max{0, ai—[(3o+i0)*— u? }, 
b:—[(4o0—ui0)?—u?}}}. 





=—— X (K1",K2",U1,M2,93) 


(4.10) 


In Eq. (4.10) we have used the special Lorentz frame 
where q;=0 and g3.=}¢. From the spectral conditions 
in Eq. (4.6) it follows that 


a;=d2=m+y, b=3u and bo=2y. (4.11) 


The reality of x may be demonstrated using the 
representations (4.4) for the G;; and invariance under 
inversion of motion. The function x is also invariant 
under space rotations, and in the c.m. frame we may 
write 


X= X(k12,Ko",419,¢20,Uy?, Ue’, Ur Ue(| Uy! | Us|), a). (4.12) 


If we now introduce (4.12) into the representation (4.9) 
and perform the redundant angle integration, then we 


(o?— m*)(a,8,A?,07) = 2 f dus Uod Uy dkydk2" 


' % 7 XK (K1",ko”,4410,429,U1", Us”, Cosy Sing SINGe+COS¢) COS¢2, 7) 
ai wf ae.f dg aa - - 
0 0 0 NiN2+[(NP— qi’) (V2—q:*) }!—[ai’q.? }! cos(d—y) 


where 
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are left with a function depending only on gio, g20, and 
the inner products q,’*, qs’, and qi-q2. We may take 
these variables complex and discuss the points of regu- 
larity of this representation for every fixed value of the 
generalized variable ¢2m-+ y. The set of all points 
where the function is analytic is then the envelope of 
holomorphy which we have discussed earlier. For the 
purpose of dispersion relations we are interested in the 
analytic properties of @ as a function of a, 8, and A’, 
especially for a and # in the neighborhood of the real 
axis. 

First we discuss the representation (4.9) for the 
special case where the parameters u; and up are zero. 
Then the integrand depends only upon gio, g20, qi’, and 
q:’, and it is independent of A?. We are interested in 
those real points 7 and p (or a and 8) for which the 
denominator does not vanish for any 72 m+, and we 
find the conditions 


i 2m+u f 2m+u 
7<3°{ —— and p<2y?{ —— . (4.13) 
2m—p 2m 


The restrictions (4.13) are the same as those obtained 
with the representation (3.8) for the corresponding 
vertex functions. 

Let us now consider the cases u;#~0. We introduce 
polar coordinates and perform one angle integration. 
Then we have 


N, V2 


x {+ —-= , (4.14) 
[N2—-q?}! [NV2—q:"}} 


Ki +u?+q?— (g0— in) 


2\u;! sing, 


and # is the angle between the vectors q: and qe. In 
order to discuss the limitations in 7, p, and A?, it is 
useful to have the minima of the JN; as functions of the 
parameters x,?, u,*, and uo, where these variables are 
restricted to the region given in Eq. (4.10). We find, 
for real r, p and o> m+uy, with 9;=37, 


minN ,;=[g:(7)+q: |}, 
minNV2=[g2(p)+q: }, 


(4.16) 


where 
gi(r) = (a°—m*) (be —7)/[o?— (ai—,)*], 
g2(p) = (as’— m®) (bs? — p)/[o?— (a2— ba)? 
for 
(7,0) > (r0,p0) = b,a:—o*/ (a;—,) } 


and 
gi(r)=VP(7r)—qr, g2(p)=.V2?(p)—qe” 
with 
a7—m> 1 
NA) =——-+—{ (a? +0?—\)?— 40707} 3, 


20 20 


(4.17a) 


for 


(7,9) <S (70,P0), (r0,po) < (0,0 ).§ 


The masses a; and 6; are given in Eq. (4.11), and in 
Eqs. (4.3) the quantities q:? and q.” have been expressed 
in terms of 7,¢ and p, a, respectively. The correspond- 
ing minimum of the expression NiN.+[(V?—q:’) 


§ Note added in proof.—We would like to thank Professor A. A. 
Logunov and Professor V. S. Vladimirov for bringing this second 
possibility to our attention. 
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X (N2?— q2”) |! becomes then 
2A (0,p,7) = {L(gitan’) (go+qs*) }'+[gige }}. (4.18) 


Let us consider first the last factor in the representation 
(4.14). It is independent of A? and leads only to the 
restrictions 7<(3u)? and p<(2u)? for all values of 
o2m-+ yu. These limitations are due to the onset of 
the static cuts in the complex 7 and p planes. 

For ¢2m-+u and real 7 and p, the first denominator 
in Eq. (4.14) leads to a region of analyticity in A? which 
is the inside of an ellipse with foci at 


A? eg Ac’ (0,p,7) = } [qi’q2" |}, 
and the boundary 


(4.19) 


A’= Ai? (o,p,7) — A (a,p,7) cosp+iB(o,p,r) siny. (4.20) 
Here B is given by 
B(o,p,7)=$[442— gta") 

= 3{Le1(g2t as’) J+ [g2(gi tan?) J}, 


and we have 


(4.21) 


Cq:2q2? }! cosd = 2(Ay?— A?), 


with 


Ao?(o,p,7) = t{q’?+q?— (gio— 20)} 


= ${0?—2m?—7—p+(m?—1)(m?—p)/o?}. (4.22) 


We note that in the region of interest; i.e., for o> m+n, 
TK yp’, and p<v7<0, the functions A, B, and A? are in- 
creasing with decreasing values of 7 and/or p. Then we 
find from Eqs. (4.13) and (4.20) that for B=Bo=3(u2—+) 
and real A® the function ¢ has the required analytic 
properties in a= }(7+ ) provided 


max {Ao?(o,y,u)— A (o,y,u?)} <A? 
o>m+u . 
< min {A¢?(o,y,u?)+A (o 


o>m+yu 


‘¥sM?)}. (4.23) 


This leads to the limitations in momentum transfer 
which we have discussed in Sec. 2. There we have also 
described the implications of Eq. (4.20) for the con- 
tinuation of the absorption part into the unphysical 
region by means of Legendre expansions. 

It should be noted that those analytic properties of 
¢@, which we have derived earlier in this section using 
the edge of the wedge theorem, follow also from the 
representation (4.14). We have discussed here both 
methods in order to show that the dispersion relations 
for A?= Ay? follow already from the very general, and 
in principle quite simple, edge of the wedge theorem. 
In addition we wanted to point out the connection 
between the use of the Dyson representation and the 
function theoretical methods which we have employed 
in BOT. 
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APPENDIX 


We give here a brief survey of the limitations in the 
invariant momentum transfer 2A, which we encounter 
in the proof of dispersion relations for some elastic 
scattering processes. As has been explained in the 
Introduction, these restrictions need not be character- 
istic for the assumptions (causality, spectrum etc.) we 
have made. For the elastic amplitudes the quentity 
Amax” is given by an expression of the form!® 

Amax? = min{ q?(0,%1,%2) + g(0,%1,%2)}, (Al) 
o-C 


where 
1 (axy+x2)+ (x1—x2/20)?, 
g(0,%1,X2) = a ‘To?— (a—b)? |, 
ab, 
x22 bla—a*/(a—b) |, 


and o*=(k+)), «1=p’, x2=k*; the masses a, b, and ¢ 
are determined by the spectral conditions. For fixed a, 
the absorptive part of the corresponding amplitude is 
an analytic function of A?, regular inside the ellipse 
given by! 


A?=}q°— {3q°+g)} cospil(q?+g)g }} siny. 


These analytic properties can be used in order to ex- 
press the absorptive part in the “unphysical region” 
terms of physical quantities by means of Legendre 
expansions. The dispersive part is also an analytic 
function of A’; it is regular inside a smaller ellipse 
given by" 


me 
A’= } 


Q?(0,41,%2 = 


(A3) 


q’—3La’(a?+g) }! cosp+i3Lq’g }! siny. (A4) 


The following relations have been proven: 


Pion-pion scattering.—We have x;=*x2= yu’; a=b=3p 
and c=2y. The minimum in Eq. (A1) appears at o= 4y 
and we find Ammax?= 7p. 

Pion-nucleon scattering. 
=w?; a=m+pn, b=3y, and c=m+u. 
at co=m-+u and 


Here we have x,:=m’, x2 
The minimum is 


Bu! 2m+u 
17 


Amex’? = 
3 ne 


16 See the footnote in Sec. 4 of BOT, where Eqs. (A1) and (A2) 
have been given in a somewhat different form. 

17 BOT, Sec. 4. Compare also N. N. Bogoliubov and V. S. 
Vladimirov, 1957 (to be published); and V. S. Vladimirov, Joint 
Institute for Nuclear Research, 1958 (unpublished). In these 
papers the original proof of Bogoliubov has been extended to 
larger values of A*. In the first preprint the limitation A?<2,? is 
given and in the second preprint the proof is extended to A? 
<2.56u? (with m=7). 
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Photon-deuteron scattering —We may either consider 
the deuteron as an elementary particle and describe it 
by a separate field operator which satisfies the require- 
ment of local commutativity, or we may treat it as a 
composite particle. In the latter case, we make use of 
the formalism developed by several authors,'* who have 
shown that it is possible to define a local deuteron field- 
operator in terms of the operators for neutron and 
proton. The S-matrix element for y-d scattering may 
then be expressed in terms of retarded products of 
photon and deuteron operators in the same way as in 
the case of “elementary” particles only. We obtain, 
from Eq. (Al) with *:=M?=(2m—B)*, x.=0, and 
a=2m, b=3p, c=2m, 


Amax? = Bu(4m— B)/(2m—y)+ B?(1— B/4m)? 


Here the electromagnetic interaction has been treated 
in lowest order. 

Photon-proton scattering.— 
cussed at the end of Sec. 2. 

There are some important elastic scattering processes 
for which the dispersion relations cannot be proven on 
the basis of causality and spectral conditions alone. 
Even for forward scattering, the analytic properties of 
the absorptive part, 


o(p”,p',k?,k, (k—k’)?, (k+p)") 
= (%1,%1,7,7, —4A?, a”), 


This case has been dis- 


as a function of 7 are not sufficient to include the points 
on the mass shell (r= 2x2) for every o2c. 


In special cases we obtain the following limitations: 


Nucleon-nucleon scattering —For x,=m? and A’*=0, 
the real points r belong to the region of analyticity for 
all o> 2u provided r<3(m+4y)*. The mass shell (r=?) 
could be reached only under the unphysical condition 
u>(v2—1)m.® For fixed o> (m+y)+[(m—p)?— 2p? }! 
and 7 on the mass shell, the absorptive part ¢ is analytic 
in A’; it is regular inside the ellipse (A3) with the 
parameters x)= x2=m’, a=b=m-+uyu and c=2y. Corre- 
spondingly, for fixed o>2m, the dispersive part is 
regular inside the ellipse (A4). 


18K. Nishijima, Phys. Rev. 111, 995 (1958); W. Zimmermann, 
1958 (unpublished); R. Haag, Phys. Rev. 112, 669 (1958). These 
papers contain further references. 
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In a perturbation theory based upon the usual pion- 
nucleon interaction, it can be shown that the dispersion 
relations for nucleon-nucleon scattering hold in every 
finite order provided A?< jy?.” 

K-meson-nucleon etnias lB parameters are x; 
=m, x2=uK’, a=m+yp, b=yux+2y, and c=ma+u. For 
x= m’, A?=0, and all o> ma+uy, a real point r is inside 
the region of analyticity of the absorptive part provided 


2ab+o(o— a—b)— wil — ( (a—b) od 
7<7T)=min— 


> 0OUCt:tCtéC 


(AS) 


With the parameters given above, the minimum is at 
o=c=m,+u, and it is smaller than ux* by a narrow 
margin.® Note that the condition q?(o,m*,r)+-g(o,m?,r) 
>0 is fulfilled for r<79 and all c>mat+yu. We have 
again analytic properties of the absorptive and the dis- 
persive part as functions of A*. On the mass shell the 
absorptive part is regular in (A3) for fixed o>, where 
mst+u<oo<m+yux and q?(o0,m",u*)+¢(c0,m*,u?) =0; 
the dispersive part is regular (A4) for fixed o>m+ux. 
Pion-deuteron scattering —As in the case of y-d 
scattering, we treat the deuteron as an elementary par- 
ticle. We have the parameters x1;=M,’, x2=y*, and 
a=2m, b=3yu, c=2m. The limitation in rt becomes 


7<19=3uB(4m—B)/(4m—3y), (A6) 


and is far below the mass shell t=y?. Again the ab- 
sorptive and the dispersive part have the corresponding 
analytic properties as functions of A’. 

Let us recall briefly the implications of a restriction 
like (A6). According to the method of our proof, it 
says that the amplitude is an analytic function of 
z=x+iy=(k+p)* in the complex z plane except for 
the cut y=0, x2’ = (2m)? provided r<7. For t> 70, 
causality and spectrum do not guarantee the absence 
of additional singularities in the z plane. In the present 
case of m-d scattering, it is possible that, even in a 
perturbation theory with intermediate lines corre- 
sponding to deuterons, nucleons, and pions only, we do 
not have the cut y=0, x2 (2m)? alone if r=y?. There 
appear additional singularities on the real axis below 
x= (2m)?.» 

9K, Symanzik, 1958 (to be published). 

2” Y. Nambu (private communication). 
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Application of Linear Network Analysis to Feynman Diagrams 


Jon MatuEews 
California Institute of Technology, Pasadena, California 
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An analogy between a linear passive electrical network and a Feynman diagram is pointed out. The 
power dissipated in the network is closely related to the denominator of the Feynman matrix element, and 
this similarity provides a very simple proof of Nambu’s results concerning the location of the singularities 


of Green’s functions. 


ype alg Nambu!” has analyzed in considerable 
detail the spectral representation of Green’s func- 
tions, by explicitly using the Feynman diagram form 
of perturbation theory. The diagrams were considered 
in configuration space, each Sr or Dr function was 
written as an integral over a parameter, and the 
integrals over internal coordinates were done. Then, by 
a Fourier transformation of the results, the more 
familiar type of representation was obtained. By study- 
ing the denominator in the resulting integrand, and in 
particular locating the range of the external momenta 
for which this denominator vanishes within the range 
of integration, one can locate branch-point singularities 
of the Green’s function. 

It is the purpose of this note to point out that the 
conclusions reached by Nambu can be reached some- 
what more easily by studying Feynman diagrams in 
momentum space ab initio. An analogy with electrical 
circuit theory appears, and the results follow immedi- 
ately from some well-known network theorems. 

For definiteness, consider the vertex diagram of 
Fig. 1. The “energy denominator” of the matrix ele- 


Fic. 1. Simple electromagnetic 
vertex diagram. 





ment is (q:?— M?)(q2?— M*)q3”, and we must integrate 
over the virtual momenta g;. Rather than do these 
integrations, we note that integration of a denominator 
of the form (g?—2g:-A+B)" over all d‘g produces a 
denominator (B—A?*)™. Since B—A? is simply the 
minimum of g’—2qg:A+B, if q is considered a real 
scalar variable, we shall minimize with respect to all 
virtual momenta, rather than integrate over them. 

As usual, before doing this integration, or minimiza- 
tion, we shall combine the factors of the denominator 
into one single factor (raised to some power) by using 


1Y, Nambu, Nuovo cimento 6, 1064 (1957). 
2 Y. Nambu (to be published). 


Feynman’s method of combining denominators; the 
denominator of Fig. 1 now becomes 


[ax (q12—M*)+<2(q:?—M*)+a99;"P. (1) 


We must integrate over the a; subject to the conditions 
Dar; a= 1, a;>0. 

We shall write the quantity within square brackets 
in (1) as F—GM®, and consider F alone for a moment. 
It equals the rate of generation of heat that would 
occur in a network of the form of Fig. 1, with a re- 
sistance a; in the branch carrying current g;. The con- 
servation of momentum at each vertex of the Feynman 
diagram is interpreted as the conservation of current at 
each junction. Now it can be shown’ that the current 
in such a network distributes itself so as to minimize 
the generation of heat. Therefore, after integration 
over all internal variables g;, F becomes the actual rate 
of heating in the network of Fig. 1, with external 
currents ;. 

Theorem 4 of reference 1 now follows immediately. 
For example, if we insert another photon line into 
Fig. 1, giving the diagram of Fig. 2, and write the new 


Ps 


Fic. 2. Diagram re- 
sulting from adding a 
photon line to Fig. 1. 
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denominator in the form F!—G'M?, then for any choice 
of the parameters a,! in F!, and G’, there exists a set a; 
such that 

FY/G‘<F/G, 


for arbitrary real scalar p;. This is seen as follows: 
Choose the parameters so that G=G'. (This requires 
a;}+-a!= a4, a3!+a4!= a2.) Now it is clear that F'<F, 
by the theorem from circuit analysis*: If the resistance 
of any branch is increased (decreased), then the re- 
sistance of the entire network is increased (decreased). 


3W. R. Smythe, Static and Dynamic Electricity (McGraw-Hill 
Book Company, Inc., New York, 1950), p. 233. 














